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PREFACE

Set theory is a rich and beautiful subject whose fundamental concepts permeate
virtually every branch of mathematics. Yet, most mathematics students receive
only a cursory overview of the theory of sets in their lower division courses. Set
theory is a subject that is sufficiently important and interesting to merit its own
undergraduate course. The book is intended to offer the reader, or department,
just such a course.

This introductory textbook delivers a one-semester course in undergraduate
set theory at the upper-division level. Sets, of course, are the central objects
that shall be investigated. Since essentially every significant concept in modern
mathematics can be defined in terms of sets, students who possess a fairly deep
understanding of set theory will find a first course in abstract algebra or real
analysis much less formidable and, perhaps, much more accessible. My first
undergraduate course in set theory, for example, gave me a definite advantage
over other students in my ensuing mathematics courses.

In this book, the fundamental facts about abstract sets—relations, functions,
natural numbers, order, cardinality, transfinite recursion, the axiom of choice,
ordinal numbers, and cardinal numbers—are covered and developed within the
framework of axiomatic set theory. Mathematicians have shown that virtually
all mathematical concepts and results can be formalized within set theory. This
has been recognized as one of the greatest achievements of modern mathemat-
ics, and, consequently, one can now say that “set theory is a unifying theory for
mathematics.”

The textbook is suitable for a broad range of readers, from undergraduate
to graduate students, who desire a better understanding of the fundamental
topics in set theory that may have been, or will be, overlooked in their other
mathematics courses. I have made an effort to write clear and complete proofs
throughout the text.

Many modern books in undergraduate set theory are written for a reader
who is well versed in mathematical argument and proof. My primary goal
was to produce a book that would be accessible to a relatively unsophisticated
reader. Nevertheless, I have composed completely rigorous proofs. In addi-
tion, these proofs favor detail over brevity. Another goal was to write a book
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that is focused on those topics that a student is likely to see in advanced courses
(including graduate courses). Thus, the book is comparatively concise and can
be covered in one semester. Most other undergraduate set theory texts cannot
possibly be covered in a semester.

On the Origins of Set Theory

In the nineteenth century, mathematicians were investigating problems that
concerned functions in real analysis. Some of these problems involved the rep-
resentation of a function by a trigonometric series and the convergence of such
series. The young Georg Cantor then proved a uniqueness theorem for trigono-
metric series. Cantor, in his proof, introduced a process for constructing collec-
tions of real numbers that involved an infinite iteration of the limit operation.
Cantor’s novel proof led him to a deeper investigation of sets of real numbers
and then to the concept of transfinite numbers.

It has been said that set theory, as a subject in mathematics, was created on
the day that Georg Cantor proved that the set of real numbers is uncountable,
that is, there is no one-to-one correspondence between the real numbers and
the natural numbers. In the two decades following this proof, Cantor developed
a fascinating theory of ordinal and cardinal numbers.

Cantor’s revolutionary research raised many difficult issues and paradoxes.
As the axiomatic method had assumed an important role in mathematics, Ernst
Zermelo developed an axiomatic system for set theory and published the first
axiomatization of set theory in 1908. Zermelo’s axioms resolved the difficulties
introduced by Cantor’s development of set theory. After receiving some pro-
posed revisions from Abraham Fraenkel, in 1930 Zermelo presented his final
axiomatization of set theory, now known as the Zermelo—Fraenkel axioms.

Topics Covered

The book presents the axioms of Zermelo—Fraenkel set theory and then uses
these axioms to derive a variety of theorems concerning functions, relations,
ordering, the natural numbers, and other core topics in mathematics. These
axioms shall also be used to investigate infinite sets and to generalize the con-
cepts of induction and recursion.

The Zermelo—Fraenkel axioms are now generally accepted as the standard
foundation for set theory and for mathematics. On the other hand, there are
textbooks that introduce set theory using a naive point of view. As naive set
theory! is known to be inconsistent, such a theory cannot seriously be offered
as a foundation for mathematics or set theory.

The basics of logic and elementary set theory are first discussed in Chapter 1.
Since students, typically, easily grasp the topics covered in this chapter, it can
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be covered at a fairly quick pace. The chapter ends with a brief overview of the
Zermelo—Fraenkel axioms.

Chapter 2 examines the first six axioms of Zermelo—Fraenkel set theory and
begins proving theorems, justified by the axioms, about sets. It is also shown
that the set operations discussed in Chapter 1 can be derived from these six
axioms.

A relation is defined as a set of ordered pairs in Chapter 3, where equivalence
relations and induced partitions are also discussed. Then a precise set-theoretic
definition of a function in terms of ordered pairs is presented. The chapter ends
with a section on order relations and a section on the concepts of congruence
and preorder.

In Chapter 4, after representing the natural numbers as sets, the fundamental
principles of number theory (for example, proof by mathematical induction)
are derived from a few very basic notions involving sets.

Cantor’s early work on the “size of infinite sets” is the subject of Chapter 5.
In particular, we explore the notion of a one-to-one correspondence between
two sets and the concept of a countable set.

Well-ordered sets and transfinite recursion are examined in Chapter 6. In
Chapter 7, it is shown that the axiom of choice implies Zorn’s Lemma, the
Ultrafilter Theorem, and the Well-Ordering Theorem. The theory of ordinals
is carefully developed in Chapter 8, and the theory of cardinals is presented in
Chapter 9. The last section of Chapter 9 discusses closed unbounded sets and
stationary sets.

How to Use the Book

It is strongly recommended that the reader be acquainted with the basics of
sets, functions, relations, logic, and mathematical induction. These topics are
typically introduced in a “techniques of proof” course (for example, see [1]),
and they will be more seriously discussed in this book. As the emphasis will
be on theorems and their proofs, the reader should be comfortable reading and
writing mathematical proofs. For example, one should know how to prove that
a function is one-to-one and to prove that one set is a subset of another set.

In the book, naturally, there is a progressive increase in complexity. The first
five chapters cover the important topics that every mathematics undergraduate
should know about the theory of sets, including the Recursion Theorem and
the Schroder—Bernstein Theorem. The last four chapters present more chal-
lenging material, beginning in Chapter 6 with the principle of transfinite recur-
sion. When applying definition by transfinite recursion there are two functional
forms that may be used: a set function or a class function. In both of these
cases, we prove that one can construct a new function by recursion. The two
proofs are similar, except that the class form requires the replacement axiom.

Xi
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Moreover, the class version implies the set version. Students will likely find
these technical proofs relatively difficult to follow or appreciate; however, they
should be assured that such recursive definitions are valid and that one can read
the rest of the book without possessing a deep understanding of these proofs.

If time is short, certain topics can be overlooked. For example, the following
sections can be skipped without loss of continuity:

* 3.5 Congruence and Preorder

* 4.2.1 The Peano Postulates

e 7.2 Filters and Ultrafilters

¢ 8.4 The Cumulative Hierarchy

* 9.3 Closed Unbounded and Stationary Sets.

Furthermore, the proofs presented in Chapter 7 of Zorn’s Lemma 7.1.1 and of
the Well-Ordering Theorem 7.3.1 do not appeal to transfinite recursion on the
ordinals; however, such proofs are carefully outlined in Exercises 14 and 15,
respectively, beginning on page 193 of Chapter 8. Therefore, in Chapter 7, one
could just highlight the proofs of 7.1.1 and 7.3.1 and then, after completing
Section 8.2, assign these shorter “ordinal recursion” proofs as exercises.

The symbol (§) marks the end of a solution, and the symbol [ identifies the
end of a proof. Exercises are given at the end of each section in a chapter. An
exercise marked with an asterisk * is one that is cited, or referenced, elsewhere
in the book. Suggestions are also provided for those exercises that a newcomer
to upper-division mathematics may find more challenging.
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THE GREEK ALPHABET
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K « kappa
A A lambda
M u mu
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Y o sigma
T = tau
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Introduction

Georg Cantor devoted much of his mathematical career to the development of
a new branch of mathematics, namely, Set Theory. Little did he know that his
pioneering work would eventually lead to a unifying theory for mathematics.
In his earlier work, Cantor took a set of real numbers P and then formed the
derived set P' of all limit points of P. After iterating this operation, Cantor
obtained further derived sets P”, P, .... These derived sets enabled him to
prove an important theorem on trigonometric series. This work led Cantor to
investigate sets in a more general setting and to develop an abstract theory of
sets that would dramatically change the course of mathematics.

The basic concepts in set theory are now applied in virtually every branch
of mathematics. Furthermore, set theory serves as the basis for the definition
and explanation of the most fundamental mathematical concepts: functions,
relations, algebraic structures, function spaces, etc. Thus, it is often said that
set theory provides a foundation for mathematics.

1.1  Elementary Set Theory

The set concept is one that pervades all of mathematics. We shall not attempt to
give a precise definition of a set; however, we will give an informal description
of a set and identify some important properties of sets.

A set is a collection of objects. The objects in such a collection are called the
elements of the set. We write a € A to assert that g is an element, or a member,
of the set 4. We write a ¢ 4 when a is not an element of the set 4. A set is
merely the result of collecting objects of interest, and it is usually identified by
enclosing its elements with braces (curly brackets). For example, the collection
A =1{3,7,11,m} is a set that contains the four elements 3,7, 11, 7. So 7 € 4,
and 8 ¢ A.

Sets are exceedingly important in mathematics; in fact, most mathematical
objects (e.g., numbers, functions) can be defined in terms of sets. When one
first learns about sets, it appears that one can naively define a set to be any
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collection of objects. In Section 1.4, we will see that such a naive approach can
create serious problems.

Certain sets routinely appear in mathematics. In particular, the sets of natural
numbers, integers, rational, and real numbers are regularly discussed. These
sets are usually denoted by:

1. N=1{0, 1,2, 3, ...} is the set of natural numbers.

2. Z={...,-3,-2,—-1,0,1,2,3, ...} is the set of integers.
3. Q is the set of rational numbers. Thus, % e Q.

4. R is the set of real numbers, and so 7 € R.

Basic Definitions of Set Theory

In this section, we discuss the basic notation and concepts that are used in set
theory. An object x may or may not belong to a given set 4; that is, either x € 4
or x ¢ A, but not both.

Definition 1.1.1. The following set terminology is used extensively through-
out mathematics:

1. Let 4 and B be sets. We write A = B when both sets have exactly the same
elements.

2. For sets A and B we write 4 C B to mean that the set 4 is a subset of the set
B, that is, every element of 4 is also an element of B.

3. We say that the set 4 is a proper subset of the set B, denoted by 4 C B,
when 4 C B and 4 # B, that is, when every element of 4 is an element of
B but there is at least one element in B that is not in 4.

4. We write @ for the empty set, or the null set. The set & has no elements.

5. Two sets 4 and B are disjoint if they have no elements in common.

It follows that 4 € 4 and @ C A, for any set A. To see why @ C 4, suppose
that @ Z A4. Then there exists an x € & such that x ¢ 4. As there is no x such
that x € &, we arrive at a contradiction. Therefore, we must have that & C A4.

A Venn diagram is a configuration of geometric shapes, which is commonly
used to depict a particular relationship that holds between two or more sets.
In Figure 1.1(a), we present a Venn diagram that illustrates the subset relation.
Figure 1.1(b) portrays two sets that are disjoint.

A property is a statement that asserts something about one or more variables
(for more detail, see Section 1.3). For example, the two statements “x is a real
number” and “y € R and y ¢ N” are clearly properties that assert something,
respectively, about x and y. One way to construct a subset is called the method
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(a) Venn diagram of A C B (b) Disjoint sets A and B

o > OO

Figure 1.1. Two set relationships

of separation. Let 4 be a set. Given a property P(x) about the variable x, one
can construct the set of objects x € A that satisfy the property P(x); namely, we
can form the truth set {x € A : P(x)}. Thus, we can separate the elements in 4
that satisfy the property from those elements that do not satisfy the property.

Problem 1. Evaluate each of the truth sets:

l.A={xeN:3 <x<11}.
2.B={yeZ:y* =4}
3. C = {z € N : z is a multiple of 3}.

Solution. 4 = {4,5,6,7,8,9,10}, B = {2, —2},and C = {0,3,6,9,...}.
®

An interval is a set consisting of all the real numbers that lie between two
given real numbers a and b, where a < b:

1. The open interval (a, b) is defined to be (a,b) = {x e R:a < x < b}.

2. The closed interval [a, b] is defined to be [a, b] = {x e R: a < x < b}.

3. The left-closed interval [a, b) is defined to be [a, b)) = {x e R: a < x < b}.
4. The right-closed interval (a, b] is defined to be (a, b]={x€R : a <x <b}.

For each real number a, we can also define intervals called rays or half-lines:

1. The interval (a, o0) is defined to be (a, 00) = {x e R : a < x}.
2. The interval [a, 00) is defined to be [a, c0) = {x e R : a < x}.
3. The interval (—o0, @) is defined to be (—o0,a) = {x e R: x < a}.
4. The interval (—o0, a] is defined to be (—o0,a]l = {x e R : x < a}.

The symbol oo denotes “infinity” and this symbol does not represent a num-
ber. The notation oo is often used to represent an interval “without a right end-
point.” Similarly, the mathematical notation —oo is used to denote an interval
“having no left endpoint.”

Definition 1.1.2. Let 4 be a set. The power set of 4, denoted by P(4), is the
set whose elements are all of the subsets of 4. That is, P(4) = {X : X C 4}.
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(a) Venn diagram of A U B (b) Venn diagram of A N B

(c) Venn diagram of A\B

S

Figure 1.2. Three set operations

Thus, X € P(A) if and only if X C 4. If 4 is a finite set with » elements,
then one can show that the set P(A4) has 2" elements. The set A = {1, 2, 3} has
three elements, and so PP(A4) has eight elements, namely,

P) = {2, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1. 2, 3}}.

Set Operations

For a pair of sets 4 and B, there are three fundamental operations that we can
perform on these sets. The union operation unites, into one set, the elements
that belong either to 4 or to B. The intersection operation forms the set of
elements that belong both to 4 and to B. The difference between A and B (in
that order) is the set of all elements that are in 4 and not in B.

Definition 1.1.3. Given sets 4 and B, we can build new sets using the follow-
ing set operations:

() AUB = {x:x € A orx € B} is the union of 4 and B.!

(b) ANB = {x:x € A and x € B} is the intersection of 4 and B.

(¢) A\ B ={x:x € Aandx ¢ B} is the set difference of 4 and B (also stated
in English as 4 “minus” B).

The set operations in Definition 1.1.3 are illustrated in Figures 1.2(a), 1.2(b),
and 1.2(c). Shading is used to identify the result of a particular set operation.
For example, in Figure 1.2(c) the shaded area represents the set 4 \ B.

When the elements of sets 4 and B are clearly presented, then one can easily
evaluate the operations of union, intersection, and difference.

Example 2. Let A = {1,2,3,4,5,6} and B = {2, 4,6, 8, 10, 12}. Then
e AUB={1,2,3,4,5,6,8,10,12} and AN B = {2, 4, 6).


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316341346.002
https://www.cambridge.org/core

Elementary Set Theory

e A\B={1,3,5)and B\ 4 = {8, 10, 12}.
e (A\B)U(B\4)={1,3,5,8, 10, 12}.
e (A\B)N(B\A)= 2.

Exercises 1.1

Let A, B, and C be sets.
1. Ifa ¢ A\ Band a € 4, show thata € B.

. Show thatif 4 € B,thenC\ B C C\ 4.
. Suppose 4 \ B € C. Show that 4 \ C C B.
. Suppose 4 € Band 4 C C. Show that 4 € BN C.

. Show that 4\ (B\ C) C (4 \ B) UC.

2
3
4
5. Suppose 4 € Band BN C = &. Show that 4 € B\ C.
6
7. Show thatif A\ BC Cand A4 £ C,then 4 N B # &.
8

. Let P(x) be the property x > % Are the assertions P(2), P(—2), P(%),
P(—1) true or false?

9. Show that each of the following sets can be expressed as an interval:
(a) (=3,2)N (1, 3).

(b) (—3,4)U (0, c0).

(©) (=3,2)\[1,3).

10. Express the following sets as truth sets:
(a) 4=1{1,4,9,16,25,...}.
(b) B={...,—15,-10,-5,0,5,10, 15, ...}.

11. Show that each of the following sets can be expressed as an interval:
(@ fxeR:x*—1<3}.
(b) xeR:x>0and (x — 1) < 1}.

12. Evaluate the truth sets:
(@ A={xeN:0<x? <24}
(b) B ={y € Z : y evenly divides 12}.
(c) C = {z € N : 4 evenly divides z}.
dD={peR :1<)? <4}

Exercise Notes: For Exercise 6, x ¢ B \ C means thatx ¢ B orx € C.
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1.2 Logical Notation

Before introducing the fundamentals of set theory, it will be useful to identify
some relevant aspects of language and logic. The importance of correct logical
notation to set theory, and to mathematics, cannot be overstated. Formal logical
notation has one important advantage: statements can be expressed much more
concisely and much more precisely. Set theory often expresses many of its
important concepts using logical notation. With this in mind, we now discuss
the basics of logic.

Propositions and Logical Connectives

A proposition is a declarative sentence that is either true or false, but not both.
When discussing the logic of propositional statements, we shall use symbols
to represent these statements. Capital letters, for instance, P, Q, R, are used to
symbolize propositional statements and are called propositional components.
Using the five logical connectives A, Vv, =, —, <> together with the compo-
nents, we can form new logical sentences called compound sentences. For
example,

. P A Q (means “P and O and is called conjunction).

. PV Q (means “P or Q” and is called disjunction).

—P (means “not P” and is called negation).

P — Q (means “if P, then Q” and is called a conditional).

. P < Q (means “P if and only if O and is called a biconditional).

Do

Using propositional components as building blocks and the logical connectives
as mortar, we can construct more complex compound sentences, for example,
(P A —Q) Vv (=S — R). Parentheses ensure that our compound sentences will
be clear and readable; however, we shall be using the following conventions:

1. The outermost parentheses need not be explicitly written; that is, one can
write 4 A B to denote (4 A B).

2. The negation symbol shall apply to as little as possible. We can therefore
use =4 A B to denote (—A4) A B.

Truth Tables

The truth value of a compound sentence in propositional logic can be evaluated
from the truth values of its components. The logical connectives A, V, =, —,
and <> yield the natural truth values given in Table 1.1, where 7 means “true”
and F means “false.”
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Table 1.1. Basic truth tables

P O PAQ P QO PvQ

T T T T T T P =P
T F F T F T T F
F T F F T T F T
FF _F_ FF _F_ (3) Negation
(1) Conjunction (2) Disjunction

P Q P>Q P Q PogQ

T T T T T T

T F F T F F

F T T F T F

F F T F F T

(4) Conditional (5) Biconditional

Table 1.1(1) has four rows (not including the header). The columns beneath
P and Q list all the possible pairs of truth values that can be assigned to the
components P and Q. For each such pair, the corresponding truth value for
P A Q appears to the right. For example, consider the third pair of truth values
in this table, F' T. Thus, if the propositional components P and Q are assigned
the respective truth values ' and 7', we see that the truth value of P A Qis F.

Table 1.1(2) shows that if P and Q are assigned the respective truth values
T and F, then the truth value of PV Q is T. Moreover, when P and Q are
assigned the truth values 7 and T, then the truth value of PV Q is also T.
In mathematics, the connective “or” has the same meaning as “and/or”; that
is, P Vv Q is true if and only if either P is true or Q is true, or both P and Q
are true. Table 1.1(3) shows that the negation of a statement reverses the truth
value of the statement.

Table 1.1(4) states that when P and Q are assigned the respective truth values
T and F, then the truth value of P — Q is F'; otherwise, it is 7. In particular,
when P is false, we shall say that P — Q is vacuously true. Table 1.1(5) shows
that P <> Q is true when P and Q are assigned the same truth value; when P
and Q have different truth values, then the biconditional is false.

Using the truth tables for the sentences P A Q, PV Q, =P, P — Q, and
P < O, we will now discuss how to build truth tables for more complicated
compound sentences. Given a compound sentence, we identify the “outside”
connective to be the “last connective that one needs to evaluate.” Once the
outside connective has been identified, one can break up the sentence into its
“parts.” For example, in the compound sentence —P Vv (Q A P) we see that v
is the outside connective with two parts =P and Q A P.
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Problem 1. Construct a truth table for the sentence =P — (Q A P).

Solution. The components P and Q will each need a column in our truth table.
Since there are two components, there are four possible combinations of truth
values for P and Q. We will enter these combinations in the two left most
columns in the same order as that in Table 1.1(1). The outside connective of
the propositional sentence =P — (O A P) is —. We can break this sentence
into the two parts =P and Q A P. So these parts will also need a column in our
truth table. As we can break the sentences —P and O A P only into components
(namely, P and Q), we obtain the following truth table:

P Q =P QAP =P (QAP)

T T F T T
T F F F T
F T T F F
F F T F F
Step# 1 1 2 3 4

We will describe in steps how one obtains the truth values in the above table.
STEP 1: Specify all of the truth values that can be assigned to the components.
STEP 2: In each row, use the truth value assigned to the component P to obtain
the corresponding truth value for —P, using Table 1.1(3). STEP 3: In each row,
use the truth values assigned to O and P to determine the corresponding truth
value in the column under O A P via Table 1.1(1). STeP 4: In each row, use
the truth values in the columns under —P and O A P to evaluate the matching
truth value for the final column under the sentence =P — (Q A P), employing
Table 1.1(4). ®

Tautologies and Contradictions

After constructing a truth table for a compound sentence, suppose that every
entry in the final column is true. The sentence is thus true no matter what truth
values are assigned to its components. Such a sentence is called a tautology.

Definition 1.2.1. A compound sentence is a tautology when its truth value is
true regardless of the truth values of its components.

So a compound sentence is a tautology if it is always true. One can clearly
see from the following truth table that the sentence P Vv —P is a tautology:
P =P Pv-=P

T F T
F T T
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Definition 1.2.2. A compound sentence is a contradiction when its truth
value is false regardless of the truth values of its components.

Therefore, a compound sentence is a contradiction if it is always false. One
can easily show that the sentence P A —P is a contradiction.

Logical Equivalence

A propositional sentence is either a compound sentence or just a component.
The next definition describes when two propositional sentences are logically
equivalent, that is, when they mean the same thing. Mathematicians frequently
take advantage of logical equivalence to simplify their proofs, and we shall do
the same in this book. In this section, we will use Greek letters (e.g., «, 8, ¢,
and v; see page xiii) to represent propositional sentences.

Definition 1.2.3. Let ¥ and ¢ be propositional sentences. We will say that ¥
and ¢ are logically equivalent, denoted by v < ¢, whenever the following
holds: For every truth assignment applied to the components of i and ¢, the
resulting truth values of i and ¢ are identical.

Problem 2. Show that —=(P v Q) & —P A =Q.

Solution. After constructing truth tables for the two statements —(P v Q) and
—P A =0, we obtain the following:

PvQ =(PVvOQO =P =Q —=PA-Q

=N TN

0 P
T T
F T
T F
F F

N N
mN NN
N W
NN YT
NN T
SIS

As the final columns in the truth tables for —=(P v Q) and =P A —Q are identi-
cal, we can conclude from Definition 1.2.3 that they are logically equivalent.

®

Whenever ¢ and ¢ are logically equivalent, we shall say that ¢ < ¢ is a
logic law. We will now present two important logic laws that are often used
in mathematical proofs. These laws were first identified by Augustus De
Morgan.
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De Morgan’s Laws (DML)

1. =(PV Q) & =P A —Q.
2. =(PAQ) & =PV —Q.

Let ¢ and ¢ be propositional sentences. If one can apply a truth assignment
to the components of ¢ and ¢ such that the resulting truth values of ¥ and ¢
disagree, then ¢ and ¢ are not logically equivalent. We will use this fact in our
next problem, which shows that the placement of parentheses in a compound
sentence is very important. Note: A regrouping can change the meaning of the
sentence.

Problem 3. Show that sentences P v (Q A —=P) and (P v Q) A —P are not log-
ically equivalent.

Solution. We shall use the truth table

Q0 PV(QA=-P) (PVQO)A-P

TMNN Y
N TN
NN
TN T

Since their final columns are not identical, we conclude that the propositional
sentences P V (O A —P) and (P v Q) A —P are not equivalent. ®

Propositional Logic Laws

If a propositional component appears in a logic law and each occurrence of this
component is replaced with a specific propositional sentence, then the result is
also a logic law. Thus, in the above De Morgan’s Law

—(Pv Q)& —PA-Q,

if we replace P and Q, respectively, with propositional sentences vy and ¢, then
we obtain the logic law

(¥ V)& YA,

which is also referred to as De Morgan’s Law.

Listed below are some important laws of logic, where v, ¢, and x represent
any propositional sentences. These particular logic laws are frequently applied
in mathematical proofs. They will also allow us to derive theorems concerning
certain set operations.
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De Morgan’s Laws (DML)

L. =(f Vo) ~¥ A—p.
2. (Y Ap) & Y Ve,

Commutative Laws

L.y Ao S AP
2.y Vo & oV

Associative Laws

LyVvpevy)e @ VveVy.
229 A(@eAx)S (W A@)AX.

Idempotent Laws

L.y Ay < .
2.9V &Y.

Distributive Laws

LynA(evx)e @ Ae) Vi Ax).
2.9 V(@A) W VOARYX).
30V ONY S (0AY)V (X AY).
4 (eAX)VY S (@VI)A(X V).

Double Negation Law (DNL)
. =y & .

Tautology Law

1. ¥ A (atautology) < .
Contradiction Law

1. ¥ Vv (a contradiction) < .
Conditional Laws (CL)

L (= ¢)& (Y Vo)
2. (b = 9)e =¥ A—e).

Contrapositive Law
L (Y = ¢)e(-g—>—¢).
Biconditional Law

L (Yoo W =9 Alp—=>19)

11
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The Tautology Law and Contradiction Law can be easily illustrated. Observe
that ¢ V —¢ is a tautology. From the Tautology Law we obtain the following
logical equivalence: ¥ A (¢ V —¢) < . On the other hand, because ¢ A —¢
is a contradiction, it follows that ¢ Vv (¢ A —¢) < ¥ by the Contradiction
Law.

Let « and S8 be two propositional sentences that are logically equivalent.
Now, suppose that « appears in a given propositional sentence ®. If we replace
occurrences of « in ® with 8, then the resulting new sentence will be logically
equivalent to ®. To illustrate this substitution principle, suppose that we have
the propositional sentence =0 V « and we also know that ¢ < 8. Then we can
conclude that (—Q V «) < (—Q V B). Now, using this substitution principle
and the propositional logic laws, we will establish a new logic law without the
use of truth tables.

Problem 4. Show that (P - R)A(Q — R) & (PV Q) — R, using logic
laws.

Solution. We first start with the more complicated side (P — R) A (Q — R)
and derive the simpler side as follows:

(P—-RAQ@—=>R)& (—mPVR)A(—QVR) byConditional Law (1)

< (-PA—-Q)VR by Distribution Law (4)

< —=(PVQ)VR by De Morgan’s Law (1)

< (PvQ)—R by Conditional Law (1).
Therefore, (P — R)A(Q — R) & (PV Q) — R. ®
Using a list of propositional components, say 4, B, C, D, .. ., and the logical

connectives A, V, =, —, <>, we can form a variety of propositional sentences.
For example,

(P— R)A—(Q < (SVT)).

The logical connectives are also used to tie together a variety of mathematical
statements. A good understanding of these connectives and propositional logic
will allow us to more easily understand and define set-theoretic concepts. The
following problem and solution illustrate this observation.

Problem 5. Let 4 and B be any two sets. Show that x ¢ A \ B is equivalent to
the statement x ¢ 4 or x € B.
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Solution. We shall show thatx ¢ 4\ B < (x ¢ 4 v x € B) as follows:
x¢ A\B& —-xe€A\B by definition of ¢

& —~(xeAAx¢B) by definition of \

Sx¢AvxeB by De Morgan’s Law and Double Negation.

Therefore, x ¢ A \ B is equivalent to the assertion (x ¢ 4 V x € B). ®

Exercises 1.2

1. Using truth tables, show that =(P — Q) < (P A —=Q).

. Construct truth tables to show that (P <+ Q) < (P — Q) A (Q — P).
. Using truth tables, show that P < (=P — (O A —=0)).

. Using truth tables, show that (PV Q) AR < (PAR) V (P A Q).

. Show that (P — Q) A (P — R) & P — (Q A R), using logic laws.

. Show that (P — R) V (Q — R) & (P A Q) — R, using logic laws.

. Using propositional logic laws, show that P — (O — R) < (P A Q) — R.

0w N O U1 B W N

. Show that (P — Q) — Rand P — (Q — R) are not logically equivalent.

1.3  Predicates and Quantifiers
Variables, for instance, x and y, are used throughout mathematics to represent
unspecified values. They are employed when we are interested in “properties”
that may be true or false, depending on the values represented by the variables.
A predicate is simply a statement that proclaims that certain variables satisfy
a property. For example, “x is a number” is a predicate, and we can symbolize
this predicate by N(x). Of course, the truth or falsity of the expression N(x) can
be determined only when a value for x is given. For example, the expression
N(4), which means “4 is a number,” is clearly true.

When our attention is to be focused on just the elements in a particular set,
we shall then refer to that set as our universe of discourse. For example, if
we were just talking about real numbers, then our universe of discourse would

13
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be the set of real numbers R. Furthermore, every statement made in a specific
universe of discourse applies to just the elements in that universe.

Given a statement P(x), which says something about the variable x, we often
want to assert that every element x in the universe of discourse satisfies P(x).
Moreover, there will be times when we want to express the fact that at least
one element x in the universe makes P(x) true. We will thus form sentences
using the quantifiers ¥ and 3. The quantifier Y means “for all” and is called the
universal quantifier. The quantifier 3 means “there exists,” and it is identified
as the existential quantifier. For example, we can form the sentences

1. VxP(x) [means “for all x, P(x)”].
2. JxP(x) [means “there exists an x such that P(x)”].

Any statement of the form VxP(x) is called a universal statement. A statement
having the form JxP(x) is called an existential statement. Quantifiers offer us
a valuable tool for clear thinking in mathematics, where many concepts begin
with the expression “for every” or “there exists.” Of course, the truth or falsity
of a quantified statement depends on the universe of discourse.

Suppose that a variable x appears in an assertion P(x). In the two statements
VxP(x) and IxP(x), we say that x is a bound variable because x is bound by a
quantifier. In other words, when a variable in a statement is immediately used
by a quantifier, then that variable is referred to as being a bound variable. If
a variable in a statement is not bound by a quantifier, then we shall say that
the variable is a free variable. When a variable is free, then substitution may
take place, that is, one can replace a free variable with any particular value
from the universe of discourse—perhaps 1 or &. For example, the assertion
Vx(P(x) — x = y) has the one free variable y. Therefore, we can perform a
substitution to obtain Vx(P(x) — x = 2). In a given context, if all of the free
variables in a statement are replaced with values, then one can determine the
truth or falsity of the resulting statement.

There are times in mathematics when one is required to prove that there is
exactly one value that satisfies a property. There is another quantifier that is
sometimes used, though not very often. It is called the uniqueness quantifier.
This quantifier is written as 3!xP(x), and it means that “there exists a unique x
satisfying P(x).” This is in contrast with 3xP(x), which simply means that “at
least one x satisfies P(x).”

As already noted, the quantifier 3! is rarely used. One reason for this is that
the assertion 3!xP(x) can be expressed in terms of the other quantifiers 3 and
V. In particular, the statement 3'xP(x) is equivalent to

IxP(x) AVxVY([P(x) A P(Y)] = x =y).
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The above statement is equivalent to 3!xP(x) because it means that “there is an
x such that P(x) holds, and any individuals x and y that satisfy P(x) and P(y)
must be the same individual.”

In addition to the quantifiers V and 3, bounded set quantifiers are often used
when one wants to restrict a quantifier to a specific set of values. For example,
to state that every real number x satisfies a property P(x), we can simply write
(Vx € R)P(x). Similarly, to say that some real number x satisfies P(x), we can
write (3x € R)P(x).

Definition 1.3.1. (Bounded Set Quantifiers) For each set 4, we shall write
(Vx € A)P(x) to mean that for every x in A, P(x) is true. Similarly, we will
write (3x € A)P(x) to signify that for some x in A, P(x) is true.

The assertion (Vx € 4)P(x) means that for every x, if x € 4, then P(x) is true.
Similarly, the statement (Ix € 4)P(x) means that there is an x such that x € 4
and P(x) is true. Thus, we have the logical equivalences:

I. (Vx € A)P(x) & Vx(x € A — P(x)).
2. (Ix € A)P(x) < Ix(x € A A P(x)).

Quantifier Negation Laws (QNL)

We now introduce logic laws that involve the negation of a quantified assertion.
Let P(x) be any predicate. The statement YxP(x) means that “for every x, P(x)
is true.” Thus, the assertion —VxP(x) means that “it is not the case that every x
makes P(x) true.” Therefore, =VxP(x) means there is an x that does not make
P(x) true, which can be expressed as Ix—P(x). This reasoning is reversible as
we will now show. The assertion Ix—P(x) means that “there is an x that makes
P(x) false.” Hence, P(x) is not true for every x; that is, =VxP(x). Therefore,
—VxP(x) and Ix—P(x) are logically equivalent. Similar reasoning will show
that —3xP(x) and Vx—P(x) are also equivalent. We now formally state these
important logic laws that connect quantifiers with negation.

Quantifier Negation Laws 1.3.2. For any predicate P(x), we have the logical
equivalences:

1. =VxP(x) & Ix—P(x).
2. =3IxP(x) & Vx—P(x).

The above reasoning used to justify the quantifier negation laws can also be
used to verify two negation laws for bounded set quantifiers. Thus, given a set 4

15
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and predicate P(x), the following two logic laws show us how statements of the
form (Vx € 4)P(x) and (3x € 4)P(x) interact with negation. Notice that when
you push the negation symbol through a bounded set quantifier, the quantifier
changes and the negation symbol passes over “x € 4.”

Bounded Quantifier Negation Laws 1.3.3. For every predicate P(x), we have
the logical equivalences:

1. =(Vx € A)P(x) & (Ix € A)—P(x).
2. =(Ix € A)P(x) & (Vx € A)—P(x).

Quantifier Interchange Laws (QIL)

Adjacent quantifiers have the form 3x3y, VxVy, Vx3y, and 3xVy. In this section,
we will see how to interpret statements that contain adjacent quantifiers. When
a statement contains adjacent quantifiers, one should address the quantifiers,
one at a time, in the order in which they are presented.

Problem 1. Let the universe of discourse be a group of people and let L(x, y)
mean “x likes y.” What do the following formulas mean?

1. IxIyL(x, y).
2. FyIxL(x, y).

Solution. Note that “x likes y”” also means that “y is liked by x.” We will now
translate each of these formulas from “left to right” as follows:

1. IxJyL(x, y) means “there is a person x such that IyL(x, y),” that is, “there
is a person x who likes some person y.” Therefore, IxJyL(x, y) means that
“someone likes someone.”

2. dy3axL(x, y) states that “there is a person y such that IxL(x, y),” that is, “there
is a person y who is liked by some person x.” Thus, Jy3axL(x, y) means that
“someone is liked by someone.”

Hence, the statements Ix3yL(x, y) and JyIxL(x, y) mean the same thing. @

Problem 2. Let the universe be a group of people and L(x, y) mean “x likes y.”
What do the following formulas mean in English?

1. VxVyL(x, y).
2. YyVxL(x, y).

Solution. We will work again from “left to right” as follows:

1. VxVyL(x, y) means “for every person x, we have that VyL(x, y),” that is, “for
every person x, we have that x likes every person y.” Hence, VxVyL(x, y)
means that “everyone likes everyone.”
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Figure 1.3. A world where JyVxL(x, y) is true, since someone is
liked by everyone.

2. VyVxL(x, y) proclaims that “for each person y, we have that VxL(x, y),” that
is, “for each person y, we have that y is liked by every person x.” Thus,
VyVxL(x, y) means “everyone is liked by everyone.”

So the statements VxVyL(x, y) and VyVxL(x, y) mean the same thing. ®
Adjacent quantifiers of a different type are referred to as mixed quantifiers.

Problem 3. Let the universe be a group of people and L(x, y) mean “x likes y.”
What do the following mixed quantifier formulas mean in English?

1. Vx3yL(x, y).
2. VxL(x, y).

Solution. We will translate the formulas as follows:

1. Vx3yL(x, y) asserts that “for every person x we have that yL(x, y),” that is,
“for every person x there is a person y such that x likes y.” Thus, Vx3yL(x, y)
means that “everyone likes someone.”

2. AyVxL(x, y) states that “there is a person y such that VxL(x, y),” that is, “there
is a person y who is liked by every person x.” In other words, yVxL(x, y)
means “someone is liked by everyone.”

We conclude that the mixed quantifier statements Vx3yL(x, y) and IyVxL(x, y)
are not logically equivalent, that is, they do not mean the same thing. ®

To clarify the conclusion obtained in our solution of Problem 3, consider
the universe U = {a, b, ¢, d} consisting of just four individuals with names as
given. For this universe, Figure 1.3 identifies a world where 3yVxL(x, y) is true,

where we portray the property L(x, y) using the “arrow notation” x ks, ».
Figure 1.3 illustrates a world where there is an individual who is very popular
because everyone likes this person; that is, “someone is liked by everyone.”

Figure 1.4 presents a slightly different world in which Vx3yL(x, y) is true.
So, in this new world, “everyone likes someone.”

17
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a a
b b
c c

M
d d

Figure 1.4. A world where Vx3yL(x, y) is true, because everyone
likes someone.

Let us focus our attention on Figure 1.4. Clearly, the statement Vx3yL(x, y)
is true in the world depicted in this figure. Moreover, notice that JyVxL(x, y) is
actually false in this world. Thus, Vx3yL(x, y) is true and FyVxL(x, y) is false in
the world presented in Figure 1.4. We can now conclude that Vx3yL(x, y) and
IyVxL(x, y) do not mean the same thing.

Our solution to Problem 1 shows that Ix3yL(x, y) and JyAxL(x, y) both mean
“someone likes someone.” This supports the true logical equivalence:

IxTyL(x, y) & FyIxL(x, y).
Similarly, Problem 2 confirms the true logical equivalence:
VxVyL(x,y) < VyVxL(x, y).

Therefore, interchanging adjacent quantifiers of the same kind does not change
the meaning. Problem 3, however, verifies that the two statements Yy3xL(x, y)
and IxVyL(x, y) are not logically equivalent. We conclude this discussion with
a summary of the above observations:

* Adjacent quantifiers of the same type are interchangeable.
* Adjacent quantifiers of a different type may not be interchangeable.

We offer another example, involving the real numbers, which shows that the
interchange of mixed quantifiers can change the meaning of a statement.

Example 4. Let the universe of discourse be R, the set of real numbers.

1. Vx3y(x + y = 0) means that for every real number x there is a real number
y such that x + y = 0. We see that the sentence Vx3y(x + y = 0) is true.

2. IVx(x + y = 0) states there is a y € R such that Vx(x 4+ y = 0). This is
false.

Quantifier Interchange Laws 1.3.4. For every predicate P(x, y), the following
three statements are valid:

1. IxIyP(x, y) & IyIIxP(x, ).

2. VxVyP(x,y) & VyVxP(x, ).
3. IxVyP(x, y) = VyIxP(x, ).
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We will be using the arrow = as an abbreviation for the word “implies.”
The conditional connective — shall be reserved for formal logical formu-
las. It should be noted that the implication in item 3 cannot, in general, be
reversed.

The quantifier interchange laws also hold for bounded set quantifiers; for
example, we have that

Ix(Fy € A)P(x,y) & (Fy € 4)IxP(x, ),
x(Vy € A)P(x,y) = (Yy € A)IxP(x, ).

Quantifier Distribution Laws (QDL)

A quantifier can sometimes “distribute” over a particular logical connective.
The quantifier distribution laws, given below, capture relationships that hold
between a quantifier and the two logical connectives V and A. In particular, the
existential quantifier distributes over disjunction (see 1.3.5(1)), and the univer-
sal quantifier distributes over conjunction (see 1.3.6(1)). The following quan-
tifier distribution laws can be useful when proving certain set identities.

Existential Quantifier Distribution Laws 1.3.5. For any predicates P(x) and
O(x) we have the following distribution laws:

1. IxP(x) v IxQ(x) < Ix(P(x) vV O(x)).

2. (Ax € A)P(x) v (Fx € 4)0(x) & (Fx € A)(P(x) Vv O(x)).
3. (Ix € A)P(x) v (Ix € B)P(x) < (Ix € A U B)P(x).

4. (3x e AN B)P(x) = (3x € A)P(x) A (3x € B)P(x).

If R is a statement that does not involve the variable x, then we have:

5. RA TQ(x) & Ix(R A O(x)).
6. RA (3x € A)Q(x) & (Ix € A)(R A O(x)).

Universal Quantifier Distribution Laws 1.3.6. For any predicates P(x) and
QO(x) we have the following equivalences:

1. VxP(x) A VxQ(x) < Vx(P(x) A Q(x)).
2. (Vx € A)P(x) A (Vx € A)Q(x) < (Vx € A)(P(x) A O(x)).
3. (Vx € A)P(x) A (Vx € B)P(x) & (Yx € AU B)P(x).

If R is a statement that does not involve the variable x, then we have:

4. RV V¥xQ(x) & Vx(R Vv O(x)).
5. RV (Vx € A)0(x) & (Vx € A)(R V O(x)).
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1.4 A Formal Language for Set Theory

Cantor employed an informal approach in his development of set theory. For
example, Cantor regularly used the Comprehension Principle: The collec-
tion of all objects that share a property forms a set. Thus, given a property
P(x), the comprehension principle asserts that the collection {x : P(x)} is a set.
Using this principle, one can construct the intersection of two sets 4 and B
via the property “x € 4 and x € B”; namely, the intersection of 4 and B is the
set {x : x € 4 and x € B}. Similarly, we can form the union of A and B to be
the set {x : x € 4 or x € B}. In addition, we obtain the power set of A, denoted
by P(A4), which is the set whose elements are all of the subsets of 4; that is,
P(4) = {X : X C 4}. The comprehension principle allowed Cantor to estab-
lish the existence of many important sets. Today Cantor’s approach to set the-
ory is referred to as naive set theory.

Cantor’s set theory soon became an indispensable tool for the development
of new mathematics. For example, using fundamental set theoretic concepts,
the mathematicians Emile Borel, René-Louis Baire, and Henri Lebesgue in the
early 1900s created modern measure theory and function theory. The work of
these mathematicians (and others) demonstrated the great mathematical utility
of set theory.

Relying on Cantor’s naive set theory, mathematicians discovered and proved
many significant theorems. Then a devastating contradiction was announced by
Bertrand Russell. This contradiction is now called Russell’s paradox. Consider
the property x ¢ x, where x is understood to represent a set. The comprehension
principle would allow us to conclude that 4 = {x : x ¢ x} is a set. Therefore,

the set A consists of all the sets x that satisfy x ¢ x. (A)

Clearly, either 4 € 4 or A ¢ A. Suppose 4 € A. Then, as noted in (A), 4 must
satisfy the property 4 ¢ A, which is a contradiction. Suppose 4 ¢ 4. Since A4
satisfies 4 ¢ A4, we infer from (A) that 4 € A4, which is also a contradiction.
Russell’s paradox thus threatened the very foundations of mathematics and
set theory. If one can deduce a contradiction from the comprehension principle,
then one can derive anything; in particular, one can prove that 1 = 2. Cantor’s
set theory is therefore inconsistent, and the validity of the very important work
of Borel and Lebesgue then became questionable. It soon became clear that the
comprehension principle needed to be restricted in some way and the following
question needed to be addressed: How can one correctly construct a set?
Ernst Zermelo resolved the problems discovered with the comprehension
principle by producing a collection of axioms for set theory. Shortly afterward,
Abraham Fraenkel amended Zermelo’s axioms to obtain the Zermelo—Fraenkel
axioms that have now become the accepted formulation of Cantor’s ideas about
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Wy(xey— (x=aVx¢p))

vl
(xey—(x=avx¢p))
>
x€y  (=avrgp)
V
x=a x¢p
-
xep

Figure 1.5. Construction of the formula Vy(x € y - (x =a vV x ¢ p))

the nature of sets. In particular, these axioms will allow us to construct a power
set and to form the intersection and union of two sets. These axioms also offer a
highly versatile tool for exploring deeper topics in mathematics, such as infin-
ity and the nature of infinite sets.

Before presenting the axioms of set theory, we must first describe a formal
language for set theory. This formal language involves the logical connectives
A, V, 7, =, <> together with the quantifier symbols V and 3. In addition, this
formal language uses the relation symbols = and € (also # and ¢).

What is a formula in the language of set theory? An atomic formula is one
that has the form x € y or x = z, where x, y, z can be replaced with any other
variables, say, a, b, X', V', z', x1, x2, 5, X, Y, . ... We say that x is a formula (in
the language of set theory) if x is an atomic formula, or it can be constructed
from atomic formulas by repeatedly applying the following recursive rule: If
¢ and ¢ are formulas, then the next seven items are also formulas:

Vxp, v, (—@), (P AY), (9 V), (¢ = ¥), (¢ < V).

Hence, Vy(x € y — (x = a V x ¢ p)) is a formula in the language of set theory
because it can be constructed from the atomic formulas x € y, x =a, x € p
and repeated applications of the above recursive rule. Figure 1.5 illustrates this
construction, where the statement x ¢ p is used to abbreviate (—x € p).

Formulas are viewed as “grammatically correct” statements in the language
of set theory. Moreover, the expression Vx((— xy is not a formula because
it cannot be constructed from the atomic formulas and the above recursive
rule. In practice, we shall use parentheses so that our formulas are clear and
readable. We will also be using, for any formulas ¢ and 1, the following three
conventions:

1. The outermost parentheses need not be explicitly written; that is, one can
write ¢ A ¥ to denote (¢ A V).

2. The negation symbol will apply to as little as possible. We can therefore use
=@ A ¥ to denote (—@) A Y.

21
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3. Bounded set quantifiers shall be used. Thus, we can abbreviate the formula
Vx(x € y — x ¢ a) by the more readable (Vx € y)(x ¢ a).

We will also use symbols that are designed to make things easier to understand.
For example, we may write 4 C B rather than Vx(x € 4 — x € B).

Throughout the book, we will be using the notation ¢(x, ..., z) to identify
X, ...,z as being free variables (see page 14) that appear in the formula .
If the variables x, ..., z are free, then substitution may take place. Thus, we
can replace all occurrences of x, appearing in ¢, with a particular set xy and
obtain ¢(xo, . .., z). Moreover, a formula ¢(x, . . ., z) may contain parameters,
that is, free variables other than x, . . ., z that represent unspecified (arbitrary)
sets. Parameters denote “unassigned fixed sets.” For an example, let ¢(x) be
the formula

Vy(xey > (x=0Vx¢p)).

So, ¢(x) has x as an identified free variable, @ as a constant, and a parameter p
(an unassigned set). To replace a parameter p in a formula ¢(x, ..., z) with an
specific set po means that every occurrence of p, in ¢, is replaced with py.

We will now explore the expressive power of this set theoretic language. For
example, the formula Ix(x € y) asserts that the set y is nonempty. Moreover,
—3yVx(x € y) states that “it is not the case that there is a set that contains all
sets as elements.” In addition, one can translate statements in English, which
concern sets, into the language of set theory. Consider the English sentence
“the set x contains at least two elements.” This sentence can be translated into
the language of set theory by 3y3z((y e x Az € X) Ay # 2).

Let ¢(z) be a formula with free variable z and let a be a set. The sentence
“there is a set x whose members are just those y’s that satisfy y € a and ¢(y),”
is represented by the formula IxVy(y € x < (v € a A p(»))).

Let ¢(x) and ¥ (x) be formulas. Now consider the relationship

a, ifp(x);
y=1b, ify(x)andnot ¢(x); (1.1)
@, if none of the above hold.

This relationship can be translated into the language of set theory by

() Ay =a)V (¥ (x) A=) Ay =D0) V(=¥ (x) A o)) Ay = D).
(1.2)

Let y(x, ) be the formula in (1.2). One can verify that y (x, y) holds if and
only if (1.1) holds. Note that for all x there is a unique y such that y (x, y).
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Exercises 1.4

1. What does the formula 3xVy(y ¢ x) say in English?

. What does the formula Yy3x(y ¢ x) say in English?

. What does the formula Vy3dx(x ¢ y) say in English?

. What does the formula Vy—3x(x ¢ y) say in English?

. What does the formula Vz3ax3y(x € y A y € z) say in English?

. Let ¢(x) be a formula. What does VzVy((¢(x) A ¢(y)) — z = y) assert?

N o o A WN

. Translate each of the following into the language of set theory.
(a) x is the union of @ and b.
(b) x is not a subset of y.
(c) x is the intersection of @ and b.
(d) a and b have no elements in common.

8. Let a, b, C, and D be sets. Show that the relationship

a, ifxeC\D;

= \b, ifx¢C\D,

can be translated into the language of set theory.

1.5  The Zermelo-Fraenkel Axioms

The axiomatic approach to mathematics was pioneered by the Greeks well over
2000 years ago. The Greek mathematician Euclid formally introduced, in the
Elements, an axiomatic system for proving theorems in plane geometry. Ever
since Euclid’s success, mathematicians have developed a variety of axiomatic
systems. The axiomatic method has now been applied in virtually every branch
of mathematics. In this book, we will show how the axiomatic method can be
applied to prove theorems in set theory.

We shall now present the Zermelo—Fraenkel axioms. Each of these axioms is
first stated in English and then written in logical form. After the presentation,
we will then discuss these axioms and some of their consequences; however,
throughout the book we shall more carefully examine each of these axioms,
beginning in Chapter 2. While reading these axioms, keep in mind that in set

23


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316341346.002
https://www.cambridge.org/core

24

Introduction

theory everything is a set, including the elements of a set. Also, recall that the
notation f(x, ..., z) means thatx, . . ., z are free variables in the formula 6 and
that 6 is allowed to contain parameters (free variables other than x, .. ., z).

1.

9.

Extensionality Axiom. Tiwo sets are equal if and only if they have the same
elements.

VAYB(A = B <> ¥x(x € A <> x € B)).

. Empty Set Axiom. There is a set with no elements.

J4Vx(x ¢ A).

. Subset Axiom. Let ¢(x) be a formula. For every set A there is a set S that

conmsists of all the elements x € A such that ¢(x) holds. ?

VA3SVx(x € S < (x € A A p(x))).

. Pairing Axiom. For every u and v there is a set that consists of just u

and v.

YuVoIAVx(x € A < (x = u VvV x = )).

. Union Axiom. For every set F there exists a set U that consists of all the

elements that belong to at least one set in F.

VFIAUVx(x e U <> IC(x e CAC € F)).

. Power Set Axiom. For every set A there is a set P that consists of all the

sets that are subsets of A.

VA3IPVx(x e P < Yy(y e x — y € A)).

. Infinity Axiom. There is a set I that contains the empty set as an element

and whenever x € I, then x U {x} € I.

A(@el AVx(xel - xU{x}el)).

. Replacement Axiom. Let ¥ (x, y) be a formula. For every set A, if for each

X € A there is a unique y such that (x, y), then there is a set S that consists
of all the elements y such that ¥ (x, y) for some x € A. (See endnote 2.)

VA ((Vx € A)Ayy(x,y) — ASVY(y € S < (Tx € A)Y(x,»))).

Regularity Axiom. Every nonempty set A has an element that is disjoint
from A.

VA # @ — Ix(x € A AXNA = @)).

The extensionality axiom simply states that two sets are equal if and only if

they have exactly the same elements (see Definition 1.1.1(1)). The empty set
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axiom asserts that there exists a set with no elements. Since the extensionality
axiom implies that this set is unique, we let & denote the empty set.

The subset axiom proclaims that any definable subcollection of a set is itself
a set. In other words, whenever we have a formula ¢(x) and a set 4, we can then
conclude that {x € 4 : ¢(x)} is a set. Clearly, the subset axiom is a restricted
form of the comprehension principle, but it does not lead to the contradiction
that we encountered in Russell’s paradox. The subset axiom, also called the
axiom of separation (see page 3), is described as an axiom schema, because it
yields infinitely many axioms—one for each formula ¢. Similarly, the replace-
ment axiom is also referred to as an axiom schema.

The pairing axiom states that for any two given sets, there is a set consisting
of just those two sets. Therefore, for all sets u and v, the set {u, v} exists. Since
{u, u} = {u}, it follows that the set {u} also exists for each u.

The union axiom asserts that for any set F, there is a set U whose elements
are precisely those elements that belong to at least one member of F. More
specifically, the union axiom proclaims that the union of any set F exists; that
is, there is a set U so that x € U if and only if x € 4 for some 4 € F. As we
will see, the set U is denoted by | F.

The infinity axiom declares that there is a set / such that @ € I and whenever
x € I,thenx U {x} € I.Since & € I, we thus conclude that & U {&} = {&} € .
Now, as {&} € I, we also have that {@} U {{&}} = {&, {&}} € I. Continuing in
this manner, we see that the set / must contain all of the following sets:

o, {2}, {2, {a}}, {@. {2}, {2, {a}}), ....

Observe, by the extensionality axiom, that & # {&}. One can also show that
any two of the sets in the above list are distinct. Therefore, the set / contains
an infinite number of elements; that is, / is an infinite set.

The replacement axiom plays a crucial role in modern set theory (see [8]).
Let 4 be a set and let ¥ (x, y) be a formula. Suppose that for each x € 4, there is
a unique y such that ¥ (x, y). Thus, we shall say that y is “uniquely connected”
to x. The replacement axiom can now be interpreted as asserting the following:
If for each x € A there is an element y that is uniquely connected to x, then we
can replace each x € A with its unique connection y and the result forms a new
set. In the words of Paul Halmos [7], “anything intelligent that one can do to
the elements of a set yields a set.”

Given any nonempty set 4, the regularity axiom asserts the 4 Na = & for
some a € A. Can a set belong to itself? The regularity axiom rules out this
possibility (see Exercise 3).

The formulas in the subset and replacement axioms may contain parameters.
We will soon be proving theorems about formulas that may possess parameters.
Because parameters represent arbitrary sets, any axiom/theorem that concerns
a generic formula with parameters is applicable whenever the parameters are
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replaced with identified sets. As a result, such an axiom/theorem can be applied
when a formula contains fixed sets, as these sets can be viewed as ones that
have replaced parameters. For example, the subset axiom concerns a generic
formula ¢(x). So this axiom can be applied when specific sets appear in ¢(x).

This completes our preliminary examination of the set-theoretic axioms that
were first introduced by Ernst Zermelo and Abraham Fraenkel; however, we
will more fully examine each of these axioms in the remainder of the book.
Furthermore, before we make our first appeal to a particular axiom, it shall
be reintroduced prior to its initial application. In addition, we will not invoke
an axiom before its time; that is, if we are able to prove a theorem without
appealing to a specific axiom, then we shall do so. Accordingly, we will not be
using the regularity axiom to prove a theorem until the last section of Chapter 8.

It is a most remarkable fact that essentially all mathematical objects can be
defined as sets. For example, the natural numbers and the real numbers can
be constructed within set theory. Consequently, the theorems of mathematics
can be viewed as statements about sets. These theorems can also be proven
using the axioms of set theory. Thus, “mathematics can be embedded into set
theory.”

Exercises 1.5

1. Let u, v, and w be sets. By the pairing axiom, the sets {¢} and {v, w} exist.
Using the pairing and union axioms, show that the set {, v, w} exists.

2. Let A be a set. Show that the pairing axiom implies that the set {4} exists.

*3. Let 4 be a set. The pairing axiom implies that the set {4} exists. Using the
regularity axiom, show that 4 N {4} = &. Conclude that 4 ¢ A.

4. For sets A and B, the set {4, B} exists by the pairing axiom. Let 4 € B.
Using the regularity axiom, show that 4 N {4, B} = &, and thus B ¢ A.

5. Let 4, B, and C be sets. Suppose that 4 € B and B € C. Using the regularity
axiom, show that C ¢ A. [Hint: Consider the set {4, B, C}.]

6. Let 4 and B be sets. Using the subset and power set axioms, show that the
set P(4) N B exists.

7. Let A and B be sets. Using the subset axiom, show that the set 4 \ B exists.

8. Show that no two of the sets &, {@}, {@, {@}} are equal to each other.
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*9. Let 4 be a set with no elements. Show that for all x, we have that x € A4 if
and only if x € @. Using the extensionality axiom, conclude that 4 = @.

10. Let ¢(x, y) be the formula Vz(z € y <> z = x) which asserts that y = {x}.
As noted on page 25, for all x the set {x} exists. So Vx3!yp(x, y). Let 4 be
a set. Show that the collection {{x} : x € A} is a set.

27
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Basic Set-Building Axioms
and Operations

Nearly all mathematical fields apply concepts from set theory, and practically
every mathematical statement can be phrased into one about sets. For these
reasons, set theory is often viewed as a foundation for mathematics. In this
chapter, we will begin to investigate some of the axioms of set theory that were
introduced earlier. Moreover, we shall begin proving theorems about sets, and
each of our proofs will be justified by the axioms. We will also show that the
sets and operations discussed in Chapter 1 can be derived from these axioms.

2.1 The First Six Axioms

The first six axioms, taken together, will allow us to develop the operations on
sets that were discussed in the previous chapter. Furthermore, they will allow
us to define additional operations on sets that were not previously covered.

2.1.1 The Extensionality Axiom

Our first axiom is a very simple, but necessary, statement that proclaims that a
set is uniquely determined by its elements. In other words, two sets are different
if and only if one set contains an element that is not in the other set.

Extensionality Axiom. Two sets are equal if and only if they have exactly the
same elements.

For sets A and B, the extensionality axiom yields two alternative strategies
for proving that 4 = B:

(a) Provethat 4 C Band B C A.
(b) Prove for all x, that x € 4 if and only if x € B.

We will refer to strategy (a) as the “double-subset” strategy, and strategy (b)
will be described as the “iff” strategy, where iff abbreviates the phrase “if and
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only if.”” One efficient way of executing strategy (b) is to derive a succession of
equivalences starting with x € 4 and then ending with x € B. This is usually
done by citing appropriate definitions and logic laws (see Sections 1.2 and 1.3).
We will illustrate the difference between these two strategies by presenting two
proofs of Theorem 2.1.1 in Section 2.1.3.

The extensionality axiom does not imply that there exists a set. Our next five
axioms do assert that certain sets exist. In addition, these axioms can be used
to establish the existence of many of the sets that we typically take for granted
in mathematics.

2.1.2  The Empty Set Axiom

Our next axiom explicitly implies that “a set exists.”
Empty Set Axiom. There is a set with no elements.

Is there more than one set without any elements? The Extensionality Axiom
implies that there is only one such set (see Exercise 9 on page 27), and we shall
denote it by the symbol &.

The next four axioms will allow us to build new sets from given sets.

2.1.3  The Subset Axiom

Subset Axiom. Let ¢(x) be a formula. For every set A there exists a set S that
consists of all the elements x € A4 such that ¢(x) holds.

The subset axiom states that for any set A and for any formula ¢(x), one can
construct a set that consists of just the elements in A that satisfy the property
@(x). In other words, the set S = {x € 4 : ¢p(x)} exists. Observe that S C A4.

Let 4 and B be two sets. The subset axiom implies that the intersection and
difference of these two sets exist, because

ANB={x€A:x¢€B},
A\B={x€Ad:x¢ B},

and thus, by the subset axiom, 4 N B and 4 \ B are sets. On the other hand, the
subset axiom does not imply, in general, that the union 4 U B is a set.

Our next theorem follows from the extensionality and subset axioms. We
will give two proofs of this theorem. The first proof employs the double-subset
strategy, and the second proof applies the iff strategy (see page 28).

Theorem 2.1.1. Suppose A, B, and C are sets. Then AN (B\ C)=(4ANB)\C.

29
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First Proof. Let 4, B, and C be sets. We prove that 4 N (B\ C) = (4N B)\ C.

(©).Letxe AN(B\C).Hence,x e Aandx € B\ C. Thus,x € 4,x € B, and
x ¢ C.Because x € 4 and x € B, we have x € 4 N B. Since x ¢ C, we conclude
thatx € (AN B)\ C.

(2).Letx e (ANB)\ C. Thus,x e AN B and x ¢ C. Because x € 4 N B, we
have that x € 4 and x € B. We also have that x ¢ C, and so we now conclude
that x € B \ C. Furthermore, we know that x € 4. Hence,x € AN (B \ C).

Therefore, AN (B\C)=(ANB)\C. O

In our first proof of Theorem 2.1.1, the annotations (C) and (2) are added as
a courtesy to the reader. The notation (C) is used to make it clear to the reader
that we are proving that the first set! is a subset of the second set. The notation

(D) indicates that we are proving that the second set is a subset of the first set.
We shall now reprove Theorem 2.1.1 using the iff strategy.

Second Proof. Suppose that 4, B, and C are sets. Let x be arbitrary. Then
xedANB\C) iff xeAAnxe (B\C) by definition of N
iff xe AN(x € BAx ¢ C) by definition of \

iff (xeAAxeB)Ax¢C by logical associativity

iffxedNBAx¢C by definition of N
iff xe dNB)\C by definition of \.
Therefore, AN (B\C) = (A NB)\C. O

The argument used in Russell’s paradox will be applied in the proof of our
next theorem, which states that there is no set of all sets.

Theorem 2.1.2. There is no set in which every set is a member.

Proof. Suppose, for a contradiction, that there exists a set in which every set
is a member. Let 4 denote this set. Thus Vx(x € 4); that is, the set 4 contains
all sets as members. By the subset axiom there exists a set B such that

B={xed:x¢x} 2.1)
Observe from the definition of B we have that

BeBiff Be{xed:x¢x} by (2.1)

4 (*)
iff BeAandB ¢ B by definition of {x € 4 : x ¢ x}.
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Because B is a set and A4 contains all sets as members, we conclude that B € 4.
Now that B € A4 holds, the above (x) implies that B € B if and only if B ¢ B,
which is clearly a contradiction. O

Since every set is equal to itself, we see that each set belongs in the collection
{x : x = x}. Theorem 2.1.2 implies that {x : x = x} is not a set. Thus, given a
formula ¢(x), we cannot immediately conclude that the collection {x : ¢(x)} is
a set. Hence, we shall refer to any collection of the form {x : ¢(x)} as a class.
Thus, {x : x = x} is a class that is not a set. If a class is not a set, then it is a
proper class, and hence, it is an “unbounded collection” (see Exercise 34).

In the future, we will sometimes be required to prove that some classes are
actually sets (see the proof of Theorem 2.1.7). When can we prove that a given
class {x : ¢(x)} is also a set? The following theorem addresses this question.

Theorem 2.1.3. Let ¢(x) be a formula. Suppose that there is a set A such that
Jor all x, if p(x), then x € A. Then there is a unique set D such that for all x,

x € D if and only if p(x).

In other words, the class {x : ¢(x)} is, in fact, equal to the set D.

Proof. Let 4 be a set such that (A) for all x, if ¢(x), then x € 4. By the subset
axiom, let D be the set {x € 4 : ¢(x)}. Clearly, (A) implies that x € D if and
only if ¢(x), for all x. The set D is unique by the extensionality axiom. O

Remark 2.1.4. The regularity axiom implies that no set can be a member of
itself (see Exercise 3 on page 26). Thus, in the proof of Theorem 2.1.2, the
axioms of set theory imply that the collection B, defined in (2.1), is equal to 4.

Remark 2.1.5. When applying the subset axiom, we can use a formula that
is expressed in English, using appropriate symbols (e.g., @, N). Such English
formulas can actually be written as formulas in the language of set theory.

2.1.4  The Pairing Axiom

The pairing axiom states that whenever we have two sets « and v, there is a set
P whose only members are u and v. We can use the extensionality axiom to
show that this set P is unique. We shall denote the set P by {u, v}.

Pairing Axiom. For every u and v there is a set that consists of just u and v.

Given any sets u and v, the pairing and extensionality axioms justify the
following definition.
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Definition 2.1.6. For sets « and v, the pair set {u, v} is the unique set whose
only members are u and v.

Thus, if a € {u, v}, then a = u or a = v. The pairing axiom implies that for
any set u, we also have the set {u, u}, which, of course, is equal to the set {u}
by the extensionality axiom. So, given any set u#, we can construct the set {u}.
Since the set {#} has only one element, such a set is referred to as a singleton.

Suppose that we have three sets u, v, and w. The pairing axiom yields the
sets {u, v}, {{u, v}, w}, and {{u, v}, {w}}. Can we conclude that there is a set
containing only u, v, and w? We will be able to do this once we understand the
union axiom.

2.1.5 The Union Axiom

Let F be a set. The union axiom allows us to construct a set that consists of all
the elements that belong to at least one of the sets in F.?

Union Axiom. For every set F there is a set U that consists of all the elements
that belong to at least one set in F.

The union axiom states that, for any given set F, there exists a set U whose
members are precisely the elements of members in F. The set U given by the
union axiom is denoted by [ J F. Thus, | J F is the set of elements x such that
x € C for some C € F; that is,

U}": {x : x € C for some C € F}.

We shall say that the set |_J F is the union of F. So for any set x we have that
x e | JFifand only if (3C € F)(x € C).

Example 1. Let 7 ={{a, b, ¢}, {e, f}, {e,c,d}}. Then | JF={a, b,c,d, e, f}.

The union axiom, together with the pairing axiom, allows us to construct the
union of any two sets 4 and B. Let 7 = {4, B}. Then

U{A, B} = {x : x belongs to some member of {4, B}}

={x:xedorx e B}
=AUB.

Similarly, we have that | J{4, B,C,D} = AUBUCUD and | J{4} = 4. In
addition, we have | @ = @.
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Example 2. Consider the set F = {{a, b, ¢}, {e, f}, {e, ¢, d}}. Then
UUf:U{a,b,c,d,e,f} =aUbUcUdUeU f.

Suppose that we have three sets u, v, and w. We can now use the pairing and
union axioms to construct a set that consists of only u, v, and w. We have the
sets {u, v} and {w} by the pairing axiom. By the union axiom we have the set

{u, v} U{w} = {u, v, w},

which consists of the three elements u, v, and w. Similarly, one can assemble
the set {x|, x5, x3, x4} consisting of the four elements x, x;, x3, x4, and so on.

We saw that the subset axiom allows us to construct the intersection of two
sets. Our next theorem will allow us to take the intersection of all the sets that
belong to a given nonempty set.

Theorem 2.1.7. Let F be a nonempty set. There is a unique set I such that for
all x,

x € I if and only if x belongs to every member of F. (2.2)

Proof. Let F be a nonempty set. So let 4 € F. For each x, if x belongs to every
member of F, then clearly x € 4. Since 4 is a set, Theorem 2.1.3 implies that
there is a unique set / satisfying (2.2). O

Definition 2.1.8. Let F be a nonempty set. We denote the unique set / given
in the above Theorem 2.1.7 by () F, which is said to be the intersection of F.

Thus, if F is a nonempty set, then x € (| F if and only if (VC € F)(x € C).
Example 3. Suppose F = {{a, b, ¢, e}, {e, f}, {e, ¢, d}}. Then (| F = {e}.

We see that ({4, B,C, D} = ANBNCNDand[ {4} = 4. Furthermore, if
& e F,then | F = 2.

Why does Definition 2.1.8 require that F # @? Observe that the statement
“x belongs to every member of @” is vacuously true. To see this, suppose that
this statement is false. Then x does not belong to some member of &, but the
set & has no elements! Therefore, the statement is true for all sets x.

Now, suppose (| @ is a set. Thus,

ﬂ @ = {x : x belongs to every member of &}.
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Because the statement “x belongs to every member of & is true for every x, we
conclude that (] @ must contain every set, and this contradicts Theorem 2.1.2.
Therefore, the notation (1) & is undefined.

Example 4. Let F = {{c, ¢, f}, {e, f}, {e, [, c, d}}. Then

LAOANF=(le fl=enf.
2UNF=Ule. f1=eur.
3. NUF=Nced fl=cndnenf.
4. JUF=Ule,ed, fi=cUdUeU f.

The next example clearly states what it means for an element to be in, and
not in, a union and intersection.

Example 5. Suppose that F is set. Then the following statements are true:

(1) x € | F means that x € C for some C € F.
(2) x ¢ |J F means that x ¢ C for every C € F.
(3) x € (| F means that x € C for every C € F.
(4) x ¢ (| F means that x ¢ C for some C € F.

We now demonstrate how one works with our generalized notions of union
and intersection in the following theorem and proof.

Theorem 2.1.9. Suppose that F  G. Then | J F € \J G, and if F is nonempty,
then (G < F.

Proof. Let F C G. To prove that | JF € |JG, let x € | JF. Thus, x € C for
some C € F. Since F C G, we have that C € G. So x € C for some C € G.
Hence, x € | JG. Now, suppose that F is nonempty. Because F C G, we
see that G is also nonempty. Let x € (| G. Thus, x € C for every C € G.
Since F € G, we conclude that x € C for every C € F as well. Therefore,
xeF. O

2.1.6  The Power Set Axiom

Recall that X C A4 means that X is a subset of 4; that is, every element in X
is also an element in A. Given any set 4, the power set axiom ensures that one
can form a set that consists of every subset of 4.

Power Set Axiom. For every set 4 there is a set P that consists of all the sets
that are subsets of 4.

When 4 is a set, the power set axiom states that there is a set P such that if
X C A,then X € P. In addition, this axiom implies that if X € P, then X C 4.
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Definition 2.1.10. Let 4 be a set. The power set of 4, denoted by P(A4), is the
set whose elements are all of the subsets of 4; that is, P(4) = {X : X C A4}.

Thus, as noted above, X € P(4) if and only if X C A. Recall that @ C 4 and
A C A (see page 2). Therefore, @ € P(A4) and 4 € P(A4) for every set A. The
power set of a set 4 has more elements than 4. For example,

1. P(2) = {@}.

2. P({a}) = {2, {a}}.

3. P({9, a}) = {2, {2}, {a}, {2, a}}.

4. P({1,2,3}) = {@, {1}, {2}, (3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}.

The power set operation distributes over the intersection of two sets (for a
generalization, see Exercise 14 on page 40).

Theorem 2.1.11. Let A and B be sets. Then P(A N B) = P(4) NP(B).

Proof. Let 4 and B be sets. We shall prove that P(4 N B) = P(4) N P(B).
(©). Let X e P(ANB). Hence, X C ANB. Thus, X € 4 and X C B (see
Exercise 4). So X € P(4) and X € P(B). Therefore, X € P(4) N P(B).

(2). Let X € P(4) NP(B). Thus, X € P(4) and X € P(B). Hence, X C 4
and X C B. Therefore, X C 4 N B (see Exercise 4), and we now conclude that
X e P(ANB). O

Theorem 2.1.11 motivates the following simple question: Can one prove the
equality P(4 U B) = P(4) U P(B) for any two sets 4 and B? The answer is no.
Let 4 = {1, 2} and B = {2, 3}. Clearly, the set X = {1, 3} is subset of 4 U B,
and thus, X € P(4 U B). Because X is not a subset of 4 and is also not a subset
of B, we see that X ¢ P(4)UP(B).SoX € P(AUB)and X ¢ P(4) U P(B).
Therefore, P(4 U B) # P(4) U P(B).

Exercises 2.1

Prove the following theorems, where 4, B, C, and D are sets:
1. Theorem. If 4 C B,then4 C AUBandANB C A.
*2. Theorem. If 4 C Band B C C, then 4 C C.
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*3. Theorem. I[f B C C,then4\ C C 4\ B.
*4, Theorem. C C 4 and C C Bifand only if C C 4 N B.
5. Theorem. There exists an x such that x ¢ 4.
6. Theorem. AN B =BNA.
7. Theorem. AU B = BU 4.
8. Theorem. AN (BUC)=(ANB)UANC).
9. Theorem. AU (BNC)=(AUB)N(AUC).
10. Theorem. A U (BUC) = (AUB)UC.
11. Theorem. AN (BNC)=(ANB)NC.
12. Theorem.C \ (AN B)=(C\A4)U (C\ B).
13. Theorem. C \ (AU B) = (C\ 4)N (C\ B).
14. Theorem. (A \ B)N(C\B)=(A4ANC)\ B.
15. Theorem. AN (BNC)=(ANB)NCand AU (BUC)=(4AUB)UC.
16. Theorem. (A UB)\ (ANB)=(4\B)U (B\A).
17. Theorem. If 4\ B C C,then 4 \ C C B.
18. Theorem.If 4 C Band BNC = &, then 4 C B\ C.
19. Theorem. If A\ B < Cand 4 € C,then4 N B # &.
20. Theorem. A C B if and only if P(4) € P(B).
21. Theorem. P(4) U P(B) € P(4 U B).
22. Theorem. If P(A U B) € P(4) U P(B),then4 C Bor B C A.
23. Theorem. Let 4 be a set. Then {4} € P(4).
24. Theorem. Let 4 be a set. Then P(4 \ B) # P(4) \ P(B).
25. Theorem. Let F be asetand let C € F. ThenC C | J F.
26. Theorem. Let F be a set and let C € F. Then [ F C C.

27. Theorem. Let F and A4 be sets. If 4 € C for some C € F, then we have
that4 C [ J F.

28. Theorem. Let F # @ and A4 be sets. If A C C for all C € F, then we
have that 4 C () F.
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29. Theorem. Let F and 4 be sets. Suppose C C 4 for every C € F. Then
UFc4.

30. Theorem. Let A be a set. Then | P(4) = 4.
31. Theorem. Let 4 be a set. Then 4 € P (| J4).

*32. Theorem. Let C € F. Then P(C) € P (P (U F)).
33. Theorem. The collection {x : Iy(x € y)} is not a set.

*34. Theorem. Let ¢(x) be a formula. Then {x : ¢(x)} is a proper class if and
only if for every set A there is an x such that ¢(x) and x ¢ A4.

35. Theorem. Define the symmetric difference of any sets X and Y to be the
set X AY = (X \Y)U (Y \ X). Then for sets 4, B, C we have
(a) AN(BAC)=(ANB)A(ANC).
(b) AABAC)=(AAB)AC.

Exercise Notes: Exercises 89 are referred to as the distributive laws for sets.
Exercises 10-11 are called the associative laws for sets.

2.2 Operations on Sets

Sets can be combined in a number of ways to construct another set. We will
now see how the first six axioms of Zermelo—Fraenkel set theory can be used to
prove a number of theorems concerning several important methods, not iden-
tified in the previous section, for constructing a new set from given sets.

2.2.1 De Morgan's Laws for Sets

Lemma 2.2.1. Let A and F be sets. Then there is a unique set D such that for
all'Y,

YeDiff Y =A4\C for someC € F. (2.3)
We shall let {A\ C : C € F} denote the set D.

Proof. Let 4 and F be sets. If Y = A4\ C for some C € F, then Y C 4 and
so Y € P(A4). Since P(A) is a set, Theorem 2.1.3 implies that there exists a
unique set D satisfying (2.3). O
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The “double-subset” proof strategy will be used to prove our next theorem.
Before reading this proof, one should review items (1)—(4) of Example 5 on
page 34 and note that x € ({4 \ C: C € F}iffx € A\ C for every C € F.

Theorem 2.2.2 (De Morgan'’s Laws). If A is a set and F is nonempty, then

(HA\NUF=N4\C:CeF},
2)A\NF=UH\C:Ce F}

Proof. We prove that 4\ | JF = {4\ C:C € F} and leave (2) as an
exercise.

(S). Letx € 4\ |JF. We prove that x € ({4 \ C : C € F} as follows:?
xEA\U]'—=> xEAandx¢U.7: by definition of \

= xedandx ¢ C forevery C € F by definition of |_J
= xeA\CforeveryC e F by definition of \

= xe[4\C:CeF) by definition of ().
Therefore, A\ |JF S ({4 \C:C e F}.
(2).Letx € ({4 \ C: C € F}. We prove thatx € 4\ | F as follows:
xe[\4\C:CeF)

= xeAd\CforeveryC e F by definition of ()
= x € dandx ¢ C for every C € F by definition of \
= xedandx ¢ | JF by definition of |
= xed\|JF by definition of \.

Therefore, (\{4\ C : C € F} € A\ |JF. The proof of (1) is complete. [

2.2.2 Distributive Laws for Sets

Lemma 2.2.3. For all sets A and F, there exist unique sets D and £ such that
forallY:

YeDifft Y =AUC for someC € F, 2.4)
Yel iff Y =4ANC for someC € F. 2.5
Welet {AUC : C € F} denote the set D and {A N C : C € F} denote the set £.
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Proof. Let 4 and F be sets. If Y = 4UC foraC e F,thenY C AU (| F).
Thus, Y € P(AU (U F)). As P(AU (| F)) is a set, Theorem 2.1.3 asserts
that there exists a unique set D satisfying (2.4). In a similar manner, one can
show that there is a unique set £ satisfying (2.5) (see Exercise 5). O

Theorem 2.2.4 (Distributive Laws). If 4 and F are sets, then

() AUNF)=4UC:Ce Flfor F# 2,
@ AnUF)=U4NnC:Ce F

Proof. We prove (1) using the “iff”” strategy and leave (2) as an exercise. Let x
be given. We prove thatx € 4 U (" F) iffx € (({AUC : C € F} as follows:

xeAU(ﬂf) iff xedorxe(|F by def. of U
iff x e 4orx e Cforevery C € F bydef.ofﬂ
iff xe AUC forevery C € F by def. of U
iff x € ﬂ{AUC :Ce F} by Lemma 2.2.3. O

The above proof implicitly applied the quantifier distribution law (QDL)
1.3.6(5). We demonstrate this in the following more “symbolic” proof:

xeAU(ﬂf) iffxedvxe()F by def. of U

iffxedv(¥MCeFxeC bydef.ofﬂ
iff (VCe F)xeAdvxeC) byQDL13.6(5)
iff (VCe F)(xeAUCQC) by def. of U

iff x € ﬁ{Auc:Ce F}  byLemma2.2.3. O

We now prove a lemma that will justify some of the exercises of this section.

Lemma 2.2.5. If F is a set, then there exists a unique set D such that for all Y

Y e D iff Y =P(C) for some C € F. (2.6)
The set D is denoted by {P(C) : C € F}.

Proof. Let F be any set. IfY = P(C) forsome C € F,thenY € P (P (U F))
by Exercise 32 on page 37. As P (P (|J F)) is a set, there exists a unique set
D satisfying (2.6) by Theorem 2.1.3. O
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Exercises 2.2

Prove the following theorems:

1.

*S.

10.

11.
*12.
13.
*14.
15.
16.

Theorem. Let A be a setand F # &. Then4 \ (| F = J{4\ C:Ce F}.

2. Theorem. Let 4 and F be sets. Then 4 U (| F) = J{4UC : C € F}.
3.
4. Theorem. Let F # &. Then AN (N F)=({4NC:C € F} for any

Theorem. Let A and F be sets. ThenA N (| JF) = J{4ANC:C e F}.

set A.

Theorem. Let 4 and F be sets. Then there exists a unique set £ such that
for all Y we have that Y € £ ifand only if Y = 4 N C for some C € F.

. Theorem. Let F and G be sets. Then there is a unique set D such that for

all Y, we have that Y € D if and only if ¥ = 4 N B for some 4 € F and
some B € G.

. Theorem. (JF)N(JG)=U{4NB: A4 e FandB e G} for any sets

Fand G.

. Theorem. Let F and G be sets. Then there is a unique set D such that for

all Y, we have that Y € D if and only if ¥ = 4 U B for some 4 € F and
some B € G.

. Theorem. (F)U () G)=[{4UB:4 € F and B € G} when F and

G are nonempty.

Theorem. (JF)N(JG)=f{dNB: A€ Fand BeG} for any sets
F and G.

Theorem. Let F and G be sets. Then [ J(FUG) = (JF)U (J9).
Theorem. If 7 and G are nonempty, then (J(F U G) = (N F)N () 9).
Theorem. Let F and G be sets. Then | J(FNG) € (UF)N (JG).
Theorem. Let F be a nonempty set. Then P(() F) = [(({P(C) : C € F}.
Theorem. Let F be a set. Then | J{P(C) : C € F} € P(J F).

Theorem. Let F be a set. If there is an 4 € F such that C C A4 for all
Ce F,then P(JF) S U{P(C):C e F}.
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In mathematics, relations and functions are usually defined in terms of ordered
pairs. The concepts of an ordered pair, a relation, and a function are essential
for mathematics. Is there a way to define these three notions in terms of sets?
We will show that this, in fact, can be done.

3.1  Ordered Pairs in Set Theory
Before discussing relations or functions, we must first define an ordered pair.
The set {2, 3} is an unordered pair because {2, 3} = {3, 2}. We need to define
an object of the form (2, 3) that captures the notion of the first component 2
and the second component 3. Furthermore, (2, 3) must be a set, and we must
have that (2, 3) # (3, 2).

Can an ordered pair be defined to be a set? If it can, then such a definition
must satisfy the key property

(a, by = (c,d) ifand only ifa = cand b = d. (3.1

The equivalence (3.1) ensures that an ordered pair has a unique first component
and a unique second component. In 1921, Kazimierz Kuratowski answered the
above question with the following definition.

Definition 3.1.1. The ordered pair (x, y), with first component x and second
component y, is the set defined by

(e, y) = {{x}, fx. 0}

Clearly, for sets x and y, the above (x, y) is a set. To prove that Kuratowski’s
definition satisfies (3.1), we first establish a lemma.

Lemma 3.1.2. Let u, v, x, y be given and suppose that (x,y) = (u,v). If x =y
oru=vo, thenx =uandy = v.
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Proof. Assume (x,y) = (u,v). So (A) {{x}, {x,»}} = ({u}, {u, v}}. f x =y,
then {{x}, {x, y}} = {{x}, {x, x}} = {{x}, {x}} = {{x}}. Thus, by (4),

{x) = ({u}, {u, 0}}.

Hence, {x} = {¢#} = {u, v}. So x = u = v. Therefore, as x = y, we conclude
that x =u and y =v. If u = v, a similar argument shows that x = u and
y = D. D

Theorem 3.1.3. Let u, v, x, y be given. Then

(x, ) = (u,v) ifand only ifx =uandy = v.

Proof. Assume that (x, y) = (u, v). If either x = y or u = v, then Lemma 3.1.2
implies that x = u and y = v. Suppose that x # y and u # v. Since

{{x}, fe b} = Hud {u, 0}, (3.2)

we conclude that either {x} = {u} or {x} = {u, v}. Since u # v, we must have
{x} = {u}, and so x = u. Thus, {{x}, {x, y}} = {{x}, {x, v}} by Equation (3.2).
Since x # y, we infer that {x, y} = {x, v}, and since x # y, we deduce that
y=v.

Conversely, if x = u and y = v, then clearly (x, y) = (u, v). O

Let 4 and B be sets. Let x € 4 and y € B. Note that the sets {x} and {x, y}
are both elements in P(4 U B). Therefore, {{x}, {x, y}} € P(4 U B), and hence
{{x}, {x, v}} € P(P(AUB)).So {(x,y) € P(P(AUB)) forallx € Aand y € B.

Lemma 3.1.4. Let A and B be sets. There exists a unique set D such that for
allY,

YeDiff Y = (x,y) forsomex € Aandy € B. 3.3)

We shall let {{x,y) : x € A and y € B} denote the set D.

Proof. Let 4 and B be sets. If Y = (x, y) for some x € 4 and some y € B, then
Y € P(P(4 U B)) (see above). Since P(P(4 U B)) is a set, Theorem 2.1.3 now
implies that there exists a unique set D satisfying (3.3). O
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Definition 3.1.5. Given sets 4 and B, the Cartesian product 4 x B is defined
to be the set

AxB={{x,y) :xedandy € B}.

In other words, 4 x B is the unique set, given by Lemma 3.1.4, that consists of
the ordered pairs (x, y) such thatx € 4 and y € B.

Example 1. Let 4 = {2, 3} and let B = {a, b, ¢, 3}. Then
AxB={2,a), 2,b), 2,¢c), (2,3), (3,a), (3,b), (3,¢c), (3,3)}.

Exercises 3.1

1. Define (a, b, ¢) = ({(a, b) , c) for any sets a, b, c. Prove that this yields an
ordered triple; that is, prove that if (x, y,z) = (a, b, c), then x = a, y = b,
andz = c.

2. Prove that AUB) x C= (A4 x C)U (B x C).
3. Prove that (A \ B) x C = (4 x C)\ (B x C).
4. Prove that (| JF) x C=J{d xC :4 € F}.

3.2 Relations

We now discuss the mathematical theory of relations. We are already familiar
with the three relations a = b (equality), a < b (less than), and X C Y (subset).
Many of the fundamental concepts of mathematics can be described in terms
of relations. In this section, we shall identify a relation as a set of ordered pairs
and explore various properties that a relation may possess.

Definition 3.2.1. A relation R is a set of ordered pairs.

Thus, a set is a relation if each of its elements is an ordered pair. In other
words, a set R is a relation iff for each x € R, there is an a and b such that
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x = (a, b). Definition 3.2.1 does not put any restrictions on the ordered pairs
that can appear in a relation.

Definition 3.2.2. Let 4 and B be sets. A relation R from A4 to B is a subset of
A x B; thatis, R C 4 x B.

Let4 ={2,3}andlet B = {a, b, ¢, 3}. Then
R={(2,a), (2,b), (3,b), (3,¢), (3,3)}

is an example of a relation from A4 to B. One can also show that the empty set
is also a relation (see Exercise 1).

Given a formula ¢(x, y) and sets 4 and B, the subset axiom implies that one
can construct a relation R by forming the set

R={{x,y) € AxB: o,y
Example 1. Let 4 and B be sets. Consider the following relations:

(1) R={{x,y) €A xB:x=y}
2) R={{x,y) € A x B:x €y}
B) R={{x,y) €A xB:xCy}.

Definition 3.2.3. A relation R on A4 is a subset of 4 x A; thatis, R € A x A.

Example 2. Let 4 = {2, 3}. Then the set R = {(2,2), (2,3), (3, 3)}is a rela-
tion on A4.

Example 3. Let N = {0, 1, 2, 3, ...} and define the relation R on the set N by
R={{x,y) e Nx N: (3k € N)(x = yk)}. So (6,3) € Rand (9, 5) ¢ R.

For any set 4, the relation
Li={{x,y) edxA4:x=y}

is called the identity relation on A.

We know that every relation is just a set of ordered pairs. Can every relation
also be viewed as a relation on a set? That is, given any relation R, can we find
a set A and prove that R C 4 x A? The following lemma answers this question.

Lemma 3.2.4. Let R be a relation and let A = | J|JR. Then R C A x A.
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Proof. Let R be a relation and let A = | J | R. Clearly, 4 is a set by the union
axiom. We prove that R € 4 x 4. Let {(a,b) € R. So (a, b) = {{a}, {a, b}}.
Since {{a}, {a, b}} € R, we see that {a} € | JR and {a, b} € | JR. Now, since
{a} € |JR, we conclude that a € | J|J R. Similarly, we infer that b € [ J[JR.
Hence, as 4 = | J|JR, we have thata e 4 andb € 4. So {(a,b) e A x 4. O

Let R be a relation and consider the class {x : Iy({x, y) € R)}. Is this class a
set? If Iy({x, y) € R), Lemma 3.2.4 implies thatx € | J|JR. Since | JR isa
set, Theorem 2.1.3 implies that {x : Iy({x, y) € R)} is a set. A similar argument
shows that {y : 3x (x, y) € R} is also a set. We can now define the sets dom(R)
and ran(R) for any relation R.

Definition 3.2.5. Suppose R is a relation.

1. The domain of R, denoted by dom(R), is dom(R) = {x : Iy({x, y) € R)}.
2. The range of R, denoted by ran(R), is the set ran(R) = {y : Ix({x, y) € R)}.
3. The field of R is the set fld(R) = dom(R) U ran(R).

Consider the relation R = {{a, b) € A x B : a evenly divides b and a < b}
where 4 = {0, 1, 2, 3,4, 5} and B = {4, 6, 7}. Let us evaluate the sets dom(R)
and ran(R). We first observe that

R=1{(1,4),(1,6), (1,7),(2,4), (2,6), (3, 6)}.

Hence, dom(R) = {1, 2, 3} and ran(R) = {4, 6, 7}.

3.2.1 Operations on Relations

Let R be a relation. In our next definition, we define R~ to be the class
R ' ={(v,u): (u,0) € R).

We now show that R~! is a set. Since ran(R) and dom(R) are sets, we conclude
from Lemma 3.1.4 that ran(R) x dom(R) is a set. Because R™' = {x : ¢(x)}
where ¢(x) is the formula Ju3o(x = (v, u) A (1, v) € R), it follows that for
all x, if (x), then x € ran(R) x dom(R). So, by Theorem 2.1.3, R~! is a set.

Our next definition is usually applied to functions, but it is also applicable to
relations. We will see in Section 3.3 that functions are just relations that satisfy
a special property.
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Definition 3.2.6. Let R and S be relations.
(1) The inverse of R is the relation
R ={(v,u) : (u,v) €R}.

Thus, (y,x) € R™' iff (x,y) € R.
(2) For each set 4, the restriction of R to A4 is the relation

R A={(uv):(u,ov) € RANucAd}.

Consequently, (x,y) € R [ A iff (x,y) e RAx€A.
(3) For any set 4, the image of 4 under R is the set given by

R[A] ={v : (Qu € A)({u, v) € R)}.

Therefore, y € R[A4] iff (Ix € A)({x,y) € R).
(4) For a set B, the inverse image of B under R is the set

R7'[B] = {u: (3v € B)((u,v) € R)}.

Hence, x € R~'[B] iff (3y € B)({x,y) € R).
(5) The composition of R and S is the relation

RoS ={(u,v):3t((u,t) € SA(t,v) € R)}.
Consequently, (x, y) € Ro S iff Jt({x,t) € SA {t,y) €R).

As noted earlier, R~! is a set for every relation R. Similar reasoning shows
that the above R | 4, R[4], R"'[B], and R o S are also sets (see Exercise 7).

Example 4. Consider the relation C on the set P of all people defined by
C={{x,y) € Px P:xisachild of y}.

Then C~! = {(y,x) € P x P : y s a parent of x} and

CoC = {{x,z) € P x P:xisagrandchild of z}.

If A4 is the set of all people born in Australia, then

C7'[4] = {x € P : x has a parent who was born in Australia}.

Now consider the relation L on P given by L = {{u,v) € P X P : uloves v}.
To evaluate L o C~!, we obtain

(a,b)y e LoC™' iff (a,1) e C'A(t,b) €L forsomet
iff (t,a)e CA{t,b) €L for some ¢
iff a has a child who loves b.
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Theorem 3.2.7. Let R, S, and T be relations. Then

(1) dom(R~") = ran(R).

(2) ran(R~') = dom(R).
G)RH =R

4 (RoS) '=8"'oRL
B)Ro(SoT)=(RoS)oT.

Proof. The proofs of items (1)—(3) are reserved for the exercises. We will prove
items (4) and (5) by appealing to propositional logic laws.

(4) We shall prove that (Ro S)™! = S~! o R™!. Let x and y be given. Then

(x,y) € (RoS)"Liff (x) eRoS Def. 3.2.6(1)
iff (,t) e SA(t,x) €R for some ¢, by Def. 3.2.6(5)
iff (¢(,x)eRA{,t)eES commutative logic law

iff (x,1) e R"'A(t,y) €S Def 3.2.6(1)
iff (x,y) e S'oR™! Def. 3.2.6(5).
Therefore, (Ro S)' =S o R
(5) Toprove that Ro (So T) = (Ro S) o T, let x and y be given. Then
(x,y) €Ro(SoT) iff (x,u) eSoT A{u,y) €R for some u
iff ((x,w) e T A{w,u) €S)A(u,y) € R forsome w

iff (x, w) €T A({(w,u) €S)A(u,y) €R) associative law

iff (x,w)eT A{w,y) €RoS Def. 3.2.6(5)
iff (x,y) €(RoS)oT Def. 3.2.6(5).
Therefore, Ro (SoT)=(RoS)oT. O

Let R be a relation and let G be a set (of sets). So R[|_J G] can be viewed as
the image of a union. In Exercise 8, one is asked to prove that the collection of
images {R[C] : C € G} is a set. Thus, | J{R[C] : C € G} is the union of images,
where y € [ J{R[C] : C € G} iff y € R[C] for some C € G. In our next theorem,
items (1) and (2) show that “the image of a union is the union of the images,”
whereas items (3) and (4) proclaim that “the image of an intersection is a subset
of the intersection of the images.” In the proof of this theorem, we will be
using the quantifier distribution laws (QDL), namely, 1.3.5(3) and 1.3.5(4) on
page 19.
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Theorem 3.2.8. Let R be a relation. Suppose that A and B are sets. In addition,
suppose that G is a set (of sets). Then

(1) R[4 U B] = R[A] UR[B].

(2) RIUG]I = UIRIC] : C € G}

(3) R[4 N B] C R[A] N R[B].

(4) RN G1 S NMRIC] : C € G}, when G + @.
(5) R[A]\ R[B] < R[4\ B].

Proof. We prove only items (1) and (3). The proofs of (2), (4), and (5) will be
left to the reader (see Exercises 8, 19, 20, and 21). Let R be a relation and let 4
and B be sets.

(1) We shall prove that R[4 U B] = R[A] U R[B]. Let y be arbitrary. Then

y e R[AUB] iff (Ix € AUB)({x,y) € R) Def. 3.2.6
iff (Ax € A)({x,y) e R) v (Ix € B)({x,y) € R) QDL 1.3.5(3)
iff y € R[A] vy € R[B] Def. 3.2.6
iff y € R[A] U R[B] definition of U.

Therefore, R[4 U B] = R[A] U R[B].
(3) To prove that R[4 N B] € R[A] N R[B], let y € R[4 N B]. Observe that
yeR[ANB] iff (Ix € ANB)({x,y) €R) Def. 3.2.6

= (Ixe A)({x,y) e R) A(3x € B)({x,y) € R) QDL 1.3.5(4)

iff y € R[A] Ay € R[B] Def. 3.2.6
iff y € R[4] N R[B] definition of N.
Hence, y € R[4A] N R[B]. Therefore, R[4 N B] € R[4A] N R[B]. O

Is there a particular property so that if a relation R satisfies this property, then
equality will hold for items (4) and (5) of Theorem 3.2.8? Our next corollary
shows that these two items can be expressed as equalities whenever R happens
to be a single-rooted relation.

Definition 3.2.9. A relation R is single-rooted if for each y € ran(R) there is
exactly one x such that (x, y) € R.
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Thus, if R is a single-rooted relation, then whenever (x, y) € Rand (z, y) € R,
we can conclude that x = z.

Corollary 3.2.10. Let R be a single-rooted relation. Suppose that A and B are
sets and that G is a nonempty set. Then

(1) R[AT\ R[B] = R[4\ B].
(2) RING1 = {RIC]: C € G}.

Proof. Let R be a single-rooted relation.

To prove (1), let 4 and B be sets. By Theorem 3.2.8(5), we need to prove
only that R[4 \ B] € R[A] \ R[B]. Let y € R[4\ B]. Thus, (x, y) € R for some
x€A\B.Sox € 4andx ¢ B. Since x € 4 and (x, y) € R, we have y € R[A4].
We now show that y ¢ R[B]. Assume, to the contrary, that y € R[B]. There-
fore, (b, y) € R for some b € B. Hence, (b,y) € R and (x, y) € R. Because R
is single-rooted, we must have that x = b and so x € B, which is a contra-
diction. Thus, y ¢ R[B]. Therefore, y € R[A] and y ¢ R[B]. We conclude that
v € R[A]\ R[B].

To prove (2), let G be a nonempty set. By Theorem 3.2.8(4), we just need
to prove that ({R[C] : C € G} C R[[G]. Lety € [ \{R[C] : C € G}. Thus, we
have that y € R[C] for every C € G. In other words,

for every C € G, there is an x € C such that (x, y) € R. 3.4
Claim. Thereisad suchthatd € ()G and (d, y) € R.

Proof of Claim. As G is nonempty, let D € G. By (3.4) there isa d € D so that
(d,y) € R. We now show that this particular d is an element of every C € G.
Let C € G. By (3.4) there exists an x € C so that (x,y) € R. Thus, (x,y) € R
and (d, y) € R. Because R is single-rooted, we conclude that x = d. Hence,
d € C and therefore, d € (|G and (d, y) € R. (Claim) OJ

The above claim implies that y € R[(] G] and this concludes the proof of (2).
The proof of the corollary is now complete. O

3.2.2 Reflexive, Symmetric, and Transitive Relations

The symbols R and ~ shall be used to denote relations. Let R and ~ be relations
onasetAd Ifaedand be 4, we will write a Rb to mean that (a, b) € R.
When we use the notation a R b, we shall say that “a is related to b.” Similarly,
we write a ~ b to mean that (a, b) € ~ and say that « is related to 5. We also
write a 7 b to assert that “a is not related to 5.”
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Relations that have properties similar to those of equality appear frequently
in mathematics. We now recognize three fundamental properties of equality.
For quantities x, y, and z, we have the following:

1. x = x (reflexive).

2. If x = y, then y = x (symmetric).

3. If x = yand y = z, then x = z (transitive).

In this section, we will investigate relations that share some, or all, of the above
three properties. In our next definition, we shall identify what it means for a
relation to be reflexive, symmetric, and transitive. Relations that possess one or

more of these properties occur naturally in many areas of mathematics, includ-
ing set theory.

Definition 3.2.11. Let ~ be a relation on A. Then

(1) ~ is reflexive if (Vx € 4)(x ~ x); that is, x ~ x for every x € 4.
(2) ~ is symmetric when

(VxeA)(VyeAd)(x~y —y~Xx).

In other words, if x ~ y, then y ~ x whenever x € 4 and y € 4.
(3) ~ is transitive if

Vxe A)(Vy e A)(Vze A)[(x ~y Ay ~z)—>x~z]

That is, if x ~ y and y ~ z, then x ~ z whenever x, y, z are elements in 4.

For a relation on 4, the above properties can be expressed as follows:

1. The relation is reflexive if every element in the set 4 is related to itself.

2. The relation is symmetric if whenever x is related to y, then y is related to x.

3. The relation is transitive if whenever x is related to y and y is related to z,
then x is also related to z.

3.2.3 Equivalence Relations and Partitions

Because the equality relation is so useful and essential, mathematicians have
generalized this concept. A relation shall be called an equivalence relation if it
satisfies the three key properties that are normally associated with equality.

Definition 3.2.12. A relation on a set 4 is an equivalence relation on 4 (or
just an equivalence relation when 4 is clear from the context) if it is reflexive,
symmetric, and transitive.
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)
Figure 3.1. A partition of the set 4.

An equivalence relation allows one to connect those elements of a set that
have a particular property in common. One can show that each of the relations
below is an equivalence relation:

1. The relation ~ on the set Z defined by m ~ n if and only if m — n is even.
2. The relation ~ on the set R defined by x ~ y if and only if |x| = |y].
3. The relation ~ on the set Z defined by m ~ n iff 3 evenly divides (m — n).

A partition of a set breaks up the set into disjoint and nonempty subsets.
In other words, a partition of a set 4 is a set of nonempty disjoint subsets of 4
whose union is equal to 4. Figure 3.1 portrays a set 4 that is broken up into five
subsets X, Y, U, V,W. Thus, P = {X, Y, U, V, W} is a partition of 4 because
every element of 4 is in one of the nonempty sets X, Y, U, V, W and any two
of these sets are disjoint. The following definition formalizes this notion of
breaking up a set into disjoint parts.

Definition 3.2.13. Let 4 be a set. Let P be a set of nonempty subsets of 4. We
say that P is a partition of A4 if the following two conditions hold:

1. For every element a € 4, there is a set S € P such thata € S.
2. ForallSand T in P, if S # T,then SN T = &.

Item 1 of Definition 3.2.13 asserts that every element in 4 belongs to a set in
the partition P. Item 2 states that any two different sets in P are disjoint. When
this occurs we say that the sets in P are pairwise disjoint. Thus, a partition of a
set 4 divides the set into nonoverlapping parts that, together, cover all of 4.

The main result that we will soon establish is that an equivalence relation on
a set 4 induces a partition of 4. Therefore, an equivalence relation can be used
to create a new set from an old one. For each a € 4, we must first form the set
of all those elements in A that are related to a.

Definition 3.2.14. Let ~ be an equivalence relation on 4. Let a be an element
in 4. The equivalence class of a, denoted by [a]-~, is the set of all elements in
A that are related to a, namely, [a]~ = {x € 4 : x ~ a}.
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By the subset axiom, an equivalence class is a set. In Definition 3.2.14, we
shall write [a] = [a]~ whenever the relation ~ is understood.

Example 5. Let ~ be the equivalence relation on R defined by x ~ y if and
only if x| = |y|. Then the equivalence classes [1], [—1], and [2] are

[MM={fxeR:x~1}={xeR:|xl=]|1} ={1, -1},
[-ll=fxeR:x~—-1}={xeR: x| =|-1]} ={-1,1},
Rl=xeR:x~2}={xeR: x| =2|} ={2, -2}
Hence, [1] = [—1] and [1] # [2]. In addition, observe that [1] N [2] = 2.

Remark 3.2.15. Let ~ be an equivalence relation on 4 and let @ € 4. Then
[a] € 4, and moreover x € [a] if and only if x ~ a.

Example 6. Let ~ be the equivalence relation on Z defined by m ~ n if and
onlyifm — niseven. Thus,[k]={m e Z :m ~ k} = {m € Z : m — kiseven},
for each integer k. We evaluate the equivalence classes [1], [2], and [3] as
follows:

[1MM={meZ:m—1liseven} ={...,—5,-3,—-1,1,3,5,7,...}.
Rl={meZ:m—2iseven} ={...,—6,—4,-2,0,2,4,6,8,...}.
Bl={meZ:m—-3iseven} ={...,-5,-3,-1,1,3,5,7,...}.
Therefore, [1] = [3] and [3] # [2]. Furthermore, [3] N [2] = @.

For any equivalence relation, our next theorem shows that two elements are
related if and only if their equivalence classes are equal.

Theorem 3.2.16. Let ~ be an equivalence relation on A. Then for all a € A
and b € A,

a ~ bifand only if [a] = [b].

Proof. Suppose that ~ is an equivalence relation on 4. Let a € 4 and b € 4.
We shall prove that a ~ b if and only if [a] = [b]. Assume a ~ b. We prove that
[a] = [b]; that is, we prove that these two sets are equal. Let x € [a]. We shall
show that x € [b]. Since x € [a], it follows that x ~ a. By assumption, we also
have that a ~ b. Thus, x ~ a and a ~ b. Because ~ is transitive, we conclude
that x ~ b and hence, x € [b]. So, [a] C [b]. A very similar argument shows
that [b] C [a]. Therefore, [a] = [b]. To prove the converse, assume [a] = [b].
Since a € [a], we see that a € [b]. Hence, a ~ b. O
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We now present a useful corollary.

Corollary 3.2.17. Let ~ be an equivalence relation on a set A. For any a and
b in A, we have that a € [b] if and only if [a] = [b].

Let ~ be an equivalence relation on a set 4. Theorem 2.1.3 implies that the
collection of all equivalence classes {x : (3a € 4)(x = [a])} is a set. This set
is denoted by {[a] : @ € A}. In our next theorem, we show that the set of all
equivalence classes forms a partition of A. Thus, an equivalence relation on a
set can be used to break up the set into nonempty subsets that do not overlap.

Theorem 3.2.18 (Fundamental Theorem of Equivalence Relations). Let
~ be an equivalence relation on A. Then the set P = {[a] : a € A} is a partition

of A.

Proof. Let ~ be an equivalence relation on 4. We shall prove that the collec-
tion P = {[a] : a € A} is a partition of A. To do this, we show that (1) for every
element x € A4, we have thatx € [x],and (2) forallx € 4andy € 4, if [x] # [y],
then [x] N [y] = &. For (1), let x € 4. Clearly, [x] € P and x € [x], because ~
is reflexive. Now, to prove (2), let x € 4, y € A, and assume [x] N [y] # &
(we are using proof by contraposition). Thus, there is a z € 4 such that
z € [x] and z € [y]. Therefore, [z] = [x] and [z] = [v] by Corollary 3.2.17. So

[x] = V] O

Definition 3.2.19. Let ~ be an equivalence relation on A. Then 4/. denotes
the partition {[a] : a € A} of 4 and is called the quotient set induced by ~.

An equivalence relation ~ on A4 breaks up the set 4 into disjoint subsets, as
illustrated in the following figure:

Mathematicians frequently use the quotient set A/~ to learn something new
about the set 4 itself.
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Example 7. Consider the equivalence relation ~ on Z defined by m ~ n if and
only if (m — n) is evenly divisible by 3. For all integers m and #, it follows that
m ~ n if and only if m = 3k + n for some k € Z. Therefore,

[(Ml=meZ m~n}=B8k+n:keZ}

for each integer n. We can now evaluate the equivalence classes [0], [1],
and [2]:

[0]={3k:keZ}=1{..,—9,—6,-3,0,3,6,9,...}.
[M=03k+1:keZ)=1{..,—8 -5 -2,1,4,7,10,...}.
Rl=0Bk+2:keZy={..,~7, -4, —1,2,58,11,...}.

The quotient set Z/~ is {[n] : n € Z} = {[0], [1], [2]} and is illustrated in the
figure:

Exercises 3.2

*1. Explain why the empty set is a relation. [Hint: Suppose & is not a relation
and derive a contradiction.]

2. Prove items 1-3 of Theorem 3.2.7.
3. Let R be a relation. Prove that if 4 C B, then R[4] C R[B].
4. Let R be the relation defined by
R = {(0, 1), (0, 2), (2,0, (2, 3), (4,4), (2,4), (3,3), (1,2), (1, 3), (3, 2)}.
Evaluate dom(R), ran(R), Ro R, R | {1}, R~' | {1}, R[{1}], and R~'[{1}].
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5.

*8.

10.
11.
12.

13.

14.

15.

16.
17.

18.

*19.
*20.

*21.
22,
23.

Suppose that R is a relation. Prove that R [ (AUB) = (R [ A)U (R | B)
for any sets 4 and B.

. Let R be a relation. Prove that fld(R) = | J | JR.
*
7.

Let R and S be two relations and let 4, B, and C be sets. Prove that R | A4,
R7'[B], R[C], and R o § are sets.

Let R be arelation and G be a set. Prove that {R[C] : C € G} is a set. Prove
that if G is nonempty, then {R[C] : C € G} is also nonempty.

. Let R be a relation on 4. Suppose that dom(R) =4 and R~' o R C R.

Prove that R is reflexive on 4.
Let R be a relation on 4. Prove that R is symmetric if and only if R=! C R.
Let R be a relation on 4. Prove that R is transitive if and only if R o R C R.

Let R be a relation on A. Prove that R is symmetric and transitive if and
onlyif R"' o R =R.

A relation R on 4 is said to be antisymmetric if, for allx € 4 and y € 4,
whenever (x, y) € R and (y, x) € R, then x = y. Prove that a relation R on
A is antisymmetric if and only if R o R~! C I (see page 44).

Let G be a nonempty set of transitive relations on 4. Prove that the rela-
tion (1) G is transitive.

Let R be a relation on 4. Prove that if R is an equivalence relation on 4,
then R~! is also an equivalence relation on 4.

Let R be an equivalence relation on 4. Prove that R o R = R.

Let R and S be relations on A. Suppose that R is reflexive on 4. Prove that
SCRoSandS C SoR.

Let R and S be a reflexive relations on 4. Suppose that R is also transitive.
Prove S € Rifand only if So R = R.

Prove item (2) of Theorem 3.2.8 (see Exercise Notes).

Prove item (4) of Theorem 3.2.8. Observe that y € ({R[C] : C € G} iff
v € R[C] for every C € G.

Prove item (5) of Theorem 3.2.8.
Let R and S be single-rooted relations. Prove that R o S is single-rooted.

Let R and S be relations. If dom(R) = ran(S) and R o S is single-rooted,
then prove that S is single-rooted.
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24. Let P be a partition of a set 4. Now define the relation ~ on A4 as follows:
x ~ yifand only if x € C and y € C for some C € P. Prove that ~ is an
equivalence relation on 4.

Exercise Notes: For Exercise 19, note that y € | J{R[C] : C € G} iff y € R[C]
for some C € G, and

yeRIJG1iff @re| JG) (x.) eR
iff Ie(x e JG A () €R)
iff (3C € G)(x € C A (x,y) € R)
iff (3C € G)Ax(x € C A (x,y) € R),
recalling the quantifier interchange law 1.3.4(1). For Exercise 20, note that
y €RI()G]iff @xe()G)(x.)) R
iff Ix(x e ()G A (x.)) €R)
iff (VC € G)(x e CA (x,y) €R)
= (VC € G)Ax(x e C A (x,y) € R),
recalling the quantifier interchange law 1.3.4(3). For Exercise 21, observe that
vy € R[A]\ R[B] iff y € R[A] Ay ¢ R[B]
iff (3x € 4)(x,y) e RA—=(Fx € B) (x,y) €R
= (Ax €4\ B)(x,y) € R.

Exercise 24 and Theorem 3.2.18 connect the seemingly unrelated concepts of
an equivalence relation on a set 4 and a partition on A.

3.3  Functions

One of the most important ideas in modern mathematics is the concept of a

function. Moreover, the function concept is one that is used extensively outside

of mathematics. A function is a way of associating each element of a set 4 with
exactly one element in another set B. For example, f(x) = x? is a function that
associates each real number x with the real number x?. The functions studied
in a first calculus course have the set R of real numbers, or subsets of R, as
domain and codomain. In this chapter, we will look at functions in a more
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general context and will examine some important properties that a function
may possess. To do this, we must first give a precise set-theoretic definition of
a function.

Definition 3.3.1. A relation R is single-valued if for each x € dom(R) there is
exactly one y such that (x, y) € R.

Thus, if R is a single-valued relation, then whenever (x, y) € Rand (x, z) € R,
we can conclude that y = z.

Definition 3.3.2. A function F is any single-valued relation; that is, for each
x € dom(F) there is only one y such that (x, y) € F.

Since a function is also a relation, all of the results and exercises presented
in Section 3.2 (excluding equivalence relations) apply to functions as well.

Let 4 and B be sets. A function F' from A to B is a subset of 4 x B such that
for each x € A4 there is exactly one y € B so that (x,y) € F. We now express
this notion in terms of a formal definition.

Definition 3.3.3. Let 4 and B be sets, and let F be a relation from A4 to B. Then
F is said to be a function from A4 to B if the following two conditions hold:

(1) dom(F) = 4; that is, for each x € 4, there is a y € B such that (x,y) € F.
(2) F is single-valued; that is, if (x, y) € F and (x,z) € F, theny = z.

The set A is the domain of 7 and the set B is called the codomain of F.

Example 1. Let 4 = {a,b,c,d, e} and B = {5,6, 7, 8, 9}. Then
F=1{a38),(b7),(9),(d6),e?5))

is a function from A4 to B because for each x € 4, there is exactly one y € B
such that (x, y) € F. On the other hand, the set of ordered pairs

G={(a8),(7),(.9),(d 6),(b38),(e5)}

is not a function from A4 to B because (b, 7) € g and (b, 8) € g, but 7 # 8.
Hence, item (2) of Definition 3.3.3 fails to hold. In addition, the set

H = {{a,8),(b,7),(c,9) . (e, 5)}

is not a function from 4 to B because d € 4 and there is no y € B such that
(d,y) € H. So item (1) of Definition 3.3.3 does not hold.
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Figure 3.2. Arrow diagram of the function given in Example 2.

We write F': A — B to denote that F' is a function from the set 4 to the
set B. Thus, for each x € 4, there is exactly one y € B such that (x,y) € F.
This unique y is called “the value of F at x” and is denoted by F'(x). Therefore,
(x,y) € F if and only if F(x) = y. The value F(x) is called “F of x” or “the
image of x under F.” In addition, one can say that x € 4 is an input to the
function F and that F'(x) is the resulting output. Moreover, one can also say
that the function F maps x to F'(x), denoted by x > F(x).

When we are given a function F': A — B, we know that each x € 4 is
mapped to exactly one element F'(x) in B, because F is single-valued.

Remark 3.3.4. Technically speaking, when F is a set of ordered pairs, one can
use the notation F'(x) only when it is known, or it is clear, that F' is a function.

Consider the set of ordered pairs F = {(x,y) € R x R:y =2x> 4+ 1}. One
can easily show that F' satisfies the conditions of Definition 3.3.2. Thus, F is a
function, and we can write F'(x) = 2x> + 1, for all x € R.

When 4 and B are finite sets, then a function ': 4 — B can be represented
by drawing an arrow from each element x € 4 to the corresponding element
F(x) € B (see Figure 3.2). Such a drawing is called an arrow diagram. These
diagrams can help one to gain a better understanding of the function concept
and the concepts of domain and codomain.

Example 2. Let 4 = {a, b, ¢, d} and B = {1, 2, 3, 4, 5}. Consider the function
F: A — Bdefinedby F = {{a,3),(b,5), (c, 1), (d, 3)}. Thus,

F(a)=3, F(b)=5, F(c)=1, and F(d) = 3.

Since 4 and B are finite, we can illustrate the function F' by means of the arrow
diagram in Figure 3.2. Clearly, each element x € 4 is mapped to exactly one
element F'(x) in B. Observe that a # d and F(a) = F(d). So it is possible for
distinct elements in the domain to produce the same value under a function.
In fact, many functions have this “repeated value” property. Such a function is
not single-rooted.
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If F and G are relations, then F' = G if and only if F' and G have exactly the
same ordered pairs. The following lemma offers a useful tool for showing that
two functions are equal.

Lemma 3.3.5. Let F and G be functions such that dom(F) = dom(G). Then
F = Gifandonly if F(x) = G(x) for all x in their common domain.

Proof. See Exercise 1. O

Let A and B be sets. Consider the class {F : F is a function from 4 to B}.
Since a function F': A — B is a subset of 4 x B, we conclude that every such
function is an element in P(4 x B); it thereby follows from Theorem 2.1.3 that
this class is a set.

Definition 3.3.6. Let 4 and B be sets. The set of all functions from 4 to B,
denoted by “B, is defined by ‘B = {F : F is a function from A4 to B}.

Some authors use the notation B4 for the set of all functions from 4 to B.
The notation “B is commonly used in set theory because the set 4 is read
before B, emphasizing the fact that the set consists of all functions of the form
f:4— B.

Example 3. Let w = {0, 1,2, 3, ...} be the set of natural numbers.

1. {0, 1} is the set of all functions f: w — {0, 1}. One can think of {0, 1} as
the set of all infinite binary sequences.

2. “w is the set of all functions f: w — w. One can think of “w as the set of
all infinite sequences of natural numbers.

Remark 3.3.7. The empty function is the function whose domain is the empty
set. For each set B, there is exactly one function f: @ — B. Since f € & x B
and the product @ x B = @&, this unique function f is just the empty set. In
other words, the empty set @ vacuously satisfies the condition given in Def-
inition 3.3.2. Thus, @ is a function from @ to B, for any set B. Hence, in
Definition 3.3.6, °B = {&} for every set B, and /@ = & when 4 is nonempty.

3.3.1 Operations on Functions

Let F’ be a function. Since F' is a single-valued relation, we have that (x, y) € F
if and only if F'(x) = y. Therefore, we can slightly modify Definition 3.2.6 to
obtain the following definition.
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Definition 3.3.8. Let F and G be functions.
(1) The inverse of F' is the relation
F~'={(,u): (u,v) € F}.

Thus, (y,x) € F~ iff (x,y) € F iff F(x) =y.
(2) For each 4, the restriction of F' to 4 is the function

F 1A= {unv): (uv)eF AnuecA}

with domain dom(F') N A. Therefore, (x,y) € F [ 4 iff F(x)=yAxeA.
(3) Forany A € dom(F'), the image of 4 under F is the subset of ran(F") given

by

F[4] = {F(x) : x € 4},

where {F(x):x € A} is equal to the set {y:y = F(x) for some x € 4}.

Hence, y € F[A4] iff (3x € A)(y = F(x)). So, if x € 4, then F(x) € F[A].
(4) For a set B, the inverse image of B under F is the subset of dom(F') defined

by

F~'[B] ={u:F(u) € B.

Therefore, x € F~'[B] iff F(x) € B.
(5) The composition of ' and G is the relation
FoG={{uv):3t(u,t) e GA(t,v) € F)}.

Consequently, (x,y) € F o G iff 3t({x,t) € GA{t,y) € F).

Remark 3.3.9. We make a few notes concerning Definition 3.3.8.

(a) Let F be a function. In general, F~! is not a function, but it is a relation.

(b) Suppose that F is a function and let 4 C dom(F'). Then F' | 4 is a function
with domain 4.

(c) Given functions F and G, we will prove below that the composition F' o G
is a function.

(d) As a function F is a single-valued relation, the range of F is the set

ran(F) = {F(x) : x € dom(F)}.
Theorem 3.3.10. Let F and G be functions. Then

(a) F o Gis a function.
(b) dom(F o G) = {x € dom(G) : G(x) € dom(F)}.
(¢) For all x € dom(F o G), we have (F o G)(x) = F(G(x)).
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Proof. Let F and G be functions. We shall prove statements (a), (b), and (c).

(a) To prove that the relation F o G is a function, let x € dom(F o G).
Assume (x,y) € (F o G)and (x, z) € (F o G). We shall prove that y = z. Since
(x,y) € (F o G)and (x, z) € (F o G), there are s and ¢ such that

(x,t) € Gand (t,y) € F,
(x,s) € Gand (s,z) € F.

Hence,
(x,t) € Gand (x,s) € G, (3.9
(t,y) € Fand (s,z) € F. (3.6)

Since G is a function, we conclude from (3.5) that t =s. So from (3.6)
we obtain (¢,y) € F and (t,z) € F. Because F is a function, we infer that
y=rz.

(b) Let u be given. Because G is a function, we see that 3¢((u, t) € G) if and
only if (¢, G(u)) € G. We have the following equivalences:

u e dom(FoQG)iff (u,y) e FoG for some y
iff (u,t) e GA(t,y)eF for some ¢
iff (u, G(u)) € GA(G(u),y) € F t = G(u)
iff u € dom(G) A G(u) € dom(F) definition of domain

iff u € {x € dom(G) : G(x) € dom(F)} definition of set.

Therefore, dom(F o G) = {x € dom(G) : G(x) € dom(F')}.

(¢) Let x € dom(F o G). Since F o G is a function, we see that (x,y) € F o G
where y = (F o G)(x). It follows, as in the proof of (b), that (G(x),y) € F.
Thus, y = F(G(x)), as F is a function. So (F o G)(x) =y = F(G(x)). O

Remark 3.3.11. If G: 4 — B, F: B— C, and H: C — D, Theorem 3.3.10
implies that (F 0 G): A — C and (F o G)(x) = F(G(x)) for all x € 4 and that
(HoF oG): A— D where

(HoF oG)(x)= ((HoF)oG)x) = (H o (F o G))(x)

for all x € 4 (see Theorem 3.2.7(5)).
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Figure 3.3. Arrow diagram of a one-to-one function F': 4 — B.

3.3.2 One-to-One Functions

Some functions (see Figure 3.2) may have two inputs that are assigned to the
same output and thus, such functions have a repeated value. If a function has no
repeated values, then we will say that the function is one-to-one. For example,
it is easy to see that the function in Figure 3.3 is one-to-one.

Definition 3.3.12. A function F is said to be one-to-one (or an injection), if
and only if any two distinct elements in the domain of F are mapped to distinct
elements, or equivalently

(Vx € dom(F))(Vy € dom(F))[F(x) = F(y) > x =y].

The following lemma is straightforward to prove (see Exercise 1) and will be
used to establish an important consequence of our next theorem.

Lemma 3.3.13. 4 function F is one-to-one if and only if F' is single-rooted.
Theorem 3.3.14. Let F be a relation. Then

(a) F is a function iff F~" is single-rooted.
(b) F~'is a function iff F is single-rooted.

Proof. Since (a) and (b) are essentially the same statement, we just prove (a).

(=). Assume F is a function. Thus, F is single-valued. So to prove that F~! is
single-rooted, assume that (y, x) € F~! and (z, x) € F~'. We must prove y = z.
Since (v, x) € F~'and (z, x) € F~!, we have that (x, y) € F and (x,z) € F, by
the definition of F~!. Because F is a function, we infer that y = z.

(<). Suppose that F~! is single-rooted. To prove that F is a function, assume
that (x, y) € F and (x, z) € F. We prove y = z. Since (x,y) € F and (x,z) € F,
we conclude that (y, x) € F~! and (z, x) € F~!, by the definition of F~!. Now,
since F~! is single-rooted, we conclude that y = z. O
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Corollary 3.3.15. If F is a one-to-one function, then F~" is also a one-to-one
function.

Proof. Assume that the function F is one-to-one. Hence, F is single-rooted by
Lemma 3.3.13. Theorem 3.3.14(b) now implies that F~! is a function. As F is
a function, Theorem 3.3.14(a) allows us to conclude that F~! is single-rooted.
Therefore, F~! is one-to-one by Lemma 3.3.13. O

Theorem 3.3.16. Let F be a one-to-one function.

(a) Ifx € dom(F), then F~'(F(x)) = x.
(b) Ify € ran(F), then F(F~'(y)) = y.

Proof. Assume F is a one-to-one function. Corollary 3.3.15 implies that F ! is
a function. Since the proofs of (a) and (b) are similar, we just prove (a). Assume
x € dom(F). Thus, (x, F(x)) € F.Hence, (F(x),x) € F~'.So F~(F(x)) = x,
because F~! is a function. O

We note that the empty function vacuously satisfies Definition 3.3.12. Thus,
& is a one-to-one function from & to B, for any set B.

Definition 3.3.17. A function F: 4 — B maps A onto B when ran(F) = B,
that is, if (Vy € B)(3x € A)[ F(x) = y] (see Figure 3.4). Such a function is also
referred to as a surjection.

Theorem 3.3.18. If F: A — B is a one-to-one function that maps A onto B,
then F~': B — A is a one-to-one function that maps B onto A, and

(a) F~Y(F(x)) =x for all x € A.

(b) F(F~'(»)) =y forally € B.

Proof. Let F: A — B be a one-to-one function that maps 4 onto B. Hence,
dom(F') = 4 and ran(F') = B. Since F is one-to-one, Corollary 3.3.15 implies
that F~! is a one-to-one function, and, furthermore, Theorem 3.2.7 shows that
dom(F~') = B and ran(F~!) = A. Therefore, F~': B — A is a one-to-one
function that maps B onto A. Theorem 3.3.16 implies items (a) and (b). O

A function f: A — B that is one-to-one and onto B is called a bijection.
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Figure 3.4. Arrow diagram of a function F': 4 — B that maps onto B.

Theorem 3.3.19. If the functions g: A — B and f: B — C are one-to-one,
then the composition (f o g): A — C is one-to-one.

Proof. Suppose the functions g: 4 — B and f: B— C are one-to-one.
To prove that the function (fog): 4 — C is one-to-one, let x € 4 and
y € 4. Assume that (f o g)(x) = (f 0 g)(y). Thus, (i) f(g(x)) = f(g(»)) by
Remark 3.3.11. Since f is one-to-one, we conclude from (i) that g(x) = g(»).
Because g is one-to-one, we see that x = y. This completes the proof. O

Theorem 3.3.20. If g: A — B is onto B and f: B — C is onto C, then the
composition (f o g): A — Cis onto C.

Proof. Assume g: 4 — Bisonto B and f: B — C is onto C. We shall prove
that the function (f o g): 4 — Cisonto C. Letz € C. Since f: B — C is onto
Candz € C, thereisay € Bsuch that f(y) = z. Because y € Band g: A — B
is onto B, there is an x € 4 such that g(x) = y. We will show that (f o g)(x) =z
as follows:

(f og)(x) = f(g(x)) by definition of composition

= f(v) because g(x) = y
=z because f(y) = z. O

3.3.3 Indexed Sets

There are occasions when the range of a function is deemed to be more
important than the function itself. When that is the case, both the
terminology and the notation undergo radical alterations.

— Paul R. Halmos [7]

Let F be a function with domain / and range {F (i) : i € I}. To simplify our
notation, let us write F; = F' (i), for each i € I. It is sometimes useful to identify
the function F' by using the indexed notation (F; : i € I) where [ is referred to
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as the index set, an element i in / is called an index, and each value F; of the
function at an index i is called a term. Thus, (F; : i € I) will be said to have
nonempty terms when F; # & for all i € I. We shall say that (F; : i € I) is an
indexed function, and its range {F; : i € I} shall be called an indexed set. An
indexed set is also referred to as an indexed family of sets. Whenever J C 1,
then (F; : i € J) is the restriction of the function (F; : i € I) to J.

When we say that {F; : i € I} is an indexed set, we just mean that it is the
range of the indexed function F = (F; : i € I). Indexed sets appear frequently
in mathematics. The union of an indexed set {F; : i € I}, written as | J,.; F},
appears routinely in mathematics. We now give a formal definition of this
union.

Definition 3.3.21. Let {F; : i € I} be an indexed set. Define
Ur=UE:ien;
iel

thatis, | JF; = {x : x € F; for some i € [}.
iel

Thus, | J F; consists of those elements that are in at least one of the sets F;.
iel
For example, suppose I = {1, 2, 3,4}. Then {F; : i € [} = {F, F>, F5, F4}, and
Us=Ur.A.B AR =RUVRURUE.

iel

Definition 3.3.22. Let {F; : i € I} be an indexed set where I # &. Define

(E=(FE:iel)

iel

that is, (| F; = {x : x € F; forevery i € I}.

iel

The intersection () F; is composed of those elements that belong to each and
iel
every one of the sets F;.

3.3.4 The Axiom of Choice

Suppose that we have a set S that contains only nonempty sets. Is it possible
to uniformly select exactly one element from each set in S? In other words, is
there a function F' so that for each 4 € S, we have that F'(4) € A? The follow-
ing set theoretic principle will allow to answer this question.
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Axiom of Choice. Let (4;:i € I) be an indexed function with nonempty
terms. Then there is an indexed function (x; : i € I) such that x; € 4;, for all
iel

Definition 3.3.23. Let (4; :i € I) be an indexed function with nonempty
terms. An indexed function (x; : i € I) shall be called a choice function for
(4;:iel),ifx; € A; foralli e .

Let (4; : i € I) be a function where 4; # & for all i € I. Suppose that there
exists an explicit method for identifying a single element in 4; and that this
method works for each i € /. Then one can construct a choice function without
appealing to the axiom of choice. Moreover, if [ is a finite set, then one can
prove that there is a choice function (by induction) without using the axiom
of choice (see Exercise 22 on page 116). On the other hand, there are times
when the only way to obtain a choice function is by appealing to the axiom of
choice. Mathematicians often use the axiom of choice when the index set is
infinite and it is not clear how to construct a choice function.

To better understand the axiom of choice, let us look at three examples where
we can define a choice function without using the axiom of choice:

1. (4; : i € I) is such that each 4; is a nonempty set of natural numbers. For
each i € I, define ¢; to be the least element in 4;. Then (¢; : i € I) is a choice
function for (4, : i € I).

2. (4; : i € I) is such that each 4; is a nonempty finite interval of real numbers.
For each i € I, let m; be the midpoint of the interval A;. Then (m; : i € I) is
a choice function for (4; : i € I).

3. (4; : i € I) is such that each 4; contains one pair of shoes. For each i € I,
let r; be the right-footed shoe in 4;. Then (r; : i € I) is a desired choice
function.

In each of the above examples, we presented a method for identifying a single
element in A4;, and this method worked for each i € /. Thus, we were able to
uniformly select exactly one element from each set 4; without using the axiom
of choice.

Now let / be an infinite set and consider the following three examples where,
in general, it is not possible to define a choice function:

1. (4; : i € I) is such that each 4; is an infinite set of real numbers.
2. (A; : i € I) is such that each 4; is a nonempty set of functions.
3. (4; : i € I) is such that each 4; contains one pair of identical socks.
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It is not at all clear, in each of these three examples, how to uniformly select
exactly one element from each set 4;. By the axiom of choice, however, there
is such a choice function. (The socks/shoes examples are due to B. Russell.)

The Zermelo—Fraenkel system of axioms is usually denoted by ZF, and the
axiom of choice is abbreviated by AC. The axiom of choice was formulated
by Ernst Zermelo; however, Zermelo and Fraenkel did not include this axiom
in ZF. For this reason, the result of adding the axiom of choice to the system
ZF is denoted by ZFC. There were some early attempts to prove the axiom of
choice assuming only the axioms in ZF. Since these attempts were not suc-
cessful, mathematicians began to doubt the possibility of proving the axiom of
choice, and eventually this was shown to be the case. The combined work of
Kurt Godel in 1940 and Paul Cohen in 1963 confirmed that the axiom of choice
is independent of the Zermelo—Fraenkel axioms; that is, AC cannot be proven
or refuted using just the axioms in ZF. Nevertheless, the axiom of choice is a
powerful tool in mathematics, and some important theorems cannot be estab-
lished without it. Consequently, mathematicians typically assume the axiom of
choice and usually cite the axiom when they use it in a proof. Our next theo-
rem uses the axiom of choice in its proof, and we alert the reader to this fact
by using the notation (AC) just before the statement of the theorem.

Suppose that C is a set of nonempty sets. In the proof of our next theorem,
we convert C into an indexed set via a simple change in notation. Using the
set C itself as the index set, together with the identity function on C, we shall
reexpress C as an indexed set.

Theorem 3.3.24 (AQ). Let C be a set of nonempty sets. Then there is a function
H:C — UC such that H(A) € Aforall 4 € C.

Proof. LetC be a set of nonempty sets. Let F: C — C be the identity function
on C; that is, let F(4) = A forall 4 € C. Let F; = F(4) = A, foreach 4 € C.
We can now rewrite F as the following indexed function (F : 4 € C). By the
axiom of choice, there is an indexed function (x4 : 4 € C) such that x, € 4
for all A € C. Define H: C — C by H(A) = x4, for each 4 € C. Therefore,
H(A) € Aforevery 4 € C. O

The above function H shall be called a choice function for C. Informally, the
axiom of choice declares that for any collection of nonempty sets, it is possible
to uniformly choose exactly one element from each set in the collection.

The statement of Theorem 3.3.24 actually implies the axiom of choice, and
thus, the theorem is equivalent to the axiom (see Exercise 21). We will revisit
the axiom of choice in Chapter 7.
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Exercises 3.3

*1
*2
3
4

*5

8

*9

*10.

*11.

12.
*13.
14.

*15.

16.

. Prove Lemma 3.3.5 and Lemma 3.3.13.
. Let F’ be a function and let 4 € B € dom(F’). Prove that F[4] C F[B].
. Let F be a function and let 4 € dom(F). Prove that 4 € F~![F[A4]].

. Let f: X — Y be one-to-one, 4 C X, and x € X. Prove if f(x) € f[4],
then x € 4.

. Letg: C — D be a one-to-one function, 4 € C, and B C C. Prove that if
ANB= o, then g[A] N g[B] = 2.

. Suppose that F’ is a one-to-one function, and let 4 € dom(#’). Prove that
A = F~[F[4]].

.LetF: X —Y,CCY,and D CY. Prove if C C D, then we have that
F~'[C] < F7'[D].

IfF: X > YisontoY,CCY,DCY,and F~'[C] € F~![D], prove
cCcD.

. Suppose that F: X — Y is a function. Prove that if CC Y and D C Y,
then F~'[C N D] = F~'[C1n F~'[D].

Let F and G be functions from 4 to B. Suppose F € G. Prove that
F=aG.

Let C be a set of functions. Suppose that for all f and g in C, we have
either f Cgorg C f:

(2) Prove that | JC is a function.

(b) Suppose that each f € C is one-to-one. Prove that | J C is one-to-one.
Let f: X — Y be a function. Let C C Y. Prove that f[f~'[C]] < C.
Assume f: A — Bis onto B. Let C C B. Prove that f[f~'[C]] = C.

Let F and G be functions. Prove that (F o G)[4] = F[G[A]] whenever
A C dom(G).

Let f: A — B be a one-to-one function. Define G: P(4) — P(B) by
G(X) = f[X], for each X € P(4). Prove that G is one-to-one.

Let F: A — B be a function. Define a relation ~ on 4 by x ~ y if and
only if F(x) = F(y), for all x and y in 4. Prove that ~ is an equivalence
relation on 4. Let a € A be given. Describe the equivalence class [a].
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17.

18.

19.

20.

*21.

22.

Let F: A — A be a function. Suppose that F is a reflexive relation on A4.
Prove that F'(x) = x for all x € 4.

Let F: A — A be a function. Prove that F is a symmetric relation on 4 if
and only if F(F(x)) = x forall x € 4.

Let F: A — A be a function. Prove that £ is a transitive relation on 4 if
and only if F(F(x)) = F(x) for all x € 4.

Prove the following theorems:
(a) Theorem. Let {4; :i € I} and {B; : i € I} be indexed sets with the
same index set /. Suppose 4; C B; foralli € I. Then | J4; C | B;.

a iel iel
(b) Theorem. Let {4; :i € I} and {B; : i € I} be indexed sets with the
same index set /. Suppose 4; C B; foralli € I. Then () 4; C () B:.

iel iel
(c) Theorem. Suppose that 4 is a set and that {B; : i € I} is an indexed
set. Then4 N | B; = | J(4 N B)).

iel iel
(d) Theorem. Suppose that 4 is a set and that {B; : i € [} is an indexed
set. Then 4 U (| B; = [ (4 U B).
iel iel
(e) Theorem. Suppose that 4 is a set and that {B; : i € I} is an indexed
set. Then 4 \ [\ B; = J \ B)).
iel iel
Let (4; : i € I) be an indexed function with nonempty terms. Prove that
there is an indexed function (x; : i € I) so that x; € 4; for all i € I, using
Theorem 3.3.24.

Let 4 C Rand Nt = {1, 2,3, ...}. Suppose that for all n € N there is
anx € 4 sothat 0 <x < % Using the axiom of choice, show that there
is an indexed function (x, : n € N*) such thatx, € 4 and 0 < x, < 1, for
alln e NT.

3.4 Order Relations

The equality relation was generalized, in Section 3.2.3, by the introduction of
an equivalence relation. An equivalence relation satisfies three key properties
that are usually associated with the equality relation; namely, such a relation
is reflexive, symmetric, and transitive. We shall now generalize the concept of
“less than or equal to.”

The familiar relation < on the set R puts an order on the real numbers. This
relation is reflexive and transitive; but, since 2 < 5 and 5 ﬁ 2, the relation < is
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not symmetric. Moreover, for x and y in R, if x < y and y < x, then x = . We
therefore say that < is antisymmetric. We now present a general definition.

Definition 3.4.1. A relation R on a set 4 is antisymmetric when
(Vx e A)(Vy e A)(xRy AyRx) = x =Y);

that is, if x Ry and y R x, then x = y whenever x and y are in 4.

Let us now review the three core properties of the relation < on the set of
real numbers. For all a, b, ¢ € R we have the following:

1. a < a (reflexive).
2. Ifa < band b < a, then a = b (antisymmetric).
3. Ifa<band b < ¢, then a < c (transitive).

The above three properties are the ones that constitute the notion of order.
We can now generalize the concept of “less than or equal to” and apply it to
many different sets. To do this, we shall use the symbol < to denote a relation.

Definition 3.4.2. A relation < on a set 4 is a partial order if < is reflexive,
antisymmetric, and transitive; that is, for x, y, and z in 4, the following hold:

1. x < x.
2. Ifx g yandy < x, thenx = y.
3. fx<xyandy < z, thenx < z.

If < is a partial order on the set 4, then we shall say that the structure (4, <)
is a partially ordered set or a poset.! For example, (R, <) is a poset.

Problem 1. Let F be a set (of sets) and let  be the subset relation. Show that
(F, ©) is a partially ordered set.

Solution. Let 4, B, and C be sets in F. We verify the following three items:

(1) 4 C A.
2y IfACBand B C A4,then 4 = B.
(3) IfACBand BC C,then4 C C.

Clearly, (1) is valid. If 4 € B and B C 4, then 4 = B by the extensionality
axiom. Thus, (2) holds. Finally, item (3) follows from Exercise 2 on page 35.

®
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Problem 2. For integers a and b, the divisibility relation a | b means that b = ai
for some i € Z. Let 4 be a set of nonzero natural numbers. Show that (4, | ) is
a partially ordered set.

Solution. We show that the divisibility relation is reflexive, antisymmetric, and
transitive on the set 4. Let a, b, ¢ be in A. We need to verify the following three
items:

(D) ala.
(2) Ifa|band b|a, then a = b.
(3) Ifa|band b|c, thena|c.

Since a = a - 1, we have that a | a. Items (2) and (3) can also be verified. ©

Definition 3.4.3. Let < be a partial order on A. The relation < is a total order
(or linear order) on A if < satisfies (Vx € 4)(Vy € 4)(x X y V y < x); that is,
eitherx < y or y < x, for every x and y in A4.

When (4, <) is a poset and < is a total order, then we shall say that (4, <)
is a totally ordered set. The poset (R, <) is a totally ordered set. On the other
hand, let 4 = {2, 5, 4, 8, 9} and let | be the divisibility relation. Then (4, |) is
a poset, but since 2 1 5 and 5 1 2, we see that (4, |) is not a totally ordered set.

Definition 3.4.4. Let (4, <) be a poset. For x and y in 4, we write x < y if and
only if x < y and x # y. The relation < on 4 shall be referred to as the strict
order corresponding to <.

A strict order is not a partial order, because it is not reflexive. This is verified
by our next lemma.

Lemma 3.4.5. Let (4, <) be a poset, and let < be the strict order correspond-
ing to X. Then for all x, y, and z in A, we have the following:

I. x £ x.

2. Ifx <y, theny & x.

3.Ifx<yandy < z, thenx < z.

4. Let < be a total order on A. Then exactly one of the following holds: x < y,
orx =y, ory=<ax

Proof. See Exercise 2. O

n
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So, if (4, X) is a totally ordered set, then Lemma 3.4.5(4) implies that the
strict order corresponding to < satisfies the trichotomy law on A4; that is, for
all x and y in 4, exactly one of three alternatives holds: x < y, x =y, ory < x.

Let < be a partial order on a set 4. If x < y, then we will say that x is smaller
than y and that y is larger than x.

Definition 3.4.6. Let < be a partial order on a set 4. An element b € 4 is
called a maximal element if and only if & £ x for all x € 4; that is, there is no
element in 4 that is larger than b.

Definition 3.4.7. Let < be a partial order on a set 4. An element a € 4 is said
to be a minimal element if and only if x 4 a for all x € 4; that is, there is no
element in 4 that is smaller than a.

Example 3. Let 4 = {2, 3,4, 5, 6, 8,9}. Thus, 2, 3, 5 are minimal elements in
the poset (4, | ) (see Problem 2) and 5, 6, 8, 9 are maximal elements.

Definition 3.4.8. Let < be a partial order on 4. Let S € 4, a € 4, and b € A.

e [f b satisfies (Vx € S)(x < b), then b is called an upper bound for S.
* [fa satisfies (Vx € S)(a < x), then a is called a lower bound for S.

Let (4, |) be the poset given in Example 3 where 4 = {2, 3,4, 5,6, 9}.
Hence, S = {2, 3} is a subset of 4. Observe that 6 € A4 is an upper bound for S,
but there is no lower bound for S in A4.

Definition 3.4.9. Let < be a partial order on a set 4, and let S C A4.

* If £ is an upper bound for S and ¢ < b whenever b is another upper bound
for S, then £ is called the least upper bound for S.

* Ifgisalower bound for S and a < g whenever a is another lower bound for
S, then g is called the greatest lower bound for S.

Our next lemma shows that whenever a least upper bound for a set exists, it
is unique. Similarly, if a greatest lower bound exists, then it is unique as well.

Lemma 3.4.10. Let < be a poset on A. Let S C A. If £ and ¢ are least
upper bounds for S, then £ =1{'. If g and g are greatest lower bounds for S,
theng=g.
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Proof. Let £ and £’ be least upper bounds for S. Since £ is a least upper bound
and ¢’ is another upper bound for S, it follows from the definition of least upper
bound that £ < ¢'. Similarly, it follows that £ < ¢. By antisymmetry, we thus
conclude that £ = ¢’. An analogous argument shows that if gand g’ are greatest
lower bounds for S, then g=g'. O

Consider the poset (4, |) where 4 = {1,2,3,4,5,...}. Let S = {6,9, 12}.
So 36 is the least upper bound for S, and 3 is the greatest lower bound for S.

Definition 3.4.11. Let < be a partial order on 4 where SC A, a € A, and b € A.

¢ If(Vx € S)(x < b) and b € S, then b is the largest (greatest) element in S.
¢ If(Vx € S)(a < x) and a € S, then a is the smallest (least) element in S.

There is a simple distinction between an upper bound and a largest element.
An upper bound for S need not be an element in S. A largest element of S is
just an upper bound that is also an element in S (see Exercise 4). Similarly, a
smallest element of S is just a lower bound that is also an element in the set S.

Lemma 3.4.12. Let < be a partial order on A. Let S C A. If b and b are largest
elements of S, then b = V. If a and a' are smallest elements of S, then a = d.

Proof. Let b and ' be largest elements of S. So, in particular, b and 4’ are both
elements in S. Since b is a largest element of S and &’ € S, it follows that &’ < b.
Similarly, it follows that b < #'. By antisymmetry, we have that b = &'. If a and
a are smallest elements of S, an analogous argument shows that a = «'. O

Example 4. Consider the poset (4, |), where 4 = {1,2,3,4,5,...}and | is
the divisibility relation. Let S = {4, 6, 12}. Then 12 is the largest element in
S. The set S has no smallest element; however, 2 is the greatest lower bound
for S.

Definition 3.4.13. Let (4, <) be a poset, and let x and y be elements in 4. Then
x and y are said to be comparable if either x < y or y < x; otherwise they are
said to be incomparable.
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A partial order on a set 4 may not be a total order, but it is a total order on
any subset of 4 in which any two elements are comparable.

Definition 3.4.14. Let < be a partial order on a set 4, and let C € 4. Then C
is called a chain in 4 if for all x and y in C, eitherx < y ory < x.

Clearly, if D € C and C is a chain in 4, then D is also a chain in 4.

Example 5. Let 4 = {1,2,3,4,5, ...} and consider the poset (4, | ), where |
is the divisibility relation. Then the set {1, 3, 6, 12} is a chain in 4 for which 24
is an upper bound. The set {3” : n € A} is a chain in 4 that has no upper bound.

Now let < be a relation on 4. Given any subset C of 4, we can also view <
as a relation on C (see Exercise 14).

Definition 3.4.15. Let < be a relation on A4, and let C C 4. Then the induced
relation on C is defined to be ¢ = < N (C x C). In other words,

x=<cyiffxeC,yeC, andx < y.

Definition 3.4.16. Let (4, <) and (B, <*) be partially ordered sets. A bijection
f: A — Bis called an isomorphism from (4, <) onto (B, <*) if f satisfies

x g yifand only if f(x) <* f(»),

for all x and y in 4. If such an isomorphism exists, then (4, <) and (B, <*) are
said to be isomorphic.

When two posets are isomorphic, they are structurally the same poset.

Exercises 3.4

1. Define a relation < on the set of integers Z by x < y if and only if x < y
and x + y is even, for all x, y in Z. Prove that < is a partial order on Z.
Then answer the following questions about the poset (Z, <):

(a) IsS={1,2,3,4,5,6,...}achain in Z?
(b) IsS={1,3,5,7,...}achain in Z?
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e

*4,

(c) Does the set S ={1,2,3,4,5} have a lower bound or an upper
bound?
(d) Does S = {1, 2, 3, 4, 5} have any maximal or minimal elements?

Prove Lemma 3.4.5.

. Find the greatest lower bound of the set S = {15, 20, 30} in the poset

(4, |) where 4 = {n € N : n > 0}. Now find the least upper bound of S.

Let (4, <) be a poset and let S € A. Suppose that b is the largest element
of S. Prove that b is also the least upper bound of S.

. Let < be a partial order on a set 4, and let S € A. Suppose g and g’ are

both greatest lower bounds of S. Prove that g = ¢’

. Let P(A) be the set of all subsets of the set 4 = {a, b, c}. Thus, (P(4), ©)

is a partially ordered set, where
P(4) = {2, {a}. {b}. {c}, {a, B}, {a, ¢}, {b, ¢}, {a, . c}}.

Find an upper bound, the least upper bound, a lower bound, and the great-
est lower bound of the following subsets of P (4):

(@) § = {{a}, {a, b}}.

(b) § = {{a}, {b}}.

(c) § = {{a}. {a, b}, {a, b, c}}.

(d) § = {a}, {c}. {a. c}}.

(e) S={2,{a,b,c}}.

() S = {{a}, {0}, {c}}.

. Let < be a partial order on a set 4 and let S € 4. Suppose @ and &’ are

both smallest elements of S. Prove thata = a’.

. Consider the poset (P(R), €), where P(R) = {4 : 4 C R}; thatis, P(R)

is the set of all subsets of R. Let C be the chain in P(R) defined by
C={{1},{1,2,3},{1,2,3,4,5},{1,2,3,4,5,6,7},... }.

Does C have an upper bound? A least upper bound?

. Consider the poset (P, ) where P = {4 : 4 is a finite subset of R}; that

is, P is the set of all finite subsets of R. Let C be the chain in P defined
by

C={{1},{1,2,3},{1,2,3,4,5}.{1,2,3,4,5,6,7},... }.

Does C have an upper bound? A least upper bound?
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10.

*11.

*12.

13.

*14.

15.

16.

*17.
*18.

*19.

Let (4, <) and (B, ') be posets. Suppose that the function ~2: 4 — B
satisfies x < y if and only if 4(x) < 4(y), for all x and y in 4. Prove that
h is one-to-one.

Let (B, x’) be a poset. Suppose ~: A — B is a one-to-one function.
Define the relation < on 4 by x < y if and only if 4(x) <" A(y), for all
x and y in 4. Prove that < is a partial order on 4.

Let (B, ') be a totally ordered set. Suppose ~#: 4 — B is one-to-one.
Define the relation < on 4 by x < y if and only if 4(x) <’ A(y), for all x
and y in 4. Prove that < is a total order on A4.

Let (4, <) be a poset and let S € A. Suppose that a is the smallest ele-
ment of S. Prove that a is also the greatest lower bound of S.

Let < be a partial order on 4. Let C € A. Show that <¢ is a partial order
on C. Show that if < is a total order on 4, then < is a total order on C.

Let (4, <) be a poset. For eachx € 4, let P, = {a € 4 : a < x}. Let F be
defined by F = {P, : x € 4}. Thus, (F, ) is a poset. Prove that
x < yifand only if P, C P,

for all x and y in 4. Hence, the posets (4, <) and (F, C) are isomorphic.

Let (4, <) and (B, x’) be posets. Suppose that #: 4 — B satisfies
x < yifand only if A(x) <’ h(y),

for all x and y in 4. Let C € 4. Prove the following:

(a) If C is a chain in 4, then the image 4[C] is a chain in B.

(b) If A[C] is a chain in B, then C is a chain in A4.

(c) If C has an upper bound, then 4#[C] has an upper bound.

(d) If A[C] has an upper bound and /4 is onto B, then C has an upper
bound.

Let < be a partial order on 4. Show that fld(x) = 4.

Let C be a set where each < € C is a partial order on its field. Suppose

that for any < and <’ in C, either < € <’ or ' C <.

(a) Show that for every < and <’ in C, if < C </, then fld(x) C ld(X).

(b) Let <¢ be the relation | C with field | J{fld(x) : < € C}. Prove that
< is a partial order on its field.

Let (4, <) and (B, ') be posets. Define the relation <, on 4 x B by

(a,b) < (x,y) iffa<xVv(@a=xAb<x'y),
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for all (a, b) and (x, y) in 4 x B. The relation <, is called the lexico-

graphic ordering on A x B.

(a) Prove that <, is a partial ordering on 4 x B.

(b) Suppose that < is a total order on 4 and that <’ is a total order on B.
Prove that <, is a total order on 4 x B.

3.5 Congruence and Preorder

Let ~ be an equivalence relation on a set 4. Recalling Definition 3.2.19, the
quotient set A/~ denotes the partition {[a] : a € A} of 4 induced by ~. By
Theorem 3.2.16, we know that if x ~ y, then [x] = [y]. Let f: 4 — 4 be a
function. Can we say that if x ~ y, then [f(x)] = [f(»)]? In this section, we
will pursue such questions.

An equivalence relation that is preserved under certain identified operations
is called a congruence. In this case, one can use these operations to construct
similar operations on the quotient set and thereby address the above question.

A preorder is a relation that is reflexive and transitive. Thus, a preorder is
“almost” a partial order. We will also show how one can take a preorder on a
set and then use it to construct a partial order on a particular quotient set.

Congruence

Again, let ~ be an equivalence relation on 4. We now investigate the following
question: Given a function f: 4 — 4, can we use f to define a function from
A/~ to A/.? Specifically, (A) is there a function f: 4/~ — A/~ such that

f([x]) =[f(x)] forallx € 4?7

Is it obvious that such a function f exists? Given an equivalence class, is the
resulting value of f independent of the element x chosen from the equivalence
class? Suppose that x ~ y. Thus, [x] = [v] by Theorem 3.2.16. If f(x) #* f(»),
then [ f(x)] # [f(»)]- So f would not be single-valued, and hence, f will not
be a function. To avoid this difficulty, we must have that f(x) ~ f(»).

Definition 3.5.1. Let ~ be an equivalence relation on 4, and let /: 4 — A4 be
a function. We say that f is congruent with ~ if forallx e 4 and y € 4,

ifx ~ y, then £(x) ~ f(¥).

77
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We can now answer question (A).

Theorem 3.5.2. Let ~ be an equivalence relation on A and let f: A — A.
There exists a function f: A/~ — A/~ such that

A

S([x]) = f (x)] for all x € 4

if and only if f is congruent with ~.

Proof. Let ~ be an equivalence relation on 4 and let f: 4 — A.

(=). Letf: A/~ — A/~ be such that f([x]) =[f(x)] forallx € 4. Letx € 4
and y € A4 be such that x ~ y. So [x] = [y] by Theorem 3.2.16. Since f isa
function, we conclude that [ f(x)] = [f(y)]. Therefore, f(x) ~ f(v), again by
Theorem 3.2.16.

(<). Suppose f is congruent with ~. Letf = {{[x], [f(x)]) : x € 4}. To prove

that the relation f is single-valued, let ([x], [f(x)]) € f and ([v], [f()]) € f.
Assume that [x] = [y]. We show that [ f(x)] = [f(y)] as follows:

Xl=Dl=>x~y by Theorem 3.2.16
= fx)~ f») as f is a congruent with ~

= [f(x)] =[f(»)] by Theorem 3.2.16.

Hence, f is a function. Clearly, the domain of f equals 4/~ and ran(f) C 4/-.
Therefore, f: A/~ — A/~ and f([x]) = [f(x)] forall x € 4. O

We shall soon show how Theorem 3.5.2 can be extended to both relations
and binary operations.

Definition 3.5.3. Any function of the form f: A x 4 — A is called a binary
operation on A (or just a binary operation whenever the context is clear). We
shall write f(x, y) for the value f({x, y)) whenx € 4 and y € 4.

Definition 3.5.1 above describes when a given function is “in harmony” with
an equivalence relation. We now define what it means for a binary operation,
and a relation, to be in harmony with an equivalence relation.
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Definition 3.5.4. Let ~ be an equivalence relationon 4 and f: 4 x 4 — A be
a binary operation. Then f is congruent with ~ if for all x, y, v,z in 4,

ifx ~ wand y ~ z, then f(x,y) ~ f(w, z).

Definition 3.5.5. Let ~ be an equivalence relation on 4, and let R be a relation
on 4. Then R is congruent with ~ if for all x, y, w, z in 4,

ifx~wandy~z,thenxRy iff wRz.

One can easily adapt the proof of Theorem 3.5.2 to establish our next two
theorems (see Exercises 2 and 3, respectively). The following theorem extends
Theorem 3.5.2 to binary operations.

Theorem 3.5.6. Let ~ be an equivalence relation on A and let f: A x A — A.
There exists a function f: A/~ X A/~ — A/~ such that

(1, D)) = [f (e, )] for all x and y in A
if and only if f is congruent with ~.
‘We now extend Theorem 3.5.2 to relations.

Theorem 3.5.7. Let ~ be an equivalence relation on A, and let R be a relation
on A. There exists a relation R on A/ such that

R([x), V]) iff R(x, ), for all x and y in A

if and only if R is congruent with ~.

Preorder

Definition 3.5.8. A relation < on a set 4 is a preorder if < is reflexive and
transitive; that is, for any x, y, and z in 4, the following hold:

1. x < x.
2. Ifx<yandy < z,thenx <X z.

When < is a preorder on the set 4, we shall say that (4, <) is a preordered
set or a proset. Of course, if a preorder is also antisymmetric, then it is a partial
order. On the other hand, there are preorders that are not partial orders.
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Example 1. Let X = (1,2, 3,4} and 4 = P(X). Define the relation < on 4 by
a < bif and only if |a| < |b|

foralla € A and b € A, where |c| denotes the number of elements in c. One can
easily see that the relation < is reflexive and transitive; that is, < is a preorder
on 4. Clearly, {1, 2} < {3, 4} and {3, 4} < {1, 2}. Since {1, 2} # {3, 4}, we see
that < is not antisymmetric. So < is not a partial order on X .

Lemma 3.5.9. Let (4, X) be a preordered set, and let ~ be the relation on A
defined by

bifand only ifa <X band b X

Then ~ is an equivalence relation on A.

Proof. See Exercise 4. O

The relation ~ in Lemma 3.5.9 is called the derived equivalence relation.

Lemma 3.5.10. Suppose that (A, X) is a preordered set. Let ~ be the derived
equivalence relation on A. Then < is congruent with ~; that is, for all for all
a,b,c,dinA, ifa~candb ~d, thena < bifandonly ifc < d

Proof. See Exercise 5. O

When (4, <) is a preordered set, Lemma 3.5.10 allows us to define a partial
order on the quotient set A/~ when ~ is the derived equivalence relation.

Theorem 3.5.11. Suppose (4, X) is a preordered set, and let ~ be the derived
equivalence relation on A. Consider the relation < on A/~ defined by

[a] < [b] if and only if a < 3.7
for all [a] and [b] in A/~. Then -:< is a partial order on A/-.

Proof. Let (4, <) be a proset, and let ~ be the derived equivalence relation.
By Lemma 3 5.10, < is congruent with ~. Theorem 3.5.7 implies that there
is a relation < satlsfylng (3.7). Since < is a preorder on 4, one can now show
(using (3.7)) that < is a partial order on 4/~ (see Exercise 6). O
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Definition 3.5.12. Let < be a preorder on 4. Then < is a total preorder on
A if < satisfies the property: (Vx € A)(Vy € 4)(x <y vV y < x); that is, either
x X yory = x, forany x and y in 4.

Corollary 3.5.13. Suppose that (4, <) is a preordered set. Let < be the relation
on A/~ defined by (3.7) where ~ is the derived equivalence relation on A. If <
is a total preorder on A, then < is a total order on A/-.

Proof. See Exercise 7. O

Exercises 3.5

1.

&2
*3.
*4,
*S.
*6.
.

Let ~ be an equivalence relation on 4. Let /: 4 — A/~ be defined by
f(x) =[x], forallx € 4.

Show that the function f is one-to-one if and only if each equivalence
class in 4/~ is a singleton.

Prove Theorem 3.5.6.
Prove Theorem 3.5.7.
Prove Lemma 3.5.9.
Prove Lemma 3.5.10.
Prove Theorem 3.5.11.
Prove Corollary 3.5.13.

. Let P ={1,2,3,...}. Define the equivalence relation ~ on P by

m ~ n if and only if m and » have the same number of prime factors.

For example, 25 ~ 15 and 9 + 3.

(a) Is there an i: P/~ — P/~ so that h([n]) = [3n] for all n € P?

(b) Is there an i: P/~ x P/~ — P/~ such that A([m], [n]) = [m + n] for
allm, n € P?

(c) Is there an h: P/~ x P/~ — P/~ such that A([m], [r]) = [m - n] for
allm, n € P?
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9. Let N=1{0, 1,2, 3, ...} be the set of natural numbers and let < be the
standard order relation on N. Let N> = N x N. Consider the relation <
on N? defined by

(m,n) < (i, j) ifandonlyifm+ j <n+1i.

(a) Show that < not antisymmetric.

(b) Prove that < is a preorder on N2

(c) Prove that < is a total preorder on N2

(d) Let ~ be the derived equivalence relation on N2. Is there a function
h: N?/. — N?/. such that A([(m, n)]) = [(m + 2n, n + 2m)]?

(e) Define f: N> x N> > N? by f((m,n), (i, )= (m+in+j).
Now show that f is congruent with ~.

Exercise Notes: Exercise 9 offers a first step in a set-theoretic construction of
the integers using the natural numbers (see Remark 4.4.15).
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In this chapter, it shall be shown that number theory can be embedded within
set theory. One consequence of this embedding is that all of the theorems in
number theory can be proven from the axioms of set theory.

In order to show that number theory is, in fact, a special branch of set theory,
we must first represent each natural number as a set. How can one define the
natural numbers in set theory? To answer this question, we next consider a set
theoretic construction that makes sense for any set.

Definition 4.0.1. For each set x, the successor x* is the set that is obtained by
adjoining x to the elements of x, namely, x* = x U {x}.

We note the following three properties concerning the successor of a set x:

l.aex’ iff (a e xVa=x).
2. xext.
3. x Cx™.

Using the successor operation, we can now construct, in set theory, the first
few natural numbers as follows:

. 0=0.
« 1=0t=0U{0} = {0

e 2=1t=1U{1}={0,1}.

¢ 3=2t=2U{2}=1{0,1,2}.
e 4=3+=3U{3}=1{0,1,2,3).

We note some interesting properties that these “natural numbers” possess (see
the above bulleted list):

1.0ele2el3edes5Se---.
2.0C1c2Cc3Cc4Cs5C---.
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4.1  Inductive Sets

The existence of an infinite set is crucial in modern set theory and mathematics.
Zermelo realized that one cannot prove that an infinite set exists and thus found
a fairly simple way to assert the existence of an infinite set.

Infinity Axiom. There is a set 4 that contains the empty set as an element and
whenever x € 4, then x™ € A4.

Using the infinity axiom, we shall prove that there is a set consisting of only
the natural numbers; this set is denoted by w. First, we define a property of a
set that will ensure that each natural number belongs to such a set. A set that
satisfies this property will contain the empty set and will be closed under the
successor operation.

Definition 4.1.1. A set [ is said to be inductive if and only if

1. o€l
2. (Va € I)(at € 1), that is, I is “closed under successor.”

An inductive set contains & and also contains the successor of each one of
its elements. Hence, an inductive set must contain all of the “natural numbers.”
Clearly, the infinity axiom declares that there is an inductive set.

Definition 4.1.2. A natural number is a set that belongs, as an element, to
every inductive set.

Therefore, x is a natural number if and only if x is in every inductive set. We
now want to prove that there is a set consisting of just the natural numbers. To
do this, we need to prove that the class

{x : x is in every inductive set} 4.1)

is a set. By the infinity axiom, we know that there is an inductive set 4. Hence,
for each x, if x is in every inductive set, then x € 4. Theorem 2.1.3 therefore
implies that (4.1) defines a set, and this set consists of the natural numbers.

Definition 4.1.3. The set consisting of the natural numbers is denoted by w.
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Of course, w is the set {0, 1,2, 3, ...}, but we will identify w as the set that
satisfies

x € w if and only if x is in every inductive set. 4.2)

Theorem 4.1.4. The set w is inductive and w is a subset of every inductive set.
Thus, w is the smallest inductive set.

Proof. We first prove that w is an inductive set; that is, we shall prove that

() & €,
(2) (Va € w)(a" € w).

Since @ is in every inductive set, (4.2) implies that & € w. To prove (2), let
a € w. We thus conclude that a is in every inductive set. So a™ is also in every
inductive set. Hence, a™ € w and (2) holds. Now let / be an inductive set and
let x € w. The above (4.2) implies that x is in every inductive set. Therefore,
x € [ and thus, w C . O

We now prove the following simple corollary.

Corollary 4.1.5. Let I C w be an inductive set. Then I = w.

Proof. Let / be an inductive set such that / C w. Since / is an inductive set,
Theorem 4.1.4 implies that w C 1. Hence, I = w. O

Corollary 4.1.5 is, in fact, a restatement of the principle of mathematical
induction. Suppose that P(n) is some property. To prove by induction that

(Vn € w)P(n)
istrue, let/ = {n € w : P(n)} and so, I C w. If we can prove that

M oel,
2) Vnew)nel - nt el),

then 7 is inductive and thus, / = w by Corollary 4.1.5. Therefore, (Vr € w)P(n)
holds. Item (1) is often called the base step, and (2) is commonly refereed to as
the inductive step. We apply this method of proof to establish our next theorem.

Theorem 4.1.6. For every n € w, either n = 0 or n = k* for some k € w.

Proof. Let/ ={ncw:n=0Vv 3k € w)(n =k")}.Clearly,0 € I. Letn € I.
So either n = 0 or n = k* for some k € w. Therefore, nt = 0" ornt = (k)"
where kT € w. Thus, n™ € I. Hence, by Corollary 4.1.5, ] = w. O

85
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Definition 4.1.7. A set 4 is said to be a transitive set if (Va € 4)(a C A); that
is, every member of A4 is also a subset of 4.

Therefore, for any set 4 we have that

A is transitive iff (Va)(Vx)[(x eana e Ad) — x € A] 4.3)
iff | J4ca. (4.4)

Example 1. The empty set & is, vacuously, transitive. Each of the following
sets is also transitive:

* 1=0" (={0}),

* 2=1"(=1{0, 1},

¢ 3=2%(={0,1,2)),

© 4=3%(={0,1,2,3)),
¢ 5=4%(={0,1,2,3,4)).

On the other hand, the set 4 = {{0}} is not transitive because {0} € 4 and yet
{0} € A. Similarly, the set {0, 1, 3} is not transitive.

Remark 4.1.8. Regrettably, we are now using the word “transitive” to refer to
two different concepts. A relation R on a set 4 is transitive provided that for
all x, y, z in 4, if xRy and y Rz, then x Rz (see Definition 3.2.11). A set 4
is transitive, if whenever x € A4, then x C 4. If a set 4 is transitive, then one
cannot infer that the membership relation € on A is a transitive relation; that
is, one cannot always conclude that if x € y and y € z, then x € z, for all x, y,
zin A4.

Proposition 4.1.9. Let A and B be sets. Then | J(AU B) = ((JA4) U (U B).

Theorem 4.1.10. Let a be a transitive set. Then | J(a™) = a.

Proof. Suppose that a is a transitive set. Then
U(a*) = U(a Uf{a}) by def. successor
= U aVl U{a} by Proposition 4.1.9
= U aUa because U{a} =a
=a as Uagaby(4.4).

Therefore, | J(a™) = a. O
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Theorem 4.1.11. Every natural number is a transitive set.

Proof. We prove that (Vn € w)(n is a transitive set) by induction. Let
I = {n € w : nis atransitive set}.

Clearly, 0 € I, as 0 = & is a transitive set. Let n € I. So n is transitive. To
prove that n" is transitive, we will show that | Jn™ C n* (see 4.4). By Theo-
rem 4.1.10, | Jn™ = n. Since n € n™ (see item 3 on page 83), we conclude that
(Un™ € n™. Hence, n™ is a transitive set and thus, n* € 1. By Corollary 4.1.5,
we conclude that / = w, and this completes the proof. O

Theorem 4.1.11 implies that if @ € b and b € n, then a € n, whenever #n is a
natural number. We now prove that the successor function on w is one-to-one.

Theorem 4.1.12. Forallm and nin o, if n* = m*, thenn = m.

Proof. Letm € w and n € w. It follows from Theorem 4.1.11 that m and n are
transitive sets. Assume that nt = m™. Thus, | Jn™ = |Jm™. Therefore, n = m
by Theorem 4.1.10. 0

Theorem 4.1.13. The set w is a transitive set.

Proof. We shall prove that (Vr € w)(n C @) by mathematical induction. Let
I={new:nC w} Clearly, 0 € I, because 0 = @ and & C w. Letn € I. So
(IH)' n € w. We shall prove that nt C w. To do this, let k € n™. We must
prove that k € w. Since k € n™ = n U {n}, we conclude that k € n or k = n. If
k € n, then k € w by (IH). If k = n, then k € w because n € w. Hence, n™ € I.
Therefore, I = w. O

Exercises 4.1

1. Let 7 and J be inductive sets. Prove that / N J is also inductive.
*2. Prove that if 4 is a transitive set, then A" is also a transitive set.

3. Prove that A4 is a transitive set if and only if 4 C P(4).
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4. Prove that if 4 is a transitive set, then | J 4 is a transitive set.

5. Let A be a nonempty set such that B is a transitive set, for all B € A.
Prove that () A and [ J A are transitive sets.

6. Prove Proposition 4.1.9.

7. Prove that n # n forall n € w.

8. Conclude from Exercise 7 that nt & n for all n € w.

9. Prove that forallm € wand all n € w, if m € n, then n € m.
*10. Conclude from Exercise 9 that n ¢ n for all n € w.

11. Let 4 be a set and suppose that | J4 = A. Prove that 4 is transitive and
for all x € A4, there is a y € 4 such that x € y.

Exercise Notes: For Exercise 7, apply Theorem 4.1.12 for the inductive step.
For Exercise 9, letm € wandlet/ = {n € w : (m € n > n € m)}. Prove that /
is inductive. Assume n € I. To prove nt € I, letm € n*.Som € norm = n. If
m € n,then n € [ implies thatn  m and thus, n* & m.If m = n, thenn™  m
by Exercise 8.

4.2 The Recursion Theorem on @

Induction is frequently applied in mathematical proofs. Moreover, one often
defines a function by induction (recursion). A recursively defined function is
one that is defined in terms of “previously evaluated values of the function.” A
function 4 on w is defined recursively if its value at 0 is first specified and all
of the remaining values are then defined using an earlier value, together with
a given function. For example, let /: 4 — A be a function. Suppose that the
initial value of a function 4 is given to be 4(0) = a for a fixed a € 4, and to get
the next value 4(1) we use the initial value to obtain 4(1) = f(h(0)) = f(a).
Similarly, to get the next value #(2) we must evaluate f(#(1)). By continuing
in this manner, we can evaluate more and more values of the function 4. A
more succinct way of describing this function # is to first define (i) 2(0) = a
and then define the remaining values by (ii) A(n") = f(h(n)). Thus, one can
evaluate 4(0), A(1), ..., h(100). Just because we can evaluate a finite number of
values, do we really know that there is such a function 4 with domain w? The
existence of such a function seems quite reasonable. In mathematics, however,
the acceptance of an existential statement requires a valid argument, that is, a
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proof. The proof of our next theorem shows that such a function does exist and
that it is unique.

Recursion Theorem 4.2.1. Let A be a set and a € A. Suppose that f: A — A
is a function. Then there exists a unique function h: v — A such that

(1) h(0) =q,
(2) h(n™) = f(h(n)), for all n € w.

The function % in the recursion theorem, satisfying (1) and (2), is said to be
defined by recursion. If a function has been defined by recursion, then proofs
of statements about this function often use “proof by induction.” Before we
prove the recursion theorem, we make an observation. First, let us assume that
the function / exists. When viewing /4 as a set of ordered pairs, conditions (1)
and (2) imply that

* (0,a) € h,and
e if (n, u) € h, then <n+, f(u)) € h,foralln € w.

In our proof, we will show that there exists a function 4 that satisfies the above
bulleted conditions.

Proof. Let 4 be a set, a € 4, and let f: A — A be a function. Let us call a
relation R € w x A suitable if the following two conditions hold:

(i) (0,a) € R.
(i) If (n, u) € R, then (n™, f(u)) € R.

Our goal is to construct a suitable relation that is also a function.

Since every suitable relation is a subset of w x 4, Theorem 2.1.3 implies
that the class S = {R : R is suitable} is, in fact, a set. Because w x A is a suit-
able relation, S is nonempty. Let 2 = (| S. Clearly, » Cw x 4, and so i is a
relation. We now prove that / is suitable and that it is a function.

Claim 1. £ is suitable.

Proof. We need to show that /4 satisfies items (i) and (ii). Every relation in S
is suitable. So (0, a) is an element in every relation in S. Thus, (0, a) € (S;
that s, (0, @) € h. To prove (ii), assume that (n, u) € h. Ash =[S, it follows
that (n, u) belongs to every relation in S. Let R € S. Since (n, u) € R and R is
suitable, item (ii) implies that (n™, f(u)) € R. So (n*, f(u)) belongs to every
relation in S, and hence, (n™, f(u)) € h. Thus, h is suitable. (Claim 1) O

We now must prove that /4 is a function from w to 4.

Claim 2. # is a function from w to 4.

89
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Proof. To prove that % is a function from w to 4, we must show that for each
n € w, there is exactly one y € 4 such that (n, y) € h. Let I C w be defined by

I = {n € w : there is exactly one u € A4 such that (n, u) € h}.

We now prove that / is an inductive set. To do this, we must first prove that
0 € 1. We know that (0, a) € h. To prove that 0 € /, we need to show there is
no (0, b) € h where a # b. Suppose, for a contradiction, that (0, b) € h where
a # b. Consider the relation

R=n\{{0, by}.

Clearly, (A) (0, b) ¢ R. As h is suitable, it easily follows that R is also suitable
(because nt # 0 for all n € w). Hence, R € S. Since 7 = (S, we conclude
that 2 C R, and thus, (0, b) € R, which contradicts (A). Consequently, a is the
only element in 4 such that (0, a) € h. Therefore, 0 € 1.

Let n € I; that is, assume that (IH) there is a unique u € 4 such that
(n,u) € h. Because h is suitable, we conclude that (n™, f(u)) € h. To show
that n* € I, we must show there is no (n™, b) € h where f(u) # b. Assume, for
a contradiction, that (n™, b) € h where f(u) # b. Consider the relation

R=n\{n", b)}.

Clearly, (#) (n*, b) ¢ R. We now show that R is suitable. Since 4 is suitable
and n* # 0, we have only to show that if (n,v) € R, then (n", f(v)) € R.
To do this, assume that (n,v) € R. Thus, (n,v) € h, and so (n", f(v)) € h.
Since (n, u) € h, (n,v) € h, and n € I, we conclude from (IH) that u = v, and
thus, f(u) = f(v). Because f(v) = f(u) # band (n™, f(v)) € h, we infer that
(n*, f(v)) € R. So R is suitable. Hence, R € S. Since » = [ S, we conclude
that # C R, and thus, (n*, b) € R, which contradicts (#). Therefore, f(u) is the
only element in 4 such that (n*, f(u)) € h. So n* € I, and thus, / is inductive.
Corollary 4.1.5 implies that / = w, and as a result, 4 is a function from w to 4.

(Claim 2) O

Because the function /4 is suitable, it satisfies conditions (1) and (2) given in
the statement of the theorem. To prove that / is unique, suppose that g: w — 4
also satisfies properties (1) and (2). Thus, g is a suitable relation, and hence,
g€ S.Since h = () S, we have that 2 C g. Exercise 10 on page 68 implies that
h = g. Therefore, 4 is unique. (Theorem) [

Example 1. Let /: R — R and let @ = 2. Theorem 4.2.1 implies that there is
a function /: @ — R such that £(0) = 2 and h(n*) = f(h(n)), for all n € w.

When can we be assured that the function /4 in Theorem 4.2.1 is one-to-one?
Our next theorem provides an answer.
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Theorem4.2.2. Let Abeaset,a € A, a ¢ ran(f), and f: A — A be a function.
Suppose that h: w — A satisfies

(1) h(0) =gq,
(2) h(n™) = f(h(n)), for all n € w.

If f is one-to-one, then h is also one-to-one.

Proof. Let /: A — Abe one-to-one,a € 4,a ¢ ran(f),and leth: @ — A sat-
isfy (1) and (2). We prove that for all # € w and all k£ € w, if h(n) = h(k), then
n =k.Let I C w be defined by

I={new:(Vk € w)(h(n)=hk) > n=k)}.
We shall show that / is an inductive set. To prove that 0 € /, we must show that
(Vk € @)(h(0) = h(k) — 0 =k). (4.5)

So let k € w and assume that 4(0) = A(k). By (1), we have /4(0) = a. Hence,
h(k) = a. Suppose that k # 0. Then k = j* for some j € w by Theorem 4.1.6.
Since h(k) = a, we conclude that #(j*) = a. The above item (2) now implies
that f(A(j)) = a. Thus, a € ran(f’), which contradicts the fact that a ¢ ran(f").
Hence, k£ = 0. Therefore, (4.5) holds, and so 0 € /.

Let n € I. In other words, assume the induction hypothesis

(Vk € w)(h(n) = h(k) = n=k). (TH)
We shall prove that nt € I; that is, we will prove that
(Vk € w)(h(n) = h(k) — n™ = k).

Let k € w and suppose that (A) A(n") = h(k). Because n™ # 0, the above (4.5)
and (A) imply that k # 0. So k = j* for some j € w. Hence, h(n™) = h(jT).
Item (2) implies that f(h(n)) = f(h(j)). Since f is one-to-one, we conclude
that 4(n) = h(j). Our induction hypothesis (IH) implies that n» = j, and thus,
nt = j*;thatis,n™ = k. Hence,n* € I, and so/ is an inductive set. Therefore,
I = w and £ is a one-to-one function. O

4.2.1 The Peano Postulates?

The Peano postulates offer an axiomatic foundation for the natural numbers.
These postulates were first presented by the nineteenth-century Italian mathe-
matician Giuseppe Peano. In 1888, Richard Dedekind proposed a set of axioms
about the natural numbers. Peano then published a more precisely formulated
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e S(e) S(S(e) $3e) S*e)

o—r- 00— 00— 00— 0 —> 00— @ - - -

Figure 4.1. A Peano system (N, S, e)

version of these axioms in his 1889 book The principles of arithmetic pre-
sented by a new method [13]. The essence of the Peano postulates shall be
summarized by means of the following two definitions.

Definition 4.2.3. Let S: N — N and let A € N. Then 4 is said to be closed
under S if for all x, if x € 4, then S(x) € 4.

Let (x, y, z) denote an ordered triple, that is, (x, y, z) = ({(x, ), z).

Definition 4.2.4. Let (N, S, ) be an ordered triple that consists of a set N, a
function S: N — N, and a particular element e € N. Then (N, S, e) is a Peano
system if the following three conditions hold:

(1) e ¢ ran(S).
(2) S is one-to-one.
(3) Forall4 C N, if e € 4 and 4 is closed under S, then 4 = N.

The above condition (3) is referred to as the induction postulate. Figure 4.1
illustrates a Peano system.

Theorem 4.1.4 shows that w is inductive. Thus, we can define the function
o0:w— wbyo(n)=n' forall n € w. We can now prove that a Peano system
exists.

Theorem 4.2.5. The triple (w, o, 0) is a Peano system.

Proof. Since w is inductive, we have that 0 € w and that o(n) € w for all
n € w. Clearly, n™ # 0 for all n € w, as n € n* and n ¢ 0. Thus, 0 ¢ ran(o).
Theorem 4.1.12 shows that o is one-to-one. Finally, we need to show that
(w, 0, 0) satisfies the induction postulate. Let 4 C w be such that 0 € 4 and 4
is closed under 0. So 4 C w is inductive. Corollary 4.1.5 implies that 4 = w.
Therefore, (w, o, 0) is a Peano system because it satisfies conditions (1)—(3) of
Definition 4.2.4. O
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Definition 4.2.6. Let (N, S,e) and (N,S,¢’) be Peano systems. Then
(N, S, e) is isomorphic to (N, S’, ¢') when there is a bijection 7: N — N’
such that

(1) m(e) = €, and
2) 7(S(x)) = S'(mw(x)) forall x € N.

The function 7 is said to be an isomorphism from (N, S, e) onto (N, &', ¢').

Two Peano systems are isomorphic if they are essentially the same structure.
We now prove that (w, o, 0) is isomorphic to any Peano system. Thus, the set
of natural numbers w is “the same” as the set N that is used in calculus.

Theorem 4.2.7. Let (N, S, e) be a Peano system. Then (w, o, 0) is isomorphic
to (N, S, e).

Proof. Let (N, S, e) be a Peano system. So S: N — N is one-to-one, e¢ € N,
and e ¢ ran(S). Since o (n) = n™, Theorem 4.2.1 implies that there is a func-
tion 77 : w — N such that

(1) m(0) =e,
@) 7(o(n)) = S(x(n)), forall n € w.

As e ¢ ran(S) and S is one-to-one, Theorem 4.2.2 implies that 7 is one-to-one.
To show that 7 is onto N, we use the induction postulate (Definition 4.2.4(3)).
Clearly, ran(r) € N. Since 7(0) = e, we see that e € ran(). Let x € ran().
Thus, 7 (n) = x for some n € w. Hence, S((n)) = S(x). By (2), we conclude
that 7 (o (n)) = w(nt) = S(x). So S(x) € ran(r), and ran(x) is thereby closed
under S. The induction postulate implies that ran(z) = N, that is, 7 is onto N.
Therefore, 7 is an isomorphism from (w, o, 0) onto (N, S, e). O

Theorem 4.2.7 implies that the Peano postulates characterize the system of
natural numbers (up to isomorphism). Theorem 4.2.7 also implies that any two
Peano systems are isomorphic to each other (see Exercises 7-8).

Exercises 4.2

1. How would one modify the proof of Theorem 4.2.1 in order to establish
the following:
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Theorem. Let A be a set and let a € A. Suppose that : w x A — Ais a
function. Then there exists a unique function h: w — A such that

(1) A(0) = a,

(2) h(nt) = f(n, k(n)), for all n € w.

. Leta € Aand f: 4 — A be a function such that a ¢ ran(f). Suppose that

h: w — A satisfies
(1) h(0) = a,
(2) h(n™) = f(h(n)), for all n € w.

Assume that 4 is one-to-one and onto 4. Prove that f is one-to-one.

. Let A be a set and let a € A. Suppose that /: 4 — A satisfies

(a) a € f(a),
(b) ifx € ythen f(x) € f(»), forall x and y in 4.

Let &: @ — A be as stated in Theorem 4.2.1. Prove that 4(n) € h(n*) for
alln € w.

. Let F: A — A be a function and let y € 4.

(a) Prove that the class S = {B: B C 4, y € B, and F[B] C B} is a set.
(b) Show that S is nonempty.

(c) Let C = () S. Prove that y € C and F[C] C C.

(d) Prove that forall B C A4, if y € B and F[B] € B, then C C B.

(e) Prove that y € F[C] if and only if F[C] = C.

. Let F: A — A be afunctionand letY C 4.

(a) Prove that the class S = {B:Y € B C 4 and F[B] C B} is a set.
(b) Show that S is nonempty.

(c) Let C = () S. Prove that Y € C and F[C] C C.

(d) Prove that forall B C 4, if Y € B and F[B] C B, then C C B.
(e) Prove that Y € F[C] if and only if F[C] = C.

. Let F: A — Abe afunction and let Y C A. The recursion theorem implies

the existence of the function /#: w — P(A) that satisfies:

(1) h(0) = 7,

(2) h(n™) = h(n) U F[h(n)], for all n € w.

Now address the following:

(a) Let Y € B C 4 and F[B] C B. Prove by induction that 4(n) C B for
alln € w.

(b) Let C" = |, 2(n). Prove that Y € C' € 4 and F[C’] ccC.

(c) Prove forall B C 4, if Y € Band F[B] C B, then C' C B.

(d) Let C be as in the previous Exercise 5. Prove that C' = C.
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*7. Let (N, S, e) and (N, §', €') be Peano systems. Let 77 be an isomorphism
from (N, S, e) onto (N', 8, ¢'). Prove that 7! is thus an isomorphism
from (NV', S, €') onto (N, S, e).

*8. Let (N, S, e) and (N, S, €') be Peano systems. Let 7w be an isomorphism
from (N, S, e) onto (w, o, 0), and let p be an isomorphism from (w, o, 0)
onto (N', ', €'). Show that the composition p o 7 is an isomorphism from
(N, S, e) onto (NV', ', €).

Exercise Notes: Exercises 4-5 do not involve Theorem 4.2.1, but they do apply
some of the ideas in its proof. For Exercise 4(e) and for Exercise 5(e), in the
direction (=), prove that F[C] € S. For Exercise 6, item (a) implies (c); to
prove (d), use (b) and (c) together with the results of Exercise 5(c)(d) to show
that C’' C Cand C C C'.

4.3  Arithmetic on @

In this section, the recursion theorem will be used to define the operations of
addition, multiplication, and exponentiation on the natural numbers. We will
also prove the properties of arithmetic that we were taught as children. We first
establish the following result.

Theorem 4.3.1. Let g: w — w and f: w X v — w be functions. Then there
is a unique function h: w X w — w such that for each m € w,

(1) h(m,0) = g(m),
(2) h(m,n*) = f(h(m, n), m), for all n € w.

Proof. For each m € w, by the recursion theorem (viewing m as a constant),
there is a unique function p,, : @ — o such that

(@) pm(0) = g(m),
(b) pu(m™) = f(pm(n), m), foralln € w.

Since p,, is unique for each m € w, the connection m +— p,, thus produces a
function with domain w. We can now define the function 4: w X @ — w by
h(m, n) = p,,(n). The function 4 easily satisfies conditions (1) and (2) for all
m € w, and it is unique. O

95
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The function /4 in Theorem 4.3.1 is defined in terms of two known functions.
Thus, before one can apply Theorem 4.3.1, one must first introduce the two
relevant functions g: w — wand f: v X ® - w.

Recalling Definition 3.5.3, a function of the form 4: B x B — B is called a
binary operation on B. Our next definition is an application of Theorem 4.3.1;
that is, using the functions g(m) = m and f'(k, m) = k*, we define addition on
the natural numbers.

Definition 4.3.2. Let 4: @ x @ — w be the unique function satisfying

(1) A(m, 0) = m,
(2) A(m,n*) = A(m, n)*"

for all natural numbers m and n. The function 4 shall be referred to as addition,
and we define the binary operation + on w to be

m—+n = A(m, n)

for all m and » in w.

Theorem 4.3.3. For all natural numbers m and n,

Al m+0=m,
(A2) m+nt = (m+n)*.

Proof. Let m and n be elements in w. Recalling that A(m, n) = m + n, we see
that (1) and (2) in Definition 4.3.2 immediately produce (A1) and (A2). O

The next proposition shows that m + 1 is equal to m™, the successor of m.
After we prove this proposition, we will show that 2 + 2 = 4.

Proposition 4.3.4. Forallm € o, m+ 1 =m™.

Proof. Letm € w. Since 1 = 0™, we obtain
m+1=m+07"

=(m+0)" by(A2)

=m" by (A1)

and thus, m + 1 = m™. O
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We can now prove that 2 + 2 = 4 as follows:
242=2+1"  because2 =1*
=Q2+1" by
=(2H" by Prop. 4.3.4
=3t as2t =3
=4 as3t =4

Now that we have the operation + of addition, we can apply Theorem 4.3.1
to define multiplication on the natural numbers using the functions g(m) = 0
and f(k,m) =k + m.

Definition 4.3.5. Let M : w x w — w be the unique function satisfying

(1) M(m, 0) =0,
2) M(m,n") = M@m, n)+m

for all natural numbers m and n. The function M is called multiplication, and
we define the binary operation - on w to be

m-n= M(m,n)

for all m and » in w.

Theorem 4.3.6. For all natural numbers m and n,

(M1) m-0=0
M2) m-n"=m-n+m.

Proof. Let m and n be elements in w. Recalling that M (m, n) = m - n, we see
that (1) and (2) in Definition 4.3.5 yields (M1) and (M2). O

Having presented the set-theoretic definitions of addition and multiplication,
we will now show that some of the familiar laws of arithmetic are provable
within set theory. Afterwards, we shall define exponentiation.

Theorem 4.3.7 (Associative Law for Addition). For all m, n, and p in ,

m+(n+p)=(m+n)+p.
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Proof. Let m and n be elements in w, and let
I={pew:m+ n+p)=(m+n)+ p}.
We shall show that 7 is an inductive set. To show that 0 € /, observe that
m+m+0)=m+n by (A1)
=(m+n)+0 by(Al)

and thus, m + (n + 0) = (m +n) + 0, and so 0 € /. Assume that p € 7. Then
m+n+p)=m+@+p’  byA2

=(m+(n+p)" by(A2)

=((m+n)+p)" sincepel

=(m+n)+p"  by(A2).

Therefore, m + (n + p*) = (m + n) + p*, and hence, p* € I. O

For n € w, we know that n 4+ 0 = n by (Al). Since we have not proven that
addition is commutative, we cannot immediately infer that 0 + » = n, and thus,
we must prove that this latter equation holds for all n € w.

Lemma 4.3.8. Foralln € w, we have 0 +n = n.

Proof. We prove that (Vn € w)(0 + n = n) by induction. Let
I={new:0+n=n}

We prove that [ is inductive. Since (A1) implies that 0 4+ 0 = 0, we have that
0€l.Letn el So0+n=n Weprove that 0 + n™ = n* as follows:
0+nt=0+n" by2)

=nt because n € 1.

Therefore, n* € I, and this completes the proof. O

Item (A2) states that m + nt = (m + n)* for natural numbers m and n. We
will now prove that we also have that m™ +n = (m + n)™. Then we will be
able to prove that addition is commutative.

Lemma 4.3.9. Forallm € w and n € o, we have m* +n = (m +n)*.
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Proof. Let m € w be arbitrary. We prove that (Vn € w)(m™ +n = (m + n)*)
by induction. Let

I=new:m"+n=m+n)"}.

To prove the lemma, we just need to show that 7 is inductive. First, we verify
that 0 € 7 by showing that m™ + 0 = (m + 0)* as follows:

mt4+0=mt by (A1)
=m+0)" by(Al.
Thus, 0 € 1. Suppose that n € 1. Then
mt+nt=mt+n)t  by(A2)
= ((m+n)")" becausen eI
=(m+nt)T  by(A2)

and hence, m* + nt = (m + n")*. Therefore, n* € I and [ is inductive.  [J

Lemmas 4.3.8 and 4.3.9 will be used to prove that addition is commutative.
Theorem 4.3.10 (Commutative Law for Addition). For all m and n in w,

m—+n=n-+m.

Proof. Let n be any element in w and let
I={mew:m+n=n+m}.

We prove that [ is an inductive set. Observe that 0 + #n = n + 0 by Lemma 4.3.8
and (A1). So 0 € I. Assume that m € I. Then

mT4+n=@m+n)" byLemmad43.9
=m+m)t sincemel
=n+m*T  by(A2).

Hence, m™ 4+ n = n + m™, and therefore, m™ € I. O

Using proof by induction, we will now show that the familiar distributive
law of arithmetic holds. We will thus have additional evidence to support the
assertion “Mathematics can be embedded in set theory.”

99
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Theorem 4.3.11 (Distributive Law). For all natural numbers m, n, and p,

m-m+p)=m-n+m-p.

Proof. Let#n and m be in w. Now let
I={pew:m-(n+p)=m-n+m-p}.
We will show that [ is an inductive set. To verify that 0 € I, we have
m-m+0)=m-n by (Al)

=m-n+0 by (A1)

=m-n+m-0 byMl).
Thus,m-(n+0)=m-n+m-0,and so 0 € I. Now, suppose that p € I. Then
m-(n+py=m-(n+p)" by (A2)

=m-(n+p)+m by (M2)

=m-n+m-p)+m apel

=m-n+ (m-p-+m) byTheorem4.3.7

=m~n+m-pJr by (M2).

Hence, m™ +n =n+ m™, and thus, m™ € I. O

Our next two theorems verify two fundamental properties of multiplication.

Theorem 4.3.12 (Associative Law for Multiplication). For all m, n, and p
in w,

m-(n-p)=(m-n)-p.

Proof. Letm and n be elements in w and let
I={pew:m-(n-p)=(m-n)- p}.
We shall show that 7 is an inductive set. To show that 0 € /, observe that
m-(m-0)=m-0 by (M1)

=0 by (M1)

=(m-n)-0 by Ml)
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and thus,m - (n-0) = (m-n)-0,and so 0 € /. Assume that p € /. Then
m-(n-p)y=m-(n-p+n) by (M2)
=m-(n-p)+m-n by Theorem4.3.11
=@m-n)-p+m-n sincepel
=(m-n)-p* by (M2).

Therefore, m - (n - p*) = (m - n) - p*, and hence, p* € I. O

Theorem 4.3.13 (Commutative Law for Multiplication). For all m and n
in o,

Proof. See Exercise 6. O

We will now apply Theorem 4.3.1 to define exponentiation on the natural
numbers, using the functions g(m) = 1 and f(k, m) = k - m.

Definition 4.3.14. Let £: w x w — o be the unique function satisfying

(1) E(m,0) =1,
(2) E(m,n") = E(m,n)-m

for all natural numbers m and n. The function £ is called exponentiation. We
define the binary operation, denoted by m", to be

m" = E(m, n)

for all m and » in w.

Theorem 4.3.15. For all natural numbers m and n,

(El) m® =1,
(E2) m" =m" - m.

Exercises 4.3

1. Let m € w and n € w. Suppose m + n = 0. Prove that m = n = 0.

2. Letm € w and n € w. Show thatif m -n =0,thenm =0 orn = 0.
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3. Let m € w and n € w. Prove that for all p € w, if m + p =n + p, then
m=n.

4. Prove that for all n € w, the equality 0 - n = 0 holds.
5. Prove for all m € w and n € w, we have that m* - n =m - n + n.

*6. Let n € w. Using the previous two exercises, prove Theorem 4.3.13 by
showing that the set / = {m € @ : m - n = n - m} is inductive.

7. A natural number nisevenifn =2 -k forsome k € w.If n =2 -i + 1 for
some i € w, then 7 is odd. Prove that for all » € w, either n is even or x is
odd.

8. Let / ={n € w: —(nisevenand n is odd)}. Prove that / is an inductive
set. Conclude that no natural number is both even and odd.

n k

9. Prove for all m, n, and k in w, that m"* = m" - m*.

10. Prove for all m, n, and k in w, that (m - n)F = m"* - n*.

11. Prove for all m, n, and k in w, that (m")* = m™*.

Exercise Notes: For Exercise 1, suppose n # 0 and then use Theorem 4.1.6.
For Exercise 2, assume that n # 0 and use Exercise 1 to prove that m = 0. For
Exercise 3, Theorem 4.1.12 can be used in the inductive step.

4.4 Order on @
We now want to develop a theory of order on the natural numbers. First, we
define the “less than” relation on the natural numbers. Then we prove that this
relation satisfies the trichotomy law (see Theorem 4.4.9) as well as the standard
connections with addition and multiplication. How can we get such a relation
in set theory?

Recall that for each n € w, we defined the successor of # to be the natural
number nt = n U {n}, and thus, n € n*. As a result, we have the following
infinite membership list:

Dele2eld3ede---,
which is very much like the usual relation < on the natural numbers; that is,

0<1<2<3<4---.
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It turns out that the order relation that we need is just “€,” and, in fact, we will
prove that this is the “less than” relation that we were looking for.

Definition 4.4.1. We say that m is less than » if and only if m € n, whenever
m and 7 are in w.

In this section, we will view “€” as the “less than” relation on the natural
numbers, and we shall no longer use the symbol < in our initial discussion of
ordering on w. We will show that the relation € on w satisfies the trichotomy
law, and we will show that € is preserved under the operations of addition and
nonzero multiplication.

Theorem 4.1.11 and Theorem 4.1.13 assert, respectively, that each natural
number 7 is a transitive set and that w is a transitive set. Hence, we have the
following result.

Proposition 4.4.2. Let n be a natural number. Then

(1) ifk en, thenk C n;
2) ifackandk € n, then a € n;
3) ifk € w, then k C w;
4) ifackandk € w, then a € w.

Item (2) proclaims that € is a transitive relation on w. One can also prove,
without using the regularity axiom, that no natural number is “less than” itself.

Lemma 4.4.3. Letn € w. Thenn ¢ n.

Proof. See Exercise 10 on page 88. O

Using Definition 4.4.1, we can now easily define the “less than or equal”
relation on the natural numbers.

Definition 4.4.4. We write m € n if and only if m € n or m = n, whenever m
and » are in .

Since € is a transitive relation on w, it thus follows that € is also a transitive
relation on w. Clearly, € is reflexive. We will now show that it is antisymmetric
(see Definition 3.4.1).
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Lemma 4.4.5. Letm c wandn € w. If m € nand n € m, then m = n.

Proof. Letm € wandn € wsatisfym € nandn € m. Thus,m Cnandn C m
by Proposition 4.4.2(1). Therefore, m = n. O

Hence, € is a partial order on w. Is the relation € a total order on @? To show
that it is, we shall prove that the relation € satisfies the trichotomy law on w.
First, we establish two lemmas.

Lemma 4.4.6. For all m € w, we have that 0 € m.

Proof. We shall prove that the set
I=mew:0ecm}

is inductive. Clearly, 0 € I. Assume m € I. Hence, 0 € m. So either 0 = m or
0 € m. If 0 = m, then, as m € m™, we see that 0 € m™. If 0 € m, then we have
0 € mand m € m™. By transitivity (see Proposition 4.4.2(2)), we conclude that
0 € m™. Thus, in either case, 0 € m™ and so, m™ € I. Therefore, [ is inductive
and ] = w. O

Lemma 4.4.7. For all natural numbers m and n, if m € n, then m* € n™.

Proof. Let m € w. We prove that (Vn € w)(m € n — m™* € n™) by induction.
Let

I=new:(men—m" enh).

Clearly, 0 € I as (m € 0 — m™* € 0T) is true vacuously. Let n € I. To prove
that n* € I, assume that m € n™. We shall show that m™ € (n™)". Observe
that (A) n™ € (n™)". Because m € n', either m € n or m = n. If m € n, then
mt € nt asn € I. Since m* € n*, we see that (A) and transitivity imply that
m* € (n)*. If m = n, then m™ = n*. Thus, (A) implies that m* € (n*)*.
Therefore, n* € 1. O

Corollary 4.4.8. Ifm and n are in w, then m € n if and only if m™ € n*.

Proof. Assume that m € w and n € w. By Lemma 4.4.7, we just need to
prove if m* € n", then m € n. So let m* € n*. Recall that (¥) m € m™. Since
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m* € n*, we have either m™ € norm™ = n. If m™ € n, then m € n by (¥) and
transitivity. Also, if m* = n, then (¥) implies that m € n. O

The following theorem shows that € is a total order on w; that is, for all m
and # in w, eitherm € norn € m.

Theorem 4.4.9 (Trichotomy Law on w). For all m and n in w, exactly one
of the three relationships m € n, m = n, n € m holds.

Proof. First, we show that any two of the relations m € n,m = n, n € m cannot
hold at the same time, whenever m and » are natural numbers. To do this, we
just have to show that the following two conjunctions do not hold:

m € nand m = n, (a)
m e nand n € m, (b)
when m € w and n € w. Conjunction (a) implies that m € m, which contradicts
Lemma 4.4.3. Conjunction (b), by transitivity, also implies that m € m. Hence,
both (a) and (b) do not hold.

We now prove that (Ym € w)(Vn € w)(m € norm = norn € m). To prove
this statement, let m € w and let

I={new:(menorm=nornecm)}

We will show that / is inductive. Lemma 4.4.6 implies that 0 € [. Let n € I,
that is, assume that

MmMEN Or M=n Of n € M. (IH)
We must show that

ment or m=nt or nt em. (4.6)

To do this, we consider each of the three cases in (IH) separately. If m € n,
then m € n™ by the fact that n € n* and transitivity. If m = n, then m € n™*
since n € nt. If n € m, then Lemma 4.4.7 implies that n* € m™. Thus, either
nt € m or n* = m. So in each of these three cases in (IH), we obtain one of
the conjuncts in (4.6). Therefore, n™ € 1, and the proof is complete. O

The trichotomy law will now allow us to do the following:

(1) identify an interesting connection between the relations € and C on the
natural numbers;
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(2) prove that addition and multiplication on the natural numbers preserve the
“less than” relation;

(3) prove that w, the set of natural numbers, satisfies the crucial well-ordering
principle.

Corollary 4.4.10. Ifm and n are in w, then m € n if and only if m C n.

Proof. Let m € w and n € w. Assume that m € n. Because # is transitive, we
have that m C n. Since m € n, Theorem 4.4.9 implies that m # n. So m C n.
To prove the converse, assume m C n. Thus, m # n. From Theorem 4.4.9, we
have either m € norn € m. If n € m, then we would have thatn € n, asm C n.
This contradicts Theorem 4.4.3. Thus, m € n. O]

Corollary 4.4.10 implies that for all natural numbers m and n,
m e n iff m C n.

When m and n are natural numbers, we can now define max(m, n) = mUn,
which is the larger of the two natural numbers m and n (see Exercise 5).

Our next theorem shows that the expected properties of “inequality” hold for
the natural numbers.

Theorem 4.4.11 (Properties of Inequality). For all natural numbers m, n,
and p, the following hold.:

(1) menifandonly ifm+p e n+ p.
) If p#0, thenm e nifandonly ifm-p € n- p.

Proof. Item (1) follows from Exercises 6 and 7 of this section. Similarly, (2) is
established via Exercises 8 and 9. O

Corollary 4.4.12 (Cancellation Laws). For all natural numbers m, n, and p,
the following hold:

() Ifm+p=n+p, thenm = n.
2) If p#0, thenm - p =n- pimplies m = n.

Proof. See Exercise 10. O
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Corollary 4.1.5 (page 85) confirms the fact that the principle of mathematical
induction is provable from the first seven axioms of Zermelo—Fraenkel (ZF) set
theory. Virtually every undergraduate text in mathematics (e.g., number theory,
real analysis, and abstract algebra) just cites this principle and does not attempt
to prove it directly. Our next theorem shows that these seven axioms also imply
the well-ordering principle: Every nonempty subset of w has a least element.

Theorem 4.4.13 (Well-Ordering Principle). Let A be a nonempty subset of
w. Then A has a least element; that is, there is an £ € A such that £ € a for
all a € A.

Proof. Let 4 be a nonempty subset of w. Suppose, for a contradiction, that
A has no least element. Let / = {n € w : n € a for all a € 4}. So I is the set of
n € o that are less than or equal to every element in 4. Note that (A) AN/ = @
because if n € A NI, then n € A and n would be a least element in 4.

We will now show that / is inductive. Clearly, 0 € I, by Lemma 4.4.6. Let
n € I; that is, suppose that n € a for all a € A. Since 4 has no least element,
it follows that n ¢ 4. Therefore, n € a for all a € A. Hence, nt € a for all
a € A by Exercise 3. So n* € I and [ is inductive. Thus, I = @ and (A) now
implies that 4 N @ = &. Nevertheless, because 4 C w and A4 is nonempty, we
also conclude that 4 N w # @. This contradiction completes the proof. O

We end this section with a proof of the strong induction principle on w.

Theorem 4.4.14 (Strong Induction Principle on w). Let A be a subset of @
and suppose that

foralln € w, ifn C A, thenn € A. 4.7)

Then A = w.

Proof. Let 4 C w satisfy (4.7). Suppose, to the contrary, that there is a natural
number that is not in 4. Thus, the set w \ 4 is nonempty. Theorem 4.4.13 now
implies that w \ 4 has a least element n. Hence, n ¢ 4 andifm € n,thenm € 4.
Therefore, n C A. As A satisfies (4.7), we infer that n € 4, a contradiction. []

We can now define a special relation symbol with which we are all familiar.
Let m and n be in w. We define m < n if and only if m € n, and define m < n
if and only if m € m. So in the future there may times when we shall use the
symbols < and <, rather than € and g, if it seems appropriate.
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Remark 4.4.15. Using the system of natural numbers (w, +, -, €), one can give
set-theoretic constructions of the set of integers, the set of rational numbers,
and then the set of real numbers. A method for constructing the set of integers
is suggested in Exercise 9 on page 82. In [5], Enderton gives a more detailed
description of this method and constructs the set of rational numbers and the
set of real numbers.

Exercises 4.4

*3.

*5.
*6.

7.

*8.

*9,

*10.
11.
*12.

13.

*14.

. Letn € w. Show that 1 € n.

P

Let m and 7 be in . Show that if m € n*, then m € n.

Let n and a be in w. Show that if n € a, then nt € a.

. Let I be inductive and let a € w. Prove that {n € [ : n € aora C n} is

inductive.
Let m and n be in . Suppose that m € n. Prove that max(m, n) = n.

Let m and n be natural numbers. Prove that for all p € w, if m € n, then
m+pen+ p.

Let m € w and n € w. Prove that for all p € w, if m + p € n+ p, then
m € n.

Let m and n be natural numbers. Prove that for all p € w, if m € n, then
m-pten-p".

Let m € w and n € w. Prove that for all p € w, if m- p* € n- p*, then
m € n.

Use Theorem 4.4.11 and Theorem 4.4.9 to prove Corollary 4.4.12.

Let m € w. Prove that m € m + p*, for all p € w.

Let m € w. Prove that for all n € w, if m € n, then m + p* = n for some
p € w.

Let m and 7 be in w. Prove that m € n if and only if m + p* = n for some
pE w.

Suppose that F': @ — w satisfies F(n) € F(n") forall n € w.

(a) Prove that F is an increasing function; that is, show that for all m € w
and all n € w, if m € n, then F (m) € F(n).

(b) Prove that F' is one-to-one.
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15. Prove that there is no function F: w — w satisfying F(n*) € F(n) for
alln € w.

16. Let #n € w and let E C n™ be nonempty. Prove that £ has a largest ele-
ment; that is, there is an m € E such thate € m forall e € E.

17. Let F: @ — w. Prove that for all n € w, the set F[n*] has a largest ele-
ment.

18. Prove forall n € w, if f: n — o, then ran(f) C k, for some k € w.
19. Let d be in w. Suppose that 0 € d. Let
I={new:n=gq-d+rforsomeq,r € wwherer € d}.
Prove that / is an inductive set.

20. Letn,d, q,1, ¢, ¥ be in w with 0 € d. Assume that n = ¢ - d + r where
red,and n=¢q -d+r wherer € d. Prove that g = ¢’ and r = 7. To
prove that ¢ = ¢/, suppose to the contrary that ¢ € ¢’ (without loss of gen-
erality). By Exercise 12, there is a p € w so that ¢ + p™ = ¢’. Complete
the following:

(a) Show thatr = dp* + 7.

(b) Show that d € dp* and dp™ € dp* +#. Then show that d € 7,
which is a contradiction. Conclude that g = ¢'.

(c) Now show that » = 7.

Exercise Notes: For Exercise 3, apply Theorem 4.4.9. For Exercise 4, apply
Exercise 3. For Exercise 6, use induction. For Exercise 7, apply Exercise 6 and
Theorem 4.4.9. For Exercise 8, use induction. For Exercise 9, use Exercise 8
and Theorem 4.4.9. For Exercise 13, use Exercises 11-12. For Exercise 14,
let m € @ and prove that / = {n € w : m € n — F(m) € F(n)} is inductive.
For Exercise 15, one can apply Theorem 4.4.13 and proof by contradiction:
Assume that there is such function F. Let 4 = {F(n) : n € w} # @. Let £ be
the least element in 4. Thus, £ = F (k) for a k € w. For Exercise 16, use the
well-ordering principle and Exercise 2. For Exercise 17, use induction and
review 3.3.8(3) on page 60. For Exercise 18, prove that

I={new:forall f,if f: n - w,thenran(f) C k for some k € w}

is an inductive set. For Exercise 19, in the inductive step one can use Exercise 3.
Exercises 19-20 yield a proof the Division Algorithm: Let n and d be natural
numbers, where d > 1. Then there exist unique natural numbers q and r such
thatn =dq+rand0 <r <d.
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The size of a finite set can be measured simply by counting; for example, the
size of the set X = {1, 2, 3,4, ..., 10} is 10 because it has 10 elements, and the
size of the sets ¥ = {m, 2,30} and Z = {9, 11, —1} is 3. Clearly, the size of X
is bigger than the size of Y. Moreover, the sets ¥ and Z have the same size. Can
the concept of “size” be extended to infinite sets? Is there a way, which does not
involve counting, of showing that two sets have the same size? Georg Cantor
was the first mathematician to seriously address and answer these questions.
Cantor found a way to measure the size of any infinite set. He first observed
that two sets 4 and B have the same size if there is a one-to-one correspondence
between A4 and B, that is, there is a way of evenly matching the elements in A
with the elements in B. In other words, Cantor observed that 4 and B have the
same size if there is a bijection f: 4 — B.

The arrow diagram in Figure 5.1 represents a bijection. As a result, we can
use this bijection to construct the following one-to-one correspondence (5.1)
between the sets 4 and B:

A: b ¢ d e
T v 9 5.1
8 1 3 6

W\ < Q

B:

Hence, the function f allows us to set up a pairing between the elements in
A and the elements in B such that each element in A4 is matched with exactly
one element in B, and each element in B is thereby matched with exactly one
element in 4. Cantor observed that we can now conclude, without counting,
that the sets 4 and B have the same size.

For another illustration, let £ = {k € w : kiseven}, and let f: w — E be
defined by f(n) = 2n. As f is a bijection, we obtain the following one-to-one
correspondence between the set @ of natural numbers and the set £ of even
natural numbers:

w: 01 2 3 4 5 6
O
E: 0 2 4 6 8 10 12 --- 2n
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Figure 5.1. Arrow diagram of a bijection

Therefore, each natural number »n corresponds to the even number 27, and each
even natural number 2i is thereby matched with i € w. The bijection f: @ — E
specifies a one-to-one match-up between the elements in @ and the elements
in £. Cantor concluded that the sets w and £ have the same size.

After discovering how to determine if two infinite sets have the same size,
Cantor proved that the set Q of rational numbers has the same size as the set
w of natural numbers. As a result, Cantor then conjectured that the set of real
numbers also has the same size as w. It came as a complete surprise to Georg
Cantor when, in 1874, he discovered that these two infinite sets have different
sizes. In fact, Cantor showed that the set of real numbers is much larger than
the set of natural numbers. This unexpected result would have an enormous
impact on the future of mathematics.

When Cantor first presented his new research on the size of infinite sets,
some of his contemporaries actually refused to acknowledge his discover-
ies. Moreover, Henri Poincaré referred to Cantor’s work as a “grave disease”
that would infect mathematics. Nevertheless, Cantor and his important ideas
would eventually be recognized. In 1904, the Royal Society presented Cantor
with its prestigious Sylvester Medal for his “brilliant” mathematical research.
David Hilbert, a very influential mathematician, described Cantor’s work
as

the finest product of mathematical genius and one of the supreme
achievements of purely intellectual human activity.

In this chapter, we shall investigate Cantor’s early work in set theory. First,
we will formally define and examine the notion of a finite set, and then we will
classify sets into two categories: sets whose elements can be enumerated in a
sequence indexed by the natural numbers (countable sets) and those sets for
which it is impossible to so enumerate all of their elements (uncountable sets).
We will also examine Cantor’s fundamental definitions and theorems on the
cardinality (size) of sets.
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5.1 Finite Sets

A set is infinite, of course, if it is not finite. Moreover, a set is finite if it has at
most #» many elements for some natural number . The next definition is just a
mathematical rewording of this notion.

Definition 5.1.1. A set X is finite if and only if there is a one-to-one function
f: X — n for some natural number 7.

It follows, vacuously, that the empty set is finite. Now that we have a formal
definition of a finite set, we can now use the Well-Ordering Principle 4.4.13 to
precisely define the notion of the “number of elements” in a finite set.

Definition 5.1.2. Suppose that X is a finite set. Let n be the least natural num-
ber such that there is a one-to-one function f: X — n. Then #n is the number
of elements in the set X, and we write |.X| = n.

In particular, we have that |&| = 0 (see Remark 3.3.7 and the paragraph just
prior to Definition 3.3.17).

Theorem 5.1.3. Let A be finite and letn = |A|. If f: A — n is one-to-one, then
[ is onto n.

Proof. Let A be a finite set. If 4 = &, then |4| = 0 and any function f: 4 — 0
is vacuously onto 0. So now assume that 4 # &. Letn = [4| andlet f: 4 — n
be one-to-one. Suppose, to the contrary, that f is not onto #n. Let k € n be so
that k ¢ ran(f). Because n # 0, there is an m € w such that n = m™. Since
k € n=m", we have either k = mork € m. If k = m, then f: A — mand f
is one-to-one. As m € n, we conclude that |[4| € n, which is a contradiction. If
k € m, then define the function g: 4 — m by

(@) = k, if f(a) = m;
SV r@. it f@) #m.

Since f is one-to-one, it follows that g: 4 — m is also one-to-one. Moreover,
because m € n, we conclude that |4| € n, which is again a contradiction. [
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Corollary 5.1.4. If A is finite and n = |A|, then there is a bijection f: A — n.

Proof. Suppose that 4 is finite and let n = |4|. By Definition 5.1.2 there exists

a one-to-one function f: 4 — n. Theorem 5.1.3 implies that f is a bijection.
O

Theorem 5.1.5. Let f: A — A be one-to-one where A is a finite set. Then f is
onto A.

Proof. Let /: 4 — A be one-to-one where 4 is finite. Let n € w be such that
|A| = n. By Definition 5.1.2, let h: A — n be one-to-one. Theorems 3.3.19
and 5.1.3 imply that (Ao f): A — n is a bijection. To prove that f is onto A4,
let y € A. Since h(y) € n, there exists an x € A such that (ko f)(x) = h(y). So
h(f(x)) = h(y), and thus, f(x) = y as & is one-to-one. Hence, f isonto 4. [

Corollary 5.1.6. Let f: A — A be one-to-one and not onto A. Then A is
infinite.

The following theorem confirms that two finite sets have the same number of
elements if and only if there exists a one-to-one correspondence between the
two sets.

Theorem 5.1.7. Let A and B be finite sets. Then there is a bijection h: A — B
if and only if |A| = |B).

Proof. See Exercise 4. O

Recall that nt = {0, 1,2, 3, ..., n}. Since the identity function from »n* to
n' is one-to-one, we see from Definition 5.1.2 that |n*| € n™.

Theorem 5.1.8. For all natural numbers n, we have that |n| = n.

Proof. We prove that I = {n € w : |n| = n} is an inductive set. As |&| = 0,
we see that |0] = 0 and hence, 0 € I. Let n € I. Thus, |n| =n. Let m = |err
and let F: n* — m be one-to-one. So m € n™. To prove that m = n™, sup-
pose to the contrary that m € n*. Therefore, (A) m € n. Since F: n* — m is
one-to-one, it clearly follows that (F' [ n): n — m is one-to-one. As |n| =n,
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we have that n € m. It now follows from (A) that m = n. Because |n| =n
and (F | n) is one-to-one, Theorem 5.1.3 implies that /' | n is onto m. Since
F(n) € m, it follows that F'(n) = F (i) for some i € n. This contradicts the fact
that F is one-to-one. Therefore, m = n™ and so n™ € I. O

Corollary 5.1.9 (Pigeonhole Principle). Let m and n be natural numbers
and let [ n — m be a function. If m € n, then f is not one-to-one.

Theorem 5.1.10. The set w is an infinite set.

Proof. Suppose w is finite. Thus, there is a one-to-one function F': w — n for
some 1 € w. Since F is one-to-one, the restriction (F | nt): n™ — n is also
one-to-one, and this contradicts Corollary 5.1.9. O

Corollary 5.1.11. If G: w — A is one-to-one, then A is an infinite set.

Proof. See Exercise 21. O

The pigeonhole principle implies a “dual” version involving surjections.

Lemma 5.1.12. Ifm e nand f: m — nwherem € w and n € w, then f is not
onto n.

Proof. Letm € n where n and m are natural numbers. Suppose, to the contrary,
that ' m — n is onto n. We can therefore define the function g: n — m by

g(x) = the least i € m such that (i) = x. (5.2)

We now show that g is one-to-one. Letx € n and y € n be such that g(x) = g(»).
Hence, f(g(x)) = f(g(y)). By the definition (5.2) of g, we have that x = y. So
g: n — m is one-to-one, which contradicts Corollary 5.1.9, because m € n.

O

Theorem 5.1.13. If N is finite and f: N — N is onto N, then [ is one-to-one.

Proof. Let N be finite and /: N — N be onto N. Also, let n € w be such that
|IN| = n. Assume f(a) = f(b) wherea € N, b€ N, and a # b. So n # 0 and
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n = kT for some k € w. Let K = N \ {a}. Thus, |K| = k (see Exercise 13) and
(f 1 K): K— N is onto N. Since |K| = k and |N| = n, there is a function
g: k — n that is onto n (see Exercise 14), contradicting Lemma 5.1.12, as
k € n. Therefore, f is one-to-one. O

Theorem 5.1.14. If A is a finite set, then P(A) is finite.

Proof. We will use proof by induction. Let
I ={new:forall X,if |X| = n, then P(X) is finite}.

If | X| =0, then X = @ and P(X) = {@} is finite. Hence, 0 € I. Letn € 1. To
prove that nt € I, let X be such that |X| = n". So X is nonempty. Leta € X.
Thus, |X \ {a}| = n (see Exercise 13). As n € I, we conclude that P(X \ {a})
is finite. By Corollary 5.1.4, there exists a bijection f: P(X \ {a}) — m where
m = |P(X \ {a})|. Define h: P(X) — m + m by

| ifa¢Us

) (5.3)
m+ f(U\{a}), ifaeU.

hU)
To prove that / is one-to-one, suppose that 2(U) = h(V) with U € P(X) and
V e P(X). Thus, h(U) = h(V') =i for some i € 2m. There are two cases to
consider: i e mand m € i. If i e m, thena ¢ U and a ¢ V', by (5.3). Because
h(U) = h(V'), we conclude that f(U) = f(V). So U =V since f is one-to-
one. If m € i, then (5.3) implies thata € U anda € V. As h(U) = h(V'), (5.3)
asserts that m + f(U \ {a}) = m+ f(V' \{a}). So f(U\{a}) = (V' \ {a}).
Hence, U \ {a} = V' \ {a} because f is one-to-one. It therefore follows that
U =V.Since h: P(X) — 2m is one-to-one and 2m € w, we have that P(X)
is finite. Thus, n* € I and the proof is complete. O

Exercises 5.1

1. In our proof of Theorem 5.1.3, under the case that k € m, we did not show
that the function g is one-to-one. Complete the proof by proving that g is
one-to-one.

2. Suppose that the set B is finite and 4 € B. Prove that 4 is finite.

3. Let 4 and B be two finite sets, and let /: 4 — B be one-to-one. Prove
that |4| < |B|.
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4

*5.

*9,

10.

11.
*12.
*13.
*14.

*15.
16.
*17.

18.
19.

20.
*21.
*22.

*23.

. Using Exercise 3 and Corollary 5.1.4, prove Theorem 5.1.7.

Letn € wand let f: n — A. Prove that f[n] is finite.

. Let 4 be finite and let f': 4 — w. Prove that ran(f) C k, for some k € w.
. Suppose that f: A — n is a bijection, where n € w. Prove that |4| = n.

. Let f: w x @ — w be defined by f(i, j) =2’ - 3/. Prove that f is one-
to-one. Prove that if i < m and j < n, then f(i, j) < f(m, n).

Prove that p: @ x w — o defined by p(i, j) = 2/(2j + 1) — 1 is one-to-
one and is onto w. Prove that if i € m and j € n, then p(i, j) € p(m, n).

Prove there exists a one-to-one function f: w — w X w that is onto
® X o.

Suppose that 4 and B are disjoint finite sets. Prove that 4 U B is finite.
Let A be an infinite set and B be a finite set. Prove that 4 \ B is infinite.
Let k € w. Suppose that |[A| = k* and a € A. Prove that |4 \ {a}| = .

Suppose that |[K| =k, |[N| =n, and f: K — N is onto N where k € w
and n € w. Show that there is a function g: k — n that is onto n.

Suppose that 4 and B are finite sets. Prove that 4 U B is finite.
Let n € w. Suppose that f: n — A is onto A. Prove that 4 is finite.

Let A be a finite set. Prove that there exists an f: n — A that is onto 4
for some n € w.

Suppose that f: A — B is onto B where 4 is finite. Prove that B is finite.

Let n € w and {4; : i € n} be such that 4; is finite for all i € n. Prove, by
induction, that | J,_, 4; is finite. [Use Exercise 15 in the inductive step.]
Suppose that 4 and B are finite sets. Prove that 4 x B is finite.

Prove Corollary 5.1.11.

Let (4; : i € I) be an indexed function where [ is a finite set and 4; # &
for all i € /. Without using the axiom of choice, prove by induction on
|7| that there is an indexed function (x; : i € I) such that x; € 4; for all
iel

Using Exercise 7, modify the proof of Theorem 5.1.14 to show that if
|A| = n, then |P(4)| = 2".
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Exercise Notes: For Exercise 6, apply Exercise 18 on page 109. For Exercise 7,
use Theorems 5.1.7 and 5.1.8. For Exercise 9, if 1 € m, then m — 1 =Jm
(see Theorems 4.1.6 and 4.1.10). To prove p is onto w, apply Theorem 4.4.13
to prove that for all n € w, if 1 € n, then n = 2/(2j + 1) for some i € w and
j € w. Note: if k € w, then k = k* — 1. For Exercise 10, use Exercise 9. For
Exercise 12, apply Exercise 11. For Exercise 16, let [, = {i € n : f(i) = a} for
a € A. Since f is onto 4, each the set /, is nonempty and has a least element.
For Exercise 17, use Corollary 5.1.4. For Exercise 18, apply Exercises 16-17.
For Exercise 20, apply Exercise 9. For Exercise 21, recall Theorem 3.3.19. For
Exercise 22, the result is true vacuously if |/| = 0. For Exercise 23, note that
if m € i € m + m, then Exercise 12 on page 108 and Theorem 4.4.11(1) imply
thati=m+ k forak € m.

5.2 Countable Sets

Recall that w = {0, 1, 2, 3, ... } is the set of natural numbers. A set is countable
if it has the same size as some subset of w. In other words, a set is countable
if there is a one-to-one correspondence between the set and a subset of w. Our
next definition captures this concept in mathematical terms.

Definition 5.2.1. A set X is countable if and only if there exists a one-to-one
function /: X — w.

So by Definition 5.1.1, every finite set is countable (as # C w, for all n € w).
Every subset S of w is also countable, since the identity function i: § — w is
one-to-one, where i(x) = x for all x € S. Thus, in particular, the set of natural
numbers  is countable. One can also show that the set of integers and the set
of rational numbers are countable (see Exercises 4 and 5). We will prove in
Section 5.3 that the set of real numbers is not countable.

Definition 5.2.2. A set X is countably infinite if it is countable and infinite.

For example, the set w is countably infinite as it is countable and infinite by
Theorem 5.1.10. When one can prove that a set is countable and it is clear that
it is infinite, then we can conclude that the set is countably infinite.
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Theorem 5.2.3. Suppose that A and B are sets where B is countable. If there is
an injection g: A — B, then A is countable.

Proof. Let A and B be sets where B is countable. Let g: 4 — B be one-to-one.
We shall prove that 4 is countable. Since B is countable, there is a one-to-one
function f: B — w. Thus, by Theorem 3.3.19, (f 0 g): A — w is an injection.
We conclude that 4 is countable. O

Theorem 5.2.4. If B is a countable set and A C B, then A is countable.

Proof. Assume that B is a countable set and 4 € B. Leti: 4 — B be the iden-
tity function, that is, i(x) = x for all x € 4. Since i is one-to-one, Theorem 5.2.3
implies that 4 is countable. O

Theorem 5.2.5. I A and B are countable sets, then A U B is countable.

Proof. Let 4 and B be countable. So there are one-to-one functions f/: 4 — w
and g: B — w. Now define the function #: A UB — w by

h(x) = 2. f(x), ifx € 4; 5.4)
VT2 00041, ifxeB\4, '

for each x € 4 U B. We prove that #: 4 U B — w is one-to-one. Let x and y
be in 4 U B and assume /4(x) = h(y). We shall prove that x = y. First, because
h(x) = h(y), we cannot have x € 4 and y € B\ 4. To see this, suppose that
x€Aandye€ B\ A. So, as h(x) = h(y), we infer that 2 - f(x) =2 - g(x) + 1
from (5.4); but this is impossible because a natural number cannot be both even
and odd. Similarly, we cannot have y € 4 and x € B \ 4. Hence, either x and
y are both in A4, or they are both in B\ 4. If x and y are in 4, then 2 - f(x) =
2. f(y). Thus, f(x) = f(y) and so x = y, because f is one-to-one. If x and
yarein B\ 4,then2-g(x)+ 1 =2-g(y) + 1. We conclude that g(x) = g(»).
Since g is one-to-one, we have x = y. Therefore, / is one-to-one and 4 U B is
countable. O

One can prove by mathematical induction, using Theorem 5.2.5, that a finite
union of countable sets is also countable. We will not do this here, because we
will soon prove a more general result (see Corollary 5.2.10).
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Our next result demonstrates that every countably infinite set can be put into
a one-to-one correspondence with the set of natural numbers.

Theorem 5.2.6. If A is countably infinite, then there is a bijection g: w — A.

Proof. Let 4 be a countably infinite set. Thus, there exists a one-to-one func-
tion f: A — w. Since 4 is not finite, the range of / must be an infinite subset
of w. Let Y =ran(f). So f: 4 — Y is a bijection. Hence, f~': Y — 4 is
also a bijection, via Theorem 3.3.18. Because Y is an infinite set of natural
numbers, there is a bijection #: w — Y by Exercise 13. Letg = f~' o h. The-
orems 3.3.19 and 3.3.20 now imply that g: w — A is a bijection. O

Corollary 5.2.7. A set A is countably infinite if and only if there is a bijection
g:w— A

Proof. If 4 is countably infinite, then Theorem 5.2.6 implies that there exists a
bijection g: w — A. Conversely, suppose that g: w — 4 is a bijection. Since g
is one-to-one, 4 is infinite by Corollary 5.1.11. As gis onto 4, Theorem 3.3.18
asserts the existence of the inverse function g~!: 4 — o that is one-to-one.
Hence, A4 is countable and infinite. O

Theorem 5.2.8. If A is a countably infinite set, then there exists an enumeration
ag, ai, az, ..., Ay, ... of all the elements in A such that each element in A
appears in this enumeration exactly once.

Proof. Assume that 4 is countably infinite. Thus, by Theorem 5.2.6, there is
a bijection g: w — A. For each n € w, let a, = g(n). Since g is one-to-one
and onto 4, it follows that the enumeration ay, a1, az, .. ., @y, . .. lists every
element in A4 exactly once. O

Theorem 5.2.8 implies that each countably infinite set is also denumerable;
that is, we can list the elements of a denumerable set in the same way that we
list the natural numbers, namely, 0, 1, 2, 3,4, 5, .... We will soon show that it
is impossible to list all of the real numbers in such a manner. In other words, R
is not denumerable.

Theorem 5.2.9 (AC). If{4; : i € w} is such that A; is countable for each i € w,
then | J A; is countable.

icw
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Proof. Suppose that {4; : i € w} is a set of countable sets. Because each 4; is
countable, the axiom of choice implies that for every i € w there is a one-to-
one function f;: A; — w. In other words, by the axiom of choice, there is a
choice function (f; : i € w) for the indexed function (F; : i € w) where each F;
is the set of all the one-to-one functions of the form 4: 4; — w.

Now let p: w X w — w be a one-to-one function (see Exercise 9, page 116).
Define the function g: | J,., 4; = o by

icw
g(x) = p(i, fi(x)) where i is the least i € @ such thatx € 4;,

for all x € |, 4i- To prove that g is one-to-one, assume that g(x) = g(»)
where x and y are in | J,., 4;. Let i € w be the least natural number such that
x € A;, and also let j € w be the least such that y € 4;. Since g(x) = g(y), we
have p(i, fi(x)) = p(J, fj(x)). Because p is one-to-one, it follows that i = j
and f;(x) = f;(»). Thus, fi(x) = fi(v) and so x =y, as f; is one-to-one. There-

fore, g is one-to-one and [ J,.,, 4; is countable. O

We can now prove that a countable union of countable sets is also countable.
Therefore, countable sets can be used to construct many more countable sets.

Corollary 5.2.10 (AC). Let A be countable and suppose that each B € A is
also countable. Then | J A is countable.

Proof. Let A be as in the statement of the corollary. Thus, there is a one-to-
one function #: A — w. If A = @, then | J. A = & is countable. So assume
A # @ and let By € A be fixed. Consider the indexed set {4, : i € w} defined
by

o _ |B ifieran(h)and h(B) = i;
" | By, ifi¢ ran(h),

for each i € w. Therefore, 4; is countable for every i € w, and | J A = | 4.
icw

Theorem 5.2.9 now implies that |_J A is countable. O

Since a finite set is countable, Corollary 5.2.10 implies that a finite union of
countable sets is also countable.

Corollary 5.2.11 (AC). Ifthe indexed set {A; : i € I} is such that I is countable

and A; is countable for each i € I, then | ) A; is countable.
iel
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Let 4 be a set and let n be a natural number. Recalling Definition 3.3.6, we
have that "4 = {f : f is a function from 7n to 4}. The set "4 can be viewed as
the set of all sequences of elements in 4 of length ».

Theorem 5.2.12. Let A be a countable set. Then "4 is countable, for all n € w.

Proof. Let 4 be countable. Thus, there is a one-to-one function £: 4 — w.
Let I = {n € w : "4 is countable}. We shall prove that / is inductive. Since
%4 = {@} (see Remark 3.3.7), the set %4 is countable. Thus, 0 € /. Let n € 1.
Therefore, "4 is countable. So let g: "4 — w be one-to-one. By Exercise 9 on
page 116, there is a one-to-one function p: @ X w — w. Define A: "4 >
by

h(f) = pe(f [ n), £(f(n))

for all f € "'A. We will now prove that / is one-to-one, and thus conclude that
"4 is countable. Let fe "4 and q € "'4. Assume that h(f) = h(q). Therefore,

p@E(f I n), €(f(n) = p(g(g [ n), £(g(n)).
Because p is one-to-one, we conclude that
g(f I'n)=g(g [ n)and £(f(n)) = £(q(n).

Since g and ¢ are one-to-one, we infer that f [ n =g [ n and f(n) = q(n).
Thus, by Lemma 3.3.5, /' = g. So % is one-to-one. Therefore, n* € I. O

By applying Theorem 2.1.3, one can show that the following class is a set:
Y4 = {f : for some n € w, { is a function from n to 4}.

So for every function f: n — A, where n € w, we have that /' € <“4. Clearly,

g =|_J"a. (5.5)

new

Theorem 5.2.13 (AC). Let A be a countable set. Then €“A is countable.

Proof. If 4 is countable, Theorem 5.2.12 asserts that "4 is countable, for every
n € w. Equation (5.5) and Theorem 5.2.9 thus imply that “4 is countable. [J

Corollary 5.2.14 (AC). If A is countable, then the set of all finite subsets of A
is also countable.
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Proof. Let F, be set of all finite subsets of 4. Define the function G: €“4 — F;
by G(f) = ran(f"). Exercise 17 on page 116 implies that G is onto F. Hence,
F is countable by Theorem 5.2.13 and Exercise 10. O

Remark 5.2.15. With a little more work, one can prove Theorem 5.2.13 (and
Corollary 5.2.14) without appealing to the axiom of choice. We outline two
such proofs below. The first proof is inspired by the proof of Theorem 5.2.12,
and the second proof applies the fundamental theorem of arithmetic (see [,
Theorem 4.7.7]).

1. Suppose that £: 4 — w and p: w X w — w are one-to-one functions. By
the Recursion Theorem 4.2.1, one obtains the indexed function (A, : n € w),
where h,,: "4 — w for all n € w, such that

(1) ho(@) = 0 (recall that °4 = {@});

) hue (f) = plha(f | n), £(f (n)) for all f € "4.

One can prove that each #4,: "4 — w is one-to-one by induction. Clearly,
hy is one-to-one. In the inductive step, one applies the argument used in

the proof of Theorem 5.2.12. One now “glues the functions #, together” by
defining G: €“4 — w by

G(f) = p(n, h(f)) where n = dom(f).

One can now prove that G is one-to-one and thus, €“4 is countable.
2. Let£: A — w be one-to-one. One must first prove that “w is countable. To
do this, define H: ““w — w by

1, if dom(f) = 0;

H =
) {2f(0)+1 3/ 5@t O i dom(f) = kT,

where p; is the i-th prime. By the fundamental theorem of arithmetic, the
function H is one-to-one. Hence, €“w is countable. Since £: 4 — w, define
G: ““4 — ““w by G(f) = £ o f. Therefore, if f: n — A, then G(f): n —
o (see Theorem 3.3.10). As £ is one-to-one, it follows that G is one-to-
one. Therefore, because ““w is countable, Theorem 5.2.3 implies that €“A4 is
countable.

Exercises 5.2

1. Let A=1{4,8,12,16,...} and let B={n € 7Z : n < —25}. Define a
bijection /: A — w, and define a bijection g: B — w.

2. Let 4 and B be as in Exercise 1. Define an injection 2: A U B — w.
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*S.

*10.

*11.

12.
*13.

. Show that the set of negative integers Z~ is countable.

*4,

Conclude from Exercise 3 that set of integers Z is countable.

Let p: @ X w — o be one-to-one (see Exercise 9 on page 116). Using p,
show that the set of positive rational numbers Q% is countable. Conclude
that the set of negative rational numbers Q™ is countable and the set Q is
countable.

. Let 4 and B be two countably infinite sets. Prove that there exists a bijec-

tion f: 4 — B.

. Let 4 and B be countable sets. Prove that 4 x B is countable.

. Let 4 be a set. Suppose that /: w — A4 is onto 4. Prove that 4 is count-

able.

. Let 4 be a nonempty countable set. Prove that there exists an f: w — 4

that is onto A4.

Suppose that f: 4 — B is onto B where A4 is countable. Prove that B is
also countable.

(AC) Let 4 be an infinite set and let C = P(4) \ {@}. By Theorem 3.3.24,
there exists a function g: C — 4 such that g(B) € B for all B € C. One
can show (see Theorem 6.2.3) that there is a function #: w — A such that

h(n) = g(A \ h[n]), for all n € w.

Prove that #: w — A is one-to-one.

Let 4 be a finite set. Prove that "4 is finite, for all #» € w.

Let Y C w be infinite and a be the least element in Y. Define f: ¥ — Y
by

f(n) = the least elementin {k € Y : n € k}.

By the recursion theorem, there is a function /#: w — Y such that

(1) ~(0) =a,
(2) h(nt) = f(h(n)), forall n € w.

Show that 4(n) € h(n™) for each n € w. Conclude, from Exercise 14 on
page 108, that / is an increasing, one-to-one function. Prove that for each
k € w there is an i € w so that k € A(i). Prove that ran(#) = Y and that
h: w — Y is a bijection.
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14. Let Z[x] be the set of polynomials in x with integer coefficients, that is,
ZIx] ={ao+ax+ - +ax* ke wand a; € Z forall i € k*}.
Define a surjection f: €°Z — Z[x]. Now show that Z[x] is countable.

15. A real number a is said to be algebraic if p(a) = 0 for some p(x) € Z[x]
(see Exercise 14). For p(x) € Z[x], let Ry = {a € R : p(a) = 0}. Since
a polynomial in Z[x] has only finitely many roots, each set R ) is finite.
Let A be the set of all algebraic numbers, that is, A = ,,)czpq Ro)-
Prove that A is countable.

Exercise Notes: For Exercise 5, first assume each x € Q is in reduced form.
For Exercise 6, first review the three Theorems 3.3.18-3.3.20. For Exercise 8,
let I, ={n € w: f(n) = a} for each a € A. Because f is onto A4, each [, is
nonempty and has a least element. For Exercise 10, use Exercises 8-9. For
Exercise 12, modify the proof of Theorem 5.2.12. For Exercise 13, show that
foreveryi € Y and j €Y, if i € j, then f(i) € f(j). Now use induction. To
prove that ran(%) = Y, one can apply Theorem 4.4.13. For Exercise 14, apply
Theorem 5.2.13 with Exercises 4 and 10. For Exercise 15, use Exercise 14 and
Corollary 5.2.11.

5.3 Uncountable Sets

In Section 5.2, we established the existence of many countable sets. One might
begin to believe that all sets are countable. Are there sets that are not countable?
We will soon prove that such sets exist. First, we identify a slightly easier way
to say that a set is “not countable.”

Definition 5.3.1. A set X is uncountable if it is not countable, that is, if there
is no one-to-one function f: X — w.

Cantor was the first mathematician to prove that an uncountable set exists.
In his proof, Cantor introduced a new and powerful proof technique that is
often identified as a Cantor’s diagonal argument. This argument has had a
profound influence on mathematics ever since its introduction. In particular,
diagonal arguments now frequently appear in mathematical logic and in com-
putability theory. The proof of our next theorem illustrates Cantor’s diagonal
argument.
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Theorem 5.3.2. Let F = “{0, 1} be the set of all the functions [: o — {0, 1}.
Then F is uncountable.

Proof. Let F be as stated in the theorem. We will prove that F is uncountable.
Suppose, for a contradiction, that the set F is countable. Because JF is infinite
(see Exercise 8), Theorem 5.2.8 implies that there is an enumeration

Jos Jus fasoos fos o (5.6)

of all the functions in JF; that is, every function in F appears in the list (5.6).
Define the function g: w — {0, 1} by

1, if (i) = 0;
giy=1" (5.7)
0, iffii)=1,

for each i € w. As g: w — {0, 1}, we see that g € F. Since every function in
F is in the list (5.6), we conclude that the function g appears in this list. Hence,
there is an n € w such that g = f,. Therefore, g(i) = f,,(i) for all i € w. So, in
particular, (A) g(n) = f,(n). Since f, € F, either f,(n) =0 or f,(n) = 1. If
fn(n) =0, then g(n) = 1 by (5.7). Thus, (A) implies that 1 = 0, a contradic-
tion. If f,(n) = 1, then g(n) = 0 by (5.7). Again, (A) implies that 0 = 1, which
is a contradiction. Therefore, F is uncountable. O

Where is the diagonal?

Are you wondering why the technique used in the proof of Theorem 5.3.2 is
referred to as a diagonal argument? To answer this inquiry, we shall now revisit
this proof. Given a function f: w — {0, 1}, there is a way of writing the values
of f as an infinite sequence of terms from the set {0, 1}. For example, suppose
f(@)=0ifiisevenand f(i) = 1ifiis odd. So

SO =0, f(H=1 72)=0, fG =1 fH=0, ...,

and we can represent f as follows: f = (0, 1,0, 1,0, 1,0, 1, ...). Further-
more, if #: v — {0, 1} is represented by

h=(1,1,0,1,0,1,1,...),

then 2(0)=1,A(1)=1,h2)=0,h3)=1,h4)=0,h5)=1,.... Con-
sider the list (5.6) of all the functions in F. Let us represent each f; in this list
as an infinite sequence; that is, let

Ji=(fi0), fi(D), fi(2), £i3), fi(4), fi(5), ...).
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Using this notation, we can rewrite the list of functions (5.6) in the following
vertical form:

Jo = {f00), fo(D), fo(2), foB3), So(4), fo(5), -..)
Ji = {[0), Ai(D), 1(2), /1B), /i(4), fi(5), -..)
fo=(0), (1), £(2), 203), fo(4), £2(5), ...
i =1{/0), (), £(2), £6), £(4), 65, ...
Ja = {f2(0), fa(), fa(2), fa(3), fa(4), fa(5), ...
Js = (f50), f5(1), f52), f53), f5(4), f5(5), ...

(5.8)

~  ~ ~ ~

In the proof of Theorem 5.3.2, a function g: w — {0, 1} was defined so that
g is not equal to any function in the list (5.8). This is done by going down
this list and assigning a value to g(i) that is different from the diagonal value
fi(i) for each f; appearing in (5.8). To illustrate this idea, let us give some
specific values to the entries that can appear in the diagonal of (5.8). Sup-
pose fo(0) =0, fi(l) =1, /2(2) =0, 3(3) =0, fa(4) =1, and f5(5) = L.
Thus, (5.8) becomes

So=1{( 0 fo(1), f0(2), /0(3), fo(4), fo(5), ...)
fHi=1{100), 1, A2), 1B), A1), fi(5), ...)
fo=(A00), D), 0, L3), £(4), L65), ...) (59
S =(A0), (D), £2), 0, f(4), 5, ...)
Ja={fa0), fa(D), fa(2), /a(3), 1, fa(5), ...)
S5 =1{50), 51, f52), f503), /54, 1, ...)

g=(1, o0, 1, 1, 0, 0,...)

We have put the function g below the infinite list (5.9) where the values of
g are determined by applying definition (5.7), in the proof of Theorem 5.3.2.
For example, to evaluate g(0) we see that f;(0) = 0, and so g(0) = 1 by (5.7).
Thus, g(0) # f,(0), and we are thereby assured that g # f;. Now we evaluate
g(1). Since fi(1) = 1, we obtain the value g(1) = 0. Hence, g(1) # f1(1) and
g # f1. Again, because f>(2) = 0, we conclude that g(2) = 1 and g # f>. Con-
tinuing in this manner we construct a function g: w — {0, 1} that is different
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from every function in the list (5.9). This is the clever diagonal argument that
Cantor introduced to mathematics.

Theorem 5.3.3. Let A and B be sets. If A is uncountable and g: A — B is a
one-to-one function, then B is uncountable.

Proof. Let A be an uncountable set, and letg: 4 — B be a one-to-one function.
Suppose, for a contradiction, that B is countable. Since g: A — B is one-to-
one, Theorem 5.2.3 thus implies that 4 is a countable set, contradicting the
fact that 4 is uncountable. Therefore, B is uncountable. O

Before proving our next lemma, we make a simple observation. Whenever
f:w— {0, 1}, we have that f(n) € {0, 1} for all n € w. We can thus use f to
define a real number by means of an infinite decimal expansion. Let f, = f(n)
for each n € w. Then we have the real number given by 0./, f1f2f3 - fu---.
For example, suppose that f(0) =1, f(1)=0, f(2)=1, f(3) =1, ..., then

0-f0f1f2f3"’f;1"'=0~1011"‘fn"'-

Decimal expansions that possess only the digits 0 and/or 1 are, in fact, unique;
that is, if a real number has a decimal expansion consisting of 0’s and/or 1’s,
then it has only one such expansion.

Lemma 5.3.4. There is a one-to-one function G: *{0, 1} — R.

Proof. Let F = {0, 1}. For each f € F let us define (A) f, = f(n), for all
n € w. So f, € {0, 1} for every n € w. Define the function G: F — R by

G =0.ffifa - (5.10)

for each f € F. Let f and & be functions in F. Assume G(f) = G(h). We
shall prove that ' = h. Because G(f) = G(h), we conclude from (5.10) that

Since such decimal expansions are unique, we have that f, = A, forall n € w.
Hence, f(n) = h(n) for all n € w, by (A). Thus, /' = & and G is one-to-one.
O

We can now present and prove Cantor’s classic theorem.

Theorem 5.3.5 (Cantor). The set of real numbers R is uncountable.
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Proof. By Lemma 5.3.4,1let G: “{0, 1} — R be one-to-one. By Theorem 5.3.2,
“{0, 1} is uncountable. So Theorem 5.3.3 implies that R is uncountable. O]

Exercises 5.3

1.

N OO U1 A WN

Let A be uncountable. Prove that 4 x B is uncountable for any nonempty
set B.

. Let 4 be uncountable and B be countable. Prove that 4 \ B is uncountable.
. Prove that the set of irrational numbers R \ Q is uncountable.

. Suppose that 4 is uncountable and 4 C B. Prove that B is uncountable.

. Prove that “w is uncountable.

. Suppose that 4 is uncountable. Prove that 7(4) is uncountable.

. Let A # @. Prove that if B is uncountable, then “B is uncountable.

*8.

Let F be as in Theorem 5.3.2, and let (%) fi, f2, ..., f» be a finite list of
functions in F. Using the argument in the proof of Theorem 5.3.2, define
a new function g € F that is not in the list (x). Conclude that F is infinite.

. Suppose that someone claims that the set of real numbers in the interval

(0, 1) is countable and that all of these real numbers can be enumerated
as in (5.11), where each such real number is represented by an infinite
decimal expansion:

x1 =.12345689234 - . .
Xy = .68729958219 - ..
.05050506620 - - -
57591884622 - - - 5.11)

X3

X4

Xi = « X1 X2 Xi3Xi4X;5 * +
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You must show that this claim is false. Using Cantor’s diagonal argument,
define a decimal expansion for a real number b in (0, 1) that does not
appear in the list (5.11). In order to ensure uniqueness, your expansion
b = .b1bybs...b; ... should not contain the digits 0 or 9. Identify the first
four digits in the decimal expansion of b. Prove that b # x,, for all n € w.

10. Let S ={¢g € Q: 0 < g < 1}. Theorem 5.2.4 and Exercise 5 on page 123
imply that S is countable. We can thus enumerate all of the elements in S
in a list (x) 91, q2, 43, - - - , by Theorem 5.2.8. Since each of these rational
numbers has an infinite decimal expansion ¢; = .¢;1929i39iaqis - - -, One
can define a real number b € (0, 1) that is not in the list (x) just as in
Exercise 9. Is b a rational number? Justify your answer.

11. A real number that is not algebraic is said to be a transcendental number
(see page 124, Exercise 15). Let T be the set of all transcendental numbers.
Show that T is uncountable.

Exercise Notes: For Exercise 3, apply Exercise 5 on page 123 and Exercise 2.
For Exercise 9, if the decimal expansion of b does not contain a 0 or 9, then b
will have a unique decimal representation. Thus, if the decimal expansions of
b and x in (0, 1) have different digits in at least one decimal place, then b # x.
For Exercise 11, use Exercise 15 on page 124 and Exercise 2.

5.4 | Cardinality
In set theory, the cardinality of a set is a measure of how many elements are in
the set. The set 4 = {1, 2,3, ..., 11} has 11 elements, and so the cardinality of
Ais 11. Thus, |4| = 11 (see Definition 5.1.2). The cardinality of an infinite set
X will also be denoted by |.X|. In this section, we shall present Cantor’s method
for measuring the size of an infinite set without the use of numbers. There are
infinite sets, as we will see, where one of these sets has cardinality much larger
than that of some other infinite set. Therefore, it is possible for one infinite set
to have “many more” elements than another infinite set.

What does it mean to say that two sets have the same cardinality, that is, the
same size? Cantor discovered a mathematically precise and simple answer to
this question.

Definition 5.4.1. For sets 4 and B, we say that 4 has the same cardinality as
B, denoted by |4| =, |B], if there is a bijection f: 4 — B.
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Remark 5.4.2. The expression |4]| =, |B| looks like an equation; however, the
assertion 4| =, |B| should be viewed only as an abbreviation for the statement
“A has the same cardinality as B.” In other words, |4| =, |B| means that “there
is a function f: 4 — B that is one-to-one and onto B.” When 4 and B are finite
sets, Theorem 5.1.7 implies that |4| = |B| if and only if |4| =, |B|.

The relationship =, given in Definition 5.4.1, is reflexive, symmetric, and
transitive (see Exercises 4-5).

Theorem 5.4.3. Let A be a set. Then |0, 1}| =. [P(4).

Proof. For each f € 0,1}, define X, C4 by Xy ={xed: f(x)=1}.
Define the function G: 40, 1} — P(4) by G(f) = X, for each f € 40, 1}.
Then G is one-to-one and onto P(4) (see Exercise 10). O

Corollary 5.4.4. |“{0, 1}| = |P(w)|.

Proof. Suppose that |4| =, |B|. Thus, there is a bijection f: 4 — B. Consider
the function G: P(4) — P(B) defined by G(X) = f[X] for every X € P(A).
Exercise 15 on page 68 shows that G is one-to-one. To show that G is onto
P(B), assume that Y € P(4). Let X = f~![Y]. Since f is onto Y, Exercise 13
on page 68 shows that G(X') = Y. Therefore, G is a bijection. O

Theorem 5.4.5 shows that the power set operation “preserves” cardinality.
Our next theorem identifies three other such operations.

Theorem 5.4.6. Suppose that |A| =. |K| and |B| =. |L|.

) IfANB=Zand KNL =&, then |AUB| =, |KUL]|.
(2) |14 x Bl = |[K x L|.
3) ["B| =c |*L|.

Proof. Assume that |4| =, |K| and |B| =, |L|. Let f: 4 — Kandg: B— L
be bijections.

(1) Assume ANB=@and KNL=a. Let H: AUB — K U L be defined
by
fx), ifxed;

T =10 . ifres
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Since 4 N B = &, it follows that H is a function; that is, H is single-valued.
As f and g are bijections, H is a bijection because K N L = &.

(2) Define h: A x B— K x L by h({a, b)) = (f(a), g(b)). Then A is a bijec-
tion from 4 x Bto K x L (see Exercise 19).

(3) We have that f: A — K and g: B — L are bijections. Let £ € “B. Thus,
£: A — B.Observe that (go £ o f~!): K — L. Define G: ‘B — XL by

G(t)y=golof!

for each £ € “B. To prove that G is one-to-one, let £ € “B and £* € “B.
Assume that G(£) = G(£*). Thus, (go £ o f~1)(x) = (go £* o f~")(x) for
all x € K. Hence,

g((Lo f7H)(x) = g((¢* o f~H(x)) forall x € K
(see Remark 3.3.11 on page 61). Since g is one-to-one, we conclude that
(Lo fHx) =" o f)x)forallx e K. (5.12)

We now show that £(a) = £*(a) for alla € 4. Let a € A. Thus, f(a) € K.
Lettingx = f(a)in (5.12), we obtain £(a) = £*(a) since f~'(f(a)) = aby
Theorem 3.3.18. So £ = £*, and hence, G is one-to-one. To prove that G
isonto XL, let h e L. Then g ' oho f € “Band G(g"' o ho f) = h (see
Exercise 20). Therefore, the function G: “B — XL is a bijection. O

In a similar manner, one can prove the next theorem (see Exercises 23-25).
Theorem 5.4.7. For all sets A, B, K, and L, we have the following:

(1) IfANB = @, then |"VBK| =, [1K x BK]|.
) 4K x L)| = ["K x “L|.
®) [(K)| = [*K].

The proofs of our next two corollaries apply Theorems 5.4.6 and 5.4.7.

Corollary 5.4.8. |“0 x w| =, |“w|.

Proof. Letx ¢ w. It is easy to show that (V) |{X}a)| =, |w|. Thus,
[“w X ®| = |“0 x | by (¥)and Theorem 5.4.6(2)

=, |*YWy) by Theorem 5.4.7(1) as w N {x} = @

=. |“w| by Theorem 5.4.6(3) as |w U {x}| =, |o|.

Therefore, |“w x w| =. |“w| (see Exercise 5). O
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Corollary 5.4.9. |P(») x P(w)| =. |P(w)l.

Proof. Theorems 5.2.5 and 5.2.6 imply that (A) |o U (o x {0})| =, |w|. Note
that w N (w x {0}) = @. We prove that |P(w) x P(w)| =, |P(w)| as follows:

|P(w) x P(w)] =¢ 140, 1} x {0, 1}] by Cor. 5.4.4 and Theorem 5.4.6(2)
= [0, 1} x “*%0, 1}] by Thm. 5.4.6(3) as |o| = | x {0}]

=. [0, 1}] by Theorem 5.4.7(1)
= 1”0, 1}| by Theorem 5.4.6(3) and (A)
=. P(w) by Corollary 5.4.4.
Therefore, |P(w) x P(w)| = |P(w). H

Using our cardinality notation, we will now restate some of the results that
were previously established about two countably infinite sets.

Theorem 5.4.10 (Cantor). |w| =, |Z| and |o| =, |Q|.

Proof. Exercises 4 and 5 on page 123 imply that Z and Q are countably infi-
nite. By Theorem 5.2.6, there are bijections f: @ — Z and g: w — Q. There-
fore, |w| =. |Z| and |w| = |Q]. O

What does it mean to say that one set has smaller cardinality than another
set? Cantor found a simple answer to this question as well.

Definition 5.4.11. A set 4 has cardinality strictly less than that of a set B,
denoted by |4| <. |B|, if there is a one-to-one function f: 4 — B and there is
no function g: 4 — B that is both one-to-one and onto B.

Theorem 5.4.12 (Cantor). |o| <. |R|.

Proof. Let /: w — Rbe defined by f(n) = n. This function is one-to-one. We
now show that there is no function g: w — R that is one-to-one and onto R.
Suppose, for a contradiction, there is such a bijection g. Hence, g ' : R — w is
one-to-one by Theorem 3.3.18, and therefore, R is countable. This contradicts
Theorem 5.3.5. Thus, |w| <. |R]. O
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After proving Theorem 5.4.12, Cantor asked the following question: Is there
a set of real numbers whose cardinality is strictly between the cardinality of w
and the cardinality of R? In 1878, Georg Cantor announced a conjecture that
is now called the continuum hypothesis.

Continuum Hypothesis. There is no set 4 C R such that |w| <, |4| <. |R].

The continuum hypothesis proclaims that every set of real numbers is either
countable or has the same cardinality as the set R. Cantor struggled to resolve
this conjecture, without success, for much of his career. The problem persisted
and became one of the most important unsolved mathematical problems of the
twentieth century. It was only after Cantor’s death that it was shown to be an
unsolvable problem. The contributions of Kurt Godel in 1940 and Paul Cohen
in 1963 showed that the continuum hypothesis cannot be proven or refuted
using the axioms in ZFC.

Recall that for every set 4, the power set P(4) = {X : X C A} is the set of
all subsets of 4. For example, if 4 = {a, b}, then P(4) = {2, {a}, {b}, {a, b}}
and observe that |4| < |P(4)| (see Definition 5.1.2). In fact, one can prove that
if 4 is a finite set with » many elements, then P(4) has 2" many elements (see
Exercise 23, page 116). Thus, |4| < |P(4)| whenever 4 is a finite set; however,
what happens when the set 4 is infinite? Georg Cantor answered this intriguing
question as well, using his diagonal argument.

Theorem 5.4.13 (Cantor). Let A be any set. Then |A| <. |P(A4)|.

Proof. Let 4 be a set. Let f: 4 — P(A) be defined by f(a) = {a} for all
a € A. 1t is easy to show that f is one-to-one. We must show that there is no
one-to-one function g: 4 — P(A4) that is also onto P(4). Suppose, for a con-
tradiction, that there exists a bijection g: 4 — P(4). Observe that g(x) C 4
forallx € 4. Let X = {x € 4 : x ¢ g(x)}. Clearly, X € 4 and thus, X € P(4).
As g is onto P(4), there is an a € A such that g(a) = X. There are two cases
to consider, namely, either a € X ora ¢ X. If a € X, then the definition of X
implies that a ¢ g(a). Since g(a) = X, we have that a ¢ X, which is a con-
tradiction. If a ¢ X, then the definition of X implies that a € g(a). Because
g(a) = X, we conclude that ¢ € X, which is again a contradiction. Thus, there
is no bijection g: 4 — P(A4). Therefore, |4| <. |P(4)|. O

Definition 5.4.14. Let 4 and B be sets. Then 4 has cardinality less than or
equal to B, denoted by |4| <. |B|, if there is an injection f: 4 — B.
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Theorem 5.4.15. If || <. |B|, then |P(4)| <. |P(B)I.

Proof. Assume |4| <. |B|. So there is a one-to-one function f: 4 — B.
Define G: P(4) — P(B) by G(X) = f[X] for all X € P(A). Exercise 15 on
page 68 shows that G is one-to-one. Therefore, |P(4)| <. |P(B)|. O

Theorem 5.4.15 shows that the power set operation “preserves inequality,”
and its proof involves only a slight modification of the proof of Theorem 5.4.5.
The following theorem identifies other set operations that also “preserve” the
notion of inequality given by Definition 5.4.14. The proof can be obtained by
appropriately modifying the proof of Theorem 5.4.6 (see Exercises 28-30).

Theorem 5.4.16. Suppose that |A| <. |K| and |B| <. |L|.

() IfANB=Zand KNL =&, then |[AUB| <. |KUL]|.
(2) |4 x Bl <. |K x L|.
(3) ["B| <. |XL| if A is nonempty.

We will soon present the Schroder—Bernstein Theorem, which is very useful
for proving many results about cardinality. The theorem states that if there are
functions f: A — B and g: B — A that are both one-to-one, then there exists
a function 4: A — B that is one-to-one and onto B. The theorem sounds very
reasonable; however, a proof that does not depend on the axiom of choice was
seen as quite challenging and even eluded the brilliant Georg Cantor.

The following lemma, illustrated in Figure 5.2, will be used in our proof of
the Schroder—Bernstein Theorem.

Lemma 5.4.17. Let f: A — B and g: B — A be functions. Then there exists
an X C A that satisfies the identity

g[B\ fIX]]=4\X. (5.13)

Proof. Let /: A — B and g: B — A. Define the function H: P(4) — P(4)
by

H(C) =4\ g[B\ fIC]].

Therefore, by the definition of H, for each C € 4 we have that H(C) C 4
and (A) A\ H(C) = g[B\ f[C]]. So, ifaset X C A satisfies H(X) = X, then

(A) would imply that the set X satisfies 4 \ X = g[B\ f[X]], and thus, (5.13)
holds.

Claim1. Let C C dand D C 4. If C C D, then H(C) C H(D).


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316341346.006
https://www.cambridge.org/core

Cardinality
! .
X |
A 8 B
Figure 5.2. Illustration of Lemma 5.4.17 where X satisfies
gB\ [IX]]=4\X
Proof. See Exercise 32. (Claim 1) O

Consider the set S ={D:D C 4and H(D) € D}. Since H(4) C 4, we
see that 4 € S, and so S is nonempty. Let X = [ S. Clearly, X € 4 and
HX) C A.

Claim2. HX)=X.

Proof. Let D € S. Because X = [ S, we see that X € D. So, H(X) € H(D)
by Claim 1. Since H(D) € D, we infer that H(X) € D. Thus, H(X) € D
for every D € S. Hence, H(X) C [ S; that is, H(X) € X. We now prove
that X € H(X). As H(X) € X, Claim 1 implies that H(H (X)) € H(X). So
H(X) € S. Thus, (S € H(X); that is, X € H(X). Therefore, H(X) = X.
(Claim 2) O

Since H(X) = X, we conclude that X satisfies (5.13). (Lemma) [

Figure 5.2 depicts the set X in Lemma 5.4.17 and the identity (5.13). This
figure may also help the reader to better understand the proof of the following
theorem, which is named for Ernst Schroder and Felix Bernstein. The proof
depends only on (at most) the first seven Zermelo—Fraenkel axioms.

Theorem 5.4.18 (Schréoder-Bernstein). Let A and B be any two sets. Sup-
pose that |A| <. |B| and |B| <. |A|. Then |A| =, |B|.

Proof. Assume that |4| <. |B| and |B| <. |4]. So, there are one-to-one func-
tions f: A — B and g: B — A. By Lemma 5.4.17, there is an X C 4 (see
Figure 5.2) satisfying

B\ fIXT1 =4\ X. (5.14)
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Since g is one-to-one, Theorems 3.2.7 and 3.3.15 imply that g~! is a one-to-one
function such that dom(g~') = ran(g) € 4. As dom(g~!) = ran(g), Equation
(5.14) implies that 4 \ X € dom(g™"). Define the function 4: 4 — B by

" .
hx) = S itxeX; (5.15)
g l(x), ifxed\X.

We will soon prove that /4 is one-to-one and onto B.
Claim 1. g[f[X]] € X.

Proof. Clearly, /[X]N (B\ f[X]) = @. Since g is one-to-one, Exercise 5 on
page 68 implies that g[ f[X]] N g[B \ f[X]] = @. Thus, by (5.14), we have that
gl/TX]1 c X. (Claim 1) O

Claim 2. The function #: A — B is one-to-one.

Proof. Let x € 4 and y € A. Assume that 4(x) = h(y). The definition (5.15) of
h yields three key cases: (1) x and y are both in X, (2) x and y are both in
A\X,or 3)x € X and y € 4\ X. The argument in case (3) will cover the
fourth case: y e 4andx € 4\ X.

(1) Ifx € X and y € X, then f(x) = f(y) by (5.15). Therefore, x = y because
£ is one-to-one.

(2)Ifxe A\ X andy € 4\ X, theng~!(x) = g~'(y) by (5.15). Since the func-
tion g~! is one-to-one, we have x = y.

(3)Ifx € X and y € 4\ X, then we obtain f(x) = g~ ' (y). Thus, g(f(x)) = y.
Claim 1 implies that y € X. Therefore, case (3) is impossible.  (Claim 2) []
Claim 3. The function #: 4 — B is onto B.

Proof. Let b € B. Hence, either (1) b € f[X] or (2) b € B\ f[X]. We consider
these two cases as follows:

(1) If b € fIX], then b = f(x) for some x € X. From the definition (5.15) of
h, it follows that A(x) = b.

(2) If b € B\ f[X], then (5.14) implies that g(b) € A \ X. Thus, (A) a = g(b)
for some a € 4\ X. By applying the function g~' to both sides of (A), we
obtain g~!(a) = b. Therefore, h(a) =bhasa c A\ X. (Claim 3) [J

Since #: A — B is a bijection, we see that [4]| =, |B]|. (Theorem) [

Given sets 4 and B, sometimes one can easily define one-to-one functions
f:4— Bandg: B— A; yet it may be very difficult to specify a one-to-one
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function from A4 onto B. In this situation, one can apply the Schroder—Bernstein
Theorem to conclude that such a function does exist and thereby conclude that
A and B have the same cardinality.

Lemma 5.4.19. Let Q be the set of rational numbers and let R be the set of
real numbers. Then |R| <. |P(Q)|.

Proof. Forx e R, let4, = {g € Q: g < x}. Let G: R — P(Q) be defined by
G(x) = Ay for each x € R. To prove that G is one-to-one, letx € Rand y € R.
Assume that G(x) = G(y). We shall prove that x = y. Assume, for a contradic-
tion, that x £ y. Without loss of generality, we can assume that x < y. Since the
rational numbers are dense in R, there is a ¢ € Q such that x < g < y. Thus,
q ¢ A, and q € A,. Therefore, G(x) # G(y), which is a contradiction. Sox =y
and G is one-to-one. O

Theorem 5.4.20. |R| =, |P(®)|.

Proof. By Theorem 5.4.10, we have that |w| =, |Q|. Hence, by Theorem 5.4.5,
we see that |P(w)| =, |P(Q)|. Lemma 5.4.19 allows us to now conclude that
IR| <. |P(w)|. Moreover, Corollary 5.4.4 states that |0, 1}| =. |P(w)|, and
Lemma 5.3.4 implies that |“{0, 1}| <. |R|. Thus, |P(w)| <. |R|. Therefore, by
the Schréder—Bernstein Theorem 5.4.18, we have that |R| =, |P(w)|. [

Our next corollary shows that the real line R has the same cardinality as the
plane R x R.

Corollary 5.4.21. |R x R| =, |R|.

Proof. By Corollary 5.4.9, |P(w) X P(w)| = |P(®)|. Thus, |R x R| =, |R|
by Theorem 5.4.20 and Theorem 5.4.6(2). O

Theorem 5.4.20 allows us to reformulate the continuum hypothesis:
There is no set A € P(w) such that |w| <. |4]| <. |P(w)|. (CH)

For every infinite set X, Theorem 5.4.13 asserts that |[X| <. |P(X)|. So CH can
be viewed is a special case of the Generalized Continuum Hypothesis (GCH):

If X is infinite, then there is no 4 € P(X) such that | X| <. |4] <. |[P(X)].
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The combined work of Kurt Gddel and Paul Cohen also shows that the GCH
cannot be proven or refuted using the axioms in ZFC.

Exercises 5.4

4,

*5.
. Prove that if |4| <. |B| and |B| =, |C|, then |4| <. |C].

.LetA={xeR:0<x< 1}andletB = {x € R:2 < x < 5}. Prove that

4| = |B|.

. Prove that |{°’”A| =. |4 x A|.

. Let 4 and B be countably infinite sets. Prove that |4| =, |B|. Conclude

that | x w| =, |w|.

Let A and B be sets. Prove that |4| =, |4|, and prove that if |4| =, |B],
then |B| =, |4].

Prove that if |4| =, |B| and |B| =, |C|, then |4| =, |C].

. Let B be countable. Prove that if |4| <. |B|, then A4 is countable.

. Let 4 be uncountable. Prove that if |[4| <. |B|, then B is uncountable.

. Prove that if |4| <. |B| and |B| <. |C|, then |4| <. |C|.

*10.
11.
12.
13.

Prove that the function G in the proof of Theorem 5.4.3 is a bijection.
Prove that the set P(w) is uncountable.
Using Theorem 5.4.18, prove that [4| =, |R|, where 4 = [—m, 7).

Let A ={a,b,c,d, w,y,z}, and let g: A — P(A) be the function given
by

g(a) = {b, c, d},

g(b) =f{a, b, c,w,z},
g(c) = {b, c},

g(d) = {d},

g(w) =4,

gy) =f{a,b,c,d, w},
gz)=02.
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14.

15.
16.
*17.
18.

*19.

*20.

21.

22,
*23.
*24.
*25.

26.

27.

*28.
*29.

The function g is one-to-one. The proof of Theorem 5.4.13 shows that g is
not onto P(A) because the subset of 4 defined by X = {x € 4 : x ¢ g(x)}
is not in the range of g. Evaluate the set X.

Let f: A — B be onto B, and let C={x €4 :x ¢ f(x)}. Show that
C ¢ B.

Suppose 4 € B and |B| <. |4|. Prove that |[4| =, |B|.
Suppose 4 € B € C and |4| =, |C|. Prove that |B| =, |C|.
Prove that |4 x B| =. |B x A|.

Suppose that [4]| <. |B|, |B| <.|C|, and |C| <. |A4|. Using Theo-
rem 5.4.18, prove that |[4| =, |B|, |B| = |C|, and |4| =, |C]|.

Let f: 4 — K and g: B — L be bijections. Let #: 4 x B — K x L be
defined by 4({a, b)) = (f(a), g(b)) for all (a, b) € A x B. Prove that 4 is
a bijection.

Prove that G(g~' o h o f) = h where the functions G, g™, 4, and f are
as in the proof of Theorem 5.4.6(3).

Recall that “B is the set of all functions from 4 to B (see Definition 3.3.6).
Suppose 4 is nonempty. Let ¢ € Band d € B be distinct. Using a diagonal
argument, show that there is no function 7 : 4 — “B that is onto “B. Now,
find a one-to-one function G: 4 — “B. Conclude that |4| <. |'B|.

Prove that |“w| =, |P(w)|. Conclude that |“w| =, |R|.
Prove Theorem 5.4.7(1).
Prove Theorem 5.4.7(2).
Prove Theorem 5.4.7(3).

Using Theorem 5.4.7 and Exercise 3, prove that |“(“w)| =, |“@| . Using
Exercise 22, show that |“R| =, |QR| =, |R| and |*P(w)| =, |P(w)|.

Using Theorem 5.4.7 and Corollary 5.4.8, prove that

" Cw)| =

| and |“({0, 1})| =, |“X0, 1}].

Conclude, using Exercise 22, that |RR| = |Ra)| = |]R{0, 1}\.
Prove Theorem 5.4.16(1).
Prove Theorem 5.4.16(2).
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*30.

31.

*32.

33.

34,
35.

36.

37.

38.

39.

Prove Theorem 5.4.16(3). Hint: Let ¢ € 4 and let f: A — K be one-to-
one. Define #: K — A by

f~Y(x), ifx eranf;

h(x) = .
c, ifx € K \ ranf.

Show that 4 is a “left inverse for f”; that is, show that 4(f(a)) = a for all
a € A. Now replace the use of ~! in the proof of Theorem 5.4.6(3) with
the function # and modify the proof appropriately.

Let 4 and B be nonempty sets. Using the axiom of choice, prove that there
exists a one-to-one f: 4 — B if and only if there exists a g: B — A that
is onto 4.

Let f: A — B and g: B — A be functions, and let C € 4 and D C 4.
Prove that if C € D, then 4 \ g[B\ f[C]] € 4\ g[B\ f[D]].

Letf: A— B,g: B— A,and X C 4 be as in Lemma 5.4.17. Show that
if X = @, then g is onto 4 and if X = 4, then f is onto B.

Let 4 = (0, 1). Using Theorem 5.4.18, show that |4 x A| =, |4].

Let A =(0,1] and B = (0, 1). The functions f: 4 — B defined by

fx) = %x and g: B — A defined by g(x) = x are both one-to-one.

LetX CAbeX ={1,1 4 & & ...} Showthatg[B\ f[X]]=4\X.

Now, using (5.15) as a guide, explicitly define a bijection #: 4 — B.

Let f: A — Band g: B — A be functions. Consider the set {C, : n € w}

whose elements are defined by the following recursion:

(a) Co =4 \ ran(g),

(b) Cor = gl f1G]].

Let Y = | C,. Prove that if g is one-to-one, then g[B \ f[Y]] =4 \Y.
new

Letf: 4 — Bandg: B — A.LetY be as defined in Exercise 36. Assume

g is one-to-one and X C A satisfies g[B \ f[X]] =4\ X.Prove Y C X.

Let X, f, and g be as in the proof of Lemma 5.4.17. Now assume that g
is one-to-one and let Y be as in Exercise 36. Prove that X =Y.

Let 4 be a set and let H: P(4) — P(A). Suppose for all C and D in
P(A4), we have that H(C) € H (D) whenever C C D. Let

S={D:DC 4and H(D) C D}

and let X = (| S. Prove that H(X) = X. Moreover, suppose that ¥ € X
satisfies H(Y) C Y. Prove that X =Y.
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Exercise Notes: For Exercise 12, use the inverse tangent function tan~"! (x). For
Exercise 21, review the proofs of Theorems 5.3.2 and 5.4.13. For Exercise 22,
use Theorem 5.4.18. To show that |“w| <. |P(w)|, given f € “w, let Ay C @
be the set 4r = {p(i, j) : (i, j) € f} where p is the function in Exercise 9 on
page 116. For Exercise 23, if f € “1YPK, then (f | 4, f | B) is in ‘K x BK.
For Exercise 24, let m((x,y)) =x and m({(x,»)) =y. If fe4K x L),
then let f; € /K be defined by fi(a) = m(f(a)) and let f, € ‘L satisfy
fa(a) = my(f(a)). For Exercise 25, if f € A(BK), then let g: A x B — K be
defined by g({a, b)) = f(a)(b). For Exercise 31, in the implication (=), let g
be a left inverse for f as in Exercise 30. The implication (<) uses the axiom of
choice. For Exercise 32, see Exercise 3 on page 36 and Exercise 2 on page 68.
For Exercise 34, merge the two infinite decimal expansions, each one not end-
ing with repeating 9’s, into one expansion. Exercise 36 outlines a different
proof of Lemma 5.4.17 when g is one-to-one. Use the “double subset” strategy.
For Exercise 37, since g is one-to-one, Claim 1 (in the proof of Theorem 5.4.18)
implies that g[ /[X]] € X. For Exercise 38, from the proof of Lemma 5.4.17, it
follows from Exercise 37 that X € Y. One can show that Cy € X and C, C X
for all n € w. For Exercise 39, review the proof of Lemma 5.4.17.

Remark: Exercises 36, 37, and 39 imply that the set X given in the proof of
Lemma 5.4.17 equals the set ¥ in Exercise 36 when g is one-to-one.
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In Definition 3.4.2, we introduced the notion of a partial order on a set. The
concept of a total order was then presented in Definition 3.4.3. We also proved
that there exists a total ordering on the natural numbers so that every nonempty
set of natural numbers has a least element with respect to this ordering (see
Theorem 4.4.13). As a result, we were able to prove the important recursion
theorem. In this chapter, we will generalize these ideas.

6.1 Well-Ordering

Definition 6.1.1. (Well-Ordering) A well-ordering is a total ordering on a set
A for which every nonempty subset of 4 has a smallest (least) element.

Suppose that < is a well-ordering on a set A. Whenever S C 4 is nonempty,
then the set S has a least element £; thatis, £ € Sand £ < x forall x € S.

Let < be the usual order on set Z of integers. Then < is a total order on Z.
Since S = {n € Z : n < 0} has no least element, < is not a well-ordering on Z.

Theorem 6.1.2. Let < be a well-ordering on A. Then there exists no function
[ w— Asatisfying f(n") < f(n) forall n € w.

Proof. Suppose there is a function such that f(n*) < f(n) foralln € w, where
< is a well-ordering on 4. Let S = {f(n) : n € w}. Clearly, S is a nonempty
subset of 4. Thus, S has a least element (k). So f(k) < f(n) for all n € w;
however, by assumption, we have that f(k*) < f(k), a contradiction. O

Let 4 be a set with well-ordering < and let S € A4 be nonempty. When £ € S
is the smallest element in S, we shall write

£ = the <-least element in S.

Lemma 3.4.12 implies that £ is unique.
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Theorem 6.1.3. If A is an infinite set with the well-ordering <, then there is a
function h: @ — A such that h(n) < h(n™) for all n € w.

Proof. Foreachx € 4,let G, = {y € 4 : x < y} be the set of elements in 4 that
are “greater” than x, and let L, = {y € 4 : y < x} be the set of elements in 4
that are “less than or equal” to x. As < is a total order, 4 = L, U G, for each
x € A. Moreover, since A4 is infinite, it follows (see Exercise 15, page 116) that
forany x € A4,

if L is finite, then G, is infinite. (6.1)
Let p be the <-least element in 4, and define f: 4 — 4 by
the x-least element in G,, if G, # &;
Sx)= . (6.2)
s ifG, = o.

So (A) ifx € 4 and G, # &, then x < f(x). By the recursion theorem, there is
a function 4: w — A such that

(1) #(0) = p,
(2) h(nt) = f(h(n)), foralln € w.

We now prove that L ) is finite foralln € w. Let I = {n €  : L, is finite}.
Because 7(0) = p is the smallest element in 4, we see that L ,,, = {p}, which
is finite. So 0 € /. Let n € I. Thus, L, is finite, and Gy,) # & by (6.1). As
h(n*) = f(h(n)) and Gy # @, we infer from (6.2) that i(n™) is the <-least
element in Gy (). It follows that L ., = L, U {h(n™)}, which is a finite set.
Hence, n* € 1. Therefore,/ = wand L a(ny 18 finite forall n € . Thus, by (6.1),
Gy # @ foralln € w. Letn € w. Since f(h(n)) = h(n™) and G,y # 2, the
above (A) implies that h(n) < h(n™). O

Theorem 6.1.4. Let <’ be a well-ordering on the set B. Suppose thath: A — B
is one-to-one. Define the relation < on A by x X y if and only if h(x) <" h(y),
forall x and y in A. Then < is a well-ordering on A.

Proof. See Exercise 6. O

Let < be a well-ordering on a set . For each u € W, we define the following
initial segments up to u:

sTwy={xewW :x<u}, (6.3)
sSSwy={xeW :x<u). (6.4)

143


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316341346.007
https://www.cambridge.org/core

144

Transfinite Recursion

The set s=(u) consists of the elements in 7 that are less than (smaller than) u,
whereas s (u) is the set of elements that are less than or equal to u. In other
words, u € s~(u) and u ¢ s<(u). Furthermore, for u and v in W, if u < v, then

s¥(u) C sS(u) € s<(v) C s ().

If the well-ordering < is understood, we shall write s(u) for s*(u) as well as
s(u) in place of s (u). For example, because w is well-ordered by € and it is
transitive, if n € w, then

s(ny={i€ew:ien}=n, (6.5)
smy=licw:ien)=nt. (6.6)

Theorem 4.4.14, the strong induction principle, applies to the finite elements
in w. The term transfinite applies to elements that may not be finite.

Theorem 6.1.5 (Transfinite Induction Principle). Let < be a well-ordering
on W. Let A be a subset of W, and suppose that

Jorallu e W, if's(u) C A, thenu € A. 6.7)

Then A =W.

Proof. Suppose that 4 C W satisfies (6.7) and assume, for a contradiction,
that there exists a u € W \ 4. Thus, the set W \ 4 is nonempty. Since <
is a well-ordering, W \ A has a least element u. So u ¢ A, and if v < u,
then v € A. Hence, s(u) C A. As A satisfies (6.7), we have that u € 4, a
contradiction. O

Exercises 6.1

1. Let R be the set of real numbers and let < be the standard order on
R. Suppose f: w — R is such that for all » and m in w, if n € m, then
f(n) < f(m). Let A = {f(i) : i € w}.

(a) Letiand j be in w. Prove that if /(i) < f(j), theni € j.
(b) Prove that < is a well-ordering on A.

2. Let A = w U {w}, and for all x and y in 4, define the relation € on 4 by
x € yif and only if x € y or x = y. Show that € is a well-ordering on 4.
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3. Suppose that < is a well-ordering on A4 and that f: 4 — A is such that if
x <y, then f(x) < f(y) whenever x and y are in 4.
(a) Show that 1 is one-to-one.
(b) Prove that x < f(x) forall x € 4.

4. Let A be an infinite set with the well-ordering <. Now let #: w — 4 be
the function defined in the proof of Theorem 6.1.3. Let y € A. Prove that
for all n € w, if y < h(n), then y = h(7) for some i € n.

*5. Suppose that < is a well-ordering on W and let C € W . Show that <¢ is a
well-ordering on C.

*6. Prove Theorem 6.1.4.
7. Prove that every finite set has a well-ordering.

8. Prove that every countably infinite set has a well-ordering.

Exercise Notes: For Exercise 5, apply the result of Exercise 14 on page 76
and review Definition 3.4.15. For Exercise 6, Exercise 12 on page 76 implies
that < is a total order on A. For Exercises 7-8, use Theorem 6.1.4.

6.2 | Transfinite Recursion Theorem
A powerful tool in set theory is definition by transfinite recursion. If one wants
to define a function on a set using transfinite recursion, then one must first
have a well-ordering on the set. Many of the important functions that we shall
introduce later in the book are defined by means of transfinite recursion. This
recursion principle plays a crucial role in set theory, and its importance cannot
be overstated.

The concept of transfinite recursion is grounded in recursion on w. Let us
recall the “finite” Recursion Theorem 4.2.1: Let f: A — A be a function and
let a € A. Then there exists a unique function h: w — A such that

(1) h(0) = a and (2) h(nt) = f(h(n)), forall n € .

The value A(n™) depends on the “previous” value 4(n) and on the function f.
Our proof of the finite recursion theorem used the fact that / was a set.

We would like to extend Theorem 4.2.1 and prove that there exists a function
h: @ — A so that 2(n™") depends on all of the prior values 4(0), h(1), ..., h(n).
We would prefer, however, to prove that there is a function 2 where each value
h(n™) depends on the restricted function 4 | nt, thatis,onk [ {0, 1,2, ..., n}.
Can we prove such a result?
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As noted on page 121, Theorem 2.1.3 implies that the following is a set:
€“4 = {p : for some n € w, p is a function from n to 4}.

Thus, for every function p: n — A4, where n € w, we have that p € <“4. Now
let f: <“A — A be a function and let a € A. To positively address the above
question, we would need to prove that there exists a function 4: w — A that
satisfies the following two conditions:

() 1(0) = a and (i) h(n™) = f(h | n"), forall n € w.

One can combine conditions (i) and (ii) into one condition. Since the empty
function @ is in €“4, one can let the function f: €“4 — A satisfy f(2) =a
and then require that 2 meet the following single condition:

h(n) = f(h | n), foralln € w. (6.8)
If 4 satisfies (6.8), then it will satisfy (i) and (ii); namely, we will have

hO)=f(h[0)=f(2)=a,

A1) = f(h 1) = f({{0,a)}),
h2)=f(h[2)=f({(0,a), (1, A(1)}),

h3) = f(h[3)=f{{0,a), (1, (1)), (2, H(2))}.

Our proof of the Recursion Theorem 4.2.1 can be adapted to show that such
a function / actually does exist; however, rather than do this, we will pursue a
much more general result. In fact, we will establish two such generalizations,
the first of which will imply that there exists a function /4 satisfying (6.8) (see
Corollary 6.2.2).

6.2.1 Using a Set Function

Let < be a well-ordering on ¥ and let 4 be a set. Recall the initial segment
functions s and s that were defined on page 143. Theorem 2.1.3 implies that
the following sets exist:

W4 = {g : for some u € W, g is a function from s(u) to A},
Sy = {g : for some u € W, gis a function from s(u) to 4}.

Our next theorem is an extension of the finite recursion theorem on w. The
proof of this theorem uses a method that will be applied again in Section 6.2.2.
We shall be using the expression set function only to emphasize that a given
function is a set.
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Transfinite Recursion Theorem 6.2.1. Let < be a well-ordering on a set W. If
F:~"4 — A is a set function, then there exists a unique function H: W — A
such that

Hu)=F(H | s(u)), forallue w. (6.9)

Proof. Let < be a well-ordering on W and let F: *"4 — A be a function.
When u € W, we will say that g: s(u) — 4 is F-recursive up to u if and only
if for all x € s(u), we have that g(x) = F(g | s(x)).

Claim 1. Let g: s(u) —> 4 and h: s(u) — A be F-recursive up to u. Then
g=h.

Proof. Suppose that g A, and let v € s(u) be the <-least element such
that g(v) # h(v). Thus, g(x) = h(x) for all x < v. So (A) g [ s(v) =& [ s(v).
Hence,

g(v)=F(g|s(v)) asgisF-recursive up tou and v € s(u)
=F(h[s()) by(a)
=h(v) as h is F-recursive up to u and v € s(u).
We conclude that g(v) = /(v), a contradiction. (Claim 1) I

Claim 2. Letu € W and let g: s(u) — A be F-recursive up to u. Then for all
v < u, the function g | s(v) is F-recursive up to v.

Proof. Leto < uandlets = g | s(v). Hence, h: s(v) — A and
h(y) = g(y) forall y € s(v). (6.10)
For each x € s(v), we have that x < v < u, and therefore,
h(x) = g(x) by (6.10), as x € s(v)
= F(g | s(x)) asgisF-recursive up to u and x € s(u)
=F(h]s(x)) by(6.10),ass(x) S 5(v).
So h(x) = F(h | s(x)), and thus, g [ s(v) is F-recursive up to v.  (Claim 2) [
Consider the relation G € W x ~"4 defined by
(x, g) € Gifand only if g: s(x) — A is F-recursive up to x. (6.11)

Claim 1 implies that G is a function. For each u € dom(G), let g, = G(u).
Therefore, we have that the function g, : s(u) — A4 is F-recursive up to u when-
ever u € dom(G). In particular, g,(x) € A4 for all x € s(u).
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Claim 3. Let v € dom(G). If x € s(v), then x € dom(G) and g, (x) = g,(x).

Proof. Letv € dom(G)andx < v. Hence, g, : s(v) — A is F-recursive up to v.
Claim 2 implies that g, | s(x) is F-recursive up to x. Therefore, x € dom(G)
and g, | s(x) = g, by Claim 1. So g,(x) = g(x) as x € s(x). (Claim 3) (J

Claim 4. dom(G) = .

Proof. Clearly, dom(G) C W. Suppose, to the contrary, that W \ dom(G) #
. Let u € W be the <-least such that # ¢ dom(G). So v € dom(G) for all
v < u. Let h: s(u) - A be the function defined by (¢) A(x) = g(x) for all
x € s(u), and let v < u. Claim 3 implies that g,(x) = g.(x) for all x € s(v).
Thus, g,(x) = A(x) for all x € s(v), and therefore, (V) & [ s(v) =g, | s(v).
Define /: s(u) — 4 by

_JF), ifx=u
M=, ifx < (6.12)

We will show that % is F-recursive up to u. Let v € s(u). There are two cases
to consider: v < u and v = u. If v < u, we can prove that A(v) = F(h | s(v))
as follows:

h(v) = h(v) by (6.12),asv < u
=g,() by the definition (¢) of &
=F(g, [ s(v)) asg, is F-recursive up to v
=F(h[s@)) by(v)
=F(h | s(v)) by definition (6.12) of A, because v < u.

When v = u, we need to show that k() = F'(h | s(u)). The definition of 4 in
(6.12) implies that 4 | s(u) = & and hence,

h(u) = F(h) by (6.12),asu = u

=F(h | s(u)) sinceh | s(u)=h.
Thus, 4 is F-recursive up to u. So u € dom(G), a contradiction. (Claim 4) [J
Define H: W — A by H(x) = g.(x). The argument used to prove Claim 4,
involving &, shows that H(u) = F(H | s(u)) for all u € W. Moreover, the

proof of Claim 1 adapts to show that H is unique. (See Exercise 1.)
(Theorem)
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The relation € is a well-ordering on w, as established by Theorem 4.4.13.
Theorem 6.2.5 and (6.5) thereby imply the following corollary.

Corollary 6.2.2. Let f:“A — A be a function. There exists a unique function
h: w — A such that

h(n)= f(h | n), foralln € w. (6.13)
Corollary 6.2.2 allows us to prove the converse of Corollary 5.1.11.

Theorem 6.2.3 (AC). Suppose that A is an infinite set. Then there is one-to-one
function h: w — A.

Proof. Let A4 be an infinite set. Recall that (see page 146)
““4 = {p : for some n € w, pis a function from n to 4}.

Whenever p € <“4 and n = dom(p), we observe that ran(p) = p[n] is a finite
subset of 4, and therefore, 4 \ ran(p) is infinite by Exercise 12 on page 116.
Let C = P(A4) \ {&}. By Theorem 3.3.24, there is a function g: C — 4 such
that g(B) € B for all B € C. Define f: €4 — A by

f(p) = g(4 \ ran(p)).
By Corollary 6.2.2, there exists a function /# with domain w such that
h(n) = f(h | n) =g(A\ h[n]), foralln € w. (6.14)

Thus, h: @ — A, and Exercise 11 on page 123 shows that 4 is one-to-one. []

Richard Dedekind [3] defined a set to be infinite if and only if it has the same
cardinality as a proper subset of itself. Such a set is said to be Dedekind-infinite.
For example, the function f: @ — w defined by f(n) = n™ is one-to-one and
shows that w and w \ {0} have the same cardinality. So, according to Dedekind,
w is an infinite set. Our next result confirms Dedekind’s definition in general.

Corollary 6.2.4 (AC). A set A is infinite if and only if there exists a one-to-one
function f: A — A that is not onto A.

Proof. Let 4 be set. Assume that A4 is infinite. Theorem 6.2.3 asserts that there
is a one-to-one function #: @ — 4. Define f: A — A by

h(n™), ifx = h(n) for some n € w;

X, if x ¢ ran(h). 6.15)

f(X)={
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Since 4 is one-to-one, it follows that f is a function and that f is one-to-one.
As h(0) € 4 and A(0) is not in the range of f, we see that f is not onto 4.

To prove the converse, suppose f: A — A is a one-to-one function that is
not onto 4. Corollary 5.1.6 implies that 4 is infinite. O

6.2.2 Using a Class Function

Let us say that a formula ¢(g, u) is functional if Vg3!lup(g, u); that is, for all g
there exists a unique u such that ¢(g, u). Let ¢(g, u) be functional formula and
consider the class

F={{gu :e(gu)l.

Because ¢(g, u) is functional, we can now view F as a class function. Let <
be a well-ordering on a set . If there were a set A such that for all g € "4,
there is a v € 4 such that ¢(g, v), then Theorem 2.1.3 would imply that the
following function F: “"4 — A4 is a set:

F=1{gv):ge ", ved, and (g v)}.
Theorem 6.2.1 would then yield the existence of a function H: W — A4 so that
Hu)=FH | s(u)) forallu e W

(where the initial segment s(u) is defined on page 143). Thus, the set function
H would satisfy

o(H | s(u), H(u)) foreachu € W.

Can one prove the existence of this function A without a set such as A? Yes, and
this will be verified by our next theorem, whose proof is based on the argument
used to prove Theorem 6.2.1. This theorem also validates an essential general
tool in set theory, namely, definition by transfinite recursion.

Transfinite Recursion Theorem 6.2.5 (Class Form). Suppose that ¢(x, y) is a
functional formula (which may contain parameters). If X is a well-ordering on
a set W, then there exists a unique function H with domain W such that

o(H | s(u), Hw)) forallu e w. (6.16)

The crucial ingredient in the proof of Theorem 6.2.1 was the existence of the
set function G (see (6.11)). In our proof of Theorem 6.2.5, using the functional
formula ¢(x, y) and the replacement axiom, we will be able to get a function
such as G. Recall that the replacement axiom asserts that for any set A4, if for
each x € A, there is an element y that is “uniquely connected” to x, then we can
replace every x € A with its unique connection y, and the result is a new set.
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Replacement Axiom. Let v (x, y) be a formula. For every set 4, if for each
x € A there is a unique y such that yr(x, y), then there is a set S that consists of
all the elements y such that ¥ (x, y) for some x € 4.

Thus, if Vx3!yyr(x, y), then for each set 4, we have the following set:

S={:I(xecdAry¥(xy))).

Hence, f = {{x,y) € 4 x S : ¥(x, y)} is a set function f: 4 — S.

We are now ready to prove Theorem 6.2.5. In a loose sense, our proof will be
the result of replacing all of the expressions F'(x) = y and y = F(x), appearing
in the proof of Theorem 6.2.1, with the expression ¢(x, y). We could just ask
the reader to do this as an exercise, but since the proof requires the replacement
axiom, we shall provide a complete proof.

Proof (of Theorem 6.2.5). Let < be a well-ordering on W. Suppose that
@(x, y) is functional. When u € W, we will say that a function g is ¢-recursive
up to u if and only if dom(g) = s(u) and

@(g I 5(x), g(x)), forallx € s(u).
We now establish four claims.
Claim 1. Let g and % be g-recursive up to u. Then g = A.

Proof. Let g and % be @-recursive up to u. Suppose that g # h. Let v € s(u)
be the <-least element such that g(v) # A(v). Thus, g(x) = A(x) for all x < v.
Hence, (A) g [ s(v) = & [ s(v). Since g and 4 are p-recursive up to u, we have
that o(g [ s(v), g(v)) and ¢(h | s(v), h(v)). Since ¢ is functional, (A) implies
that g(v) = h(v), a contradiction. (Claim 1) O

Claim 2. If u € W and g is ¢-recursive up to u, then for all v < u, the function
g [ s(v) is g-recursive up to v.

Proof. Let u € W and g be p-recursive up to u. Leto < uand 2 = g | s(v). So

h(y) = g(y) for all y € s(v). (6.17)

Let x € s(v). Therefore, x < v < u and s(x) € s(v). Hence, A(x) = g(x) and
h|s(x)=g]ls(x),by(6.17). As gis g-recursive up to «# and x € s(u), we have
that (g | s(x), g(x)). Since & | s(x) = g | s(x) and &(x) = g(x), we conclude
that p(h [ s(x), h(x)). Thus, g [ s(v) is p-recursive up to v. (Claim 2) J

Let v (x, g) represent the property

“g is a function that is ¢-recursive up to x.”
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Let 4 = {x € W : there exists a g such that ¥/ (x, g)}. Claim 1 implies that for
all x € A there is a unique g such that ¥ (x, g). Thus, by the replacement axiom
we have that S = {g: Ix(x € 4 A ¥ (x, g2))} is a set. Now define the relation
GCW xSby

(x, g) € G if and only if g is ¢-recursive up to x. (6.18)

Claim 1 implies that G is a function. For each u € dom(G), let g, = G(u), and
hence, g, is p-recursive up to u.

Claim 3. Let v € dom(G). If x € s(v), then x € dom(G) and g,(x) = g (x).

Proof. Letv € dom(G)and x < . So g, is ¢-recursive up to v. Claim 2 implies
that g, [ s(x) is g-recursive up to x. Thus, x € dom(G) and g, | s(x) = g by
Claim 1. Since x € s(x), we conclude that g, (x) = g.(x). (Claim 3)

Claim 4. dom(G) = .

Proof. Clearly, dom(G) € W. Suppose, to the contrary, that W \ dom(G) # @.
Let u € W be the <-least such that # ¢ dom(G). So v € dom(G) forall v < u.
Let A be the function with domain s(u) defined by (#) 4(x) = g.(x), and let
v < u. Claim 3 implies that g,(x) = g«(x) = A(x) for all x € s(v). Therefore,
(M)A [s(v) =g, | s(v).Letybe the unique element satisfying ¢ (%, ). Define
the function 4 with domain s(u) by

iy =1 ?fx - (6.19)

h(x), ifx<u.

We will show that % is g-recursive up to u. Let v € s(u). There are two cases to
consider: v < u and v = u. If v < u, then we have the following equivalences:

@(h [ s(v), h(v)) iff @(h [ s(v), h(v)) by (6.19),as0 < u
iff ¢(g, | s(v), g,(v)) by (V) and the definition () of A.

Since g, is ¢-recursive up to v, we have that ¢(g, | s(v), g,(v)) holds, and thus
its equivalent ¢ (% [ s(v), h(v)) also holds.

When v = u, we need to show that (4 | s(u), h(u)) holds. The definition of
hin(6.19) implies that 4 | s(#) = h, and therefore the following are equivalent:
o(h | s(u), h(u)) iff @(h, h(u)) because h | s(u) = h

iff ¢(h,y) as h(u) =y, by (6.19).

Since y was chosen to satisfy ¢ (%, y), we conclude that ¢ (% [ s(u), ~(u)) is true.
Thus, 4 is p-recursive up to u. So u € dom(G), a contradiction. (Claim 4) [J

Now define the function H with domain W by H(x) = g¢(x). The argu-
ment in the proof of Claim 4, involving A, shows that o(H [ s(u), H(u))


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316341346.007
https://www.cambridge.org/core

Transfinite Recursion Theorem

for all u € W. Moreover, the proof of Claim 1 adapts to show that H is
unique. (Theorem) [

Remark 6.2.6. Let < be a well-ordering on W. In Theorem 6.2.5, let ¢(x, y)
be a formula that contains parameters (free variables other than x and y). The
function H given in Theorem 6.2.5 depends on the values that are assigned to
these parameters. To illustrate this, suppose that p is a parameter appearing in
@(x,y). Because p is a free variable in ¢, we can express ¢(x, y) as ¢(p, x, y).
Now let y be a set that can be assigned to the parameter p so that ¢(y, x, y) is
functional. Theorem 6.2.5 implies that there is a unique function /, such that
o(y, H, | s(u), H,(u)),forallu € W.So H, depends on y, and Theorem 6.2.5
holds whenever the formula ¢(x, y) contains fixed sets, because these sets can
be viewed as values that have been assigned to parameters (see page 25).

Since the relation € is a well-ordering of w, Theorem 6.2.5 and (6.5) (see
page 144) imply the next corollary.

Corollary 6.2.7. Let ¢(x, y) be a formula that is functional. Then there exists
a unique function F with domain o such that

o(F | n, F(n)), foralln € w. (6.20)

Let F be as in Corollary 6.2.7. Because F' | 0 = &, (6.20) implies that F'(0)
equals the unique y satisfying ¢(&, y). Since F' [ 1 = {(0, F(0))}, we see that
F(1) is the unique y for which ¢({(0, F(0))}, y) holds, and F(2) equals the
unique y satisfying ¢({(0, F(0)), (1, F(1))},y), etc. We now apply Corol-
lary 6.2.7 to show that every set is a subset of a transitive set.

Theorem 6.2.8. For every set A, there exists a transitive set A such that A C A.

Proof. Let 4 be a set. Now consider the following definition by cases:

A, if f = o;
y= 13U f(k), iff isa function with domain k* for some k € w; (6.21)
a, if none of the above hold.

Let ¢(f, y) be a formula that expresses (6.21). Clearly, for each f, there is a
unique y so that ¢(f, y). By Corollary 6.2.7, there is a function ' with domain
w such that o(F [ m, F(m)) for all m € w. Thus, for each m € w, we have that

F(m) = {A’ ifm =0, (6.22)

UF(n), ifm=n" forsomen € w.
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Let 4 = U,eo F(n). We see that F(0) = 4, by (6.22). So 4 € |, F(n).
Thus, 4 € A. To show that 4 is a transitive set, let x € y and y € 4. We
show that x € 4. Because y € A, we have y € F(n) for some n € w. Thus,
y € |JF (n). Since F(n*) = | J F(n), we see that x € F(n*). Hence, x € 4 and

A is transitive. O]

Let A, A, and F be as in the statement and the proof of Theorem 6.2.8. By
evaluating F'(n) forn =0, 1,2, ..., one can verify that

A=4ulJauJUU4vJUUY4u---.

Definition 6.2.9. Let A4 be a set. Then the set A constructed in the proof of
Theorem 6.2.8 is called the transitive closure of 4.

Exercise 6 shows that 4, the transitive closure of a set A4, is the “smallest”
transitive set of which 4 is a subset.

Exercises 6.2

*1. Complete the proof of Theorem 6.2.1 by showing that the function H sat-
isfies H(u) = F(H | s(u)), for all u € W. Also show that H is the only
such function.

2. Show that Theorem 6.2.5 implies Theorem 6.2.1.

3. Let < be a well-ordering on a set W and 4 be a set. Define £: "4 — W
by £(g2) equals the <-least « in W such that u ¢ dom(g). Soif g € "4 and
g: s(u) — A, then £(g) = u. Let G: "4 x W — A be a function. Show
that Theorem 6.2.1 implies there exists a function H: W — A such that

Hu)= G(H | s(u),u), forallu e W.

4. Suppose that < is a well-ordering on a set W and F: ~"4 — A4 is a func-
tion. Let H: W — A be as in Theorem 6.2.1.
(a) Letu and v be in W. Prove that if s(u) = s(v), then u = v.
(b) Suppose that F' is one-to-one. Prove that H is also one-to-one.

5. Let < be a well-ordering on /7 and <* be a well-ordering on 4. Assume
for each g € <4, there is a y € 4 such that g(x) <* y for all x € dom(g).
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Show that thereisan H: W — A sothatforallo € Wandu € W,ifv < u,
then H (v) <* H(u).

*6. Let A be a set. Suppose that 4 C C where C is a transitive set. Prove that
A C C. Thus, 4 is the “smallest” transitive set for which 4 is a subset.

7. Let B be a set. Conclude from Exercise 6 that {B} is the smallest transitive
set that contains B as an element.

8. Let 4 be a set. Using the replacement axiom, one can show that {¥ : x € 4}
is a set. Establish the following:
(a) Prove that if x € 4, then X C 4.
(b) Prove that AU |J{x : x € 4} C 4.
(c) Prove that A U | J{x : x € A4} is a transitive set.
(d) Prove that AU |J{x : x € 4} = 4.

9. Let 4 be a set. Using the proof of Theorem 6.2.8 as a model, prove that
there is a function F' with domain w such that
1. F(0) =4,
2. F(n™) = {F(n)} forall n € w.
Let C = F[w]. Prove that 4 € C and for all X, if X € C, then {X} € C.

10. Let 4 be a set. Using the proof of Theorem 6.2.8 as a model, prove that
there is a function F with domain w such that
1. F(0) =4,
2. F(nt) =P(F(n))foralln € .
Let C = F[w]. Prove that 4 € C and for all X, if X € C, then P(X) € C.

Exercise Notes: For Exercise 6, let F' be as in the proof of Theorem 6.2.8, and
prove that (Vn € w)(F(n) € C). For Exercise 8, use Exercise 6.
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In Chapter 3 (see page 66), we first introduced the following principle, which
is applied in many areas of mathematics.

Axiom of Choice. Let (4; : i € I) be an indexed function with nonempty terms.
Then there is an indexed function (x; : i € I) such that x; € 4;, foralli € I.

The above function (x; : i € I), where x; € A4; for all i € I, is called a choice
function for (4; : i € I). The axiom of choice is used to prove many theorems
in mathematics. In real analysis, for example, the axiom of choice is (tacitly)
applied to prove that a real valued function /: R — R is continuous at a point
¢ € Rif and only if nlgrgo f(xn) = f(c) for every sequence (x,) that converges

to c. It is thus said that continuity is equivalent to sequential continuity. The
axiom of choice is also used to prove that every vector space has a basis.

In Chapter 3, it was shown that the axiom of choice implies the following
theorem, which asserts the existence of another choice function 4.

Theorem 3.3.24 (ACQ). Let C be a set of nonempty sets. Then there is a function
H:C — |JC such that H(A) € A for all A € C.

It was then left as an exercise to show that Theorem 3.3.24 implies the axiom
of choice. Hence, the theorem is actually equivalent to the axiom. Moreover,
the axiom of choice is equivalent to a number of seemingly unrelated theorems.
In this chapter, we will show that the axiom implies two other results that are
also equivalent to it; but before we do this, we mention an application of the
axiom of choice to topology, which concerns “product sets.”

Let (B; : i € I) be an indexed function with nonempty terms. The product
set, denoted by [[,, B, is defined by
HBi = {f : f is a function, dom(f) = 7, and (Vi € I)(f (i) € B))}. (7.1)

iel

Typically, when 7 is an infinite set, the only way to conclude that this product
set is nonempty is to appeal to the axiom of choice as follows: Let (x; : i € [)
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be a choice function such that x; € B; for all i € I. Define f: I — | J
f(i) =x;. Then f € [],., B;, and thus, the product is nonempty.

Product sets are used to create a variety of topological spaces and to prove
Tychonoff’s compactness theorem, a classic result in topology. In Chapter 9
(see Exercise 19 on page 226), one is asked to complete a proof of a theorem
on product sets due to Julius Konig.

Many important consequences of the axiom of choice can be proved from
the following weaker version.

B,‘ by

iel

Countable Axiom of Choice. Suppose that (4; : i € I) is an indexed function
with nonempty terms. If / is countable, then there is a function (x; : i € I) such
that x; € 4;, foralli € 1.

Thus, if C is a countable set of nonempty sets, then the countable axiom of
choice implies there is a function H: C — | JC such that H(4) € 4 for all
A € C. The axiom of choice, of course, implies the countable axiom of choice,
but not conversely.

Finally, we remark that the replacement axiom shall not be applied in this
chapter; however, it will be used in Chapters 8 and 9.

7.1 Zorn's Lemma

Zorn’s Lemma, also known as the maximum principle, is an important theorem
about partially ordered sets that is normally used to prove the existence of a
mathematical object when it cannot be explicitly produced. According to Max
Zorn, he first formulated his principle at Hamburg in 1933. Zorn published this
maximum principle in 1935. Amil Artin then used Zorn’s principle to establish
theorems in algebra. Artin later proved that the principle implies the axiom of
choice.

In 1935, Zorn proposed adding his maximum principle to ZF, the axioms
of set theory. Although Zorn was not the first to suggest such a principle, he
demonstrated how useful his formulation was in applications, particularly in
topology, abstract algebra, and real analysis. Zorn also asserted (but did not
prove) that his lemma and the axiom of choice are equivalent. To review the
concepts of a maximal element and a chain, see Definitions 3.4.6 and 3.4.14.

Zorn's Lemma 7.1.1 (AC). Let (4, <) be a partially ordered set. If every chain
in A has an upper bound, then A contains a maximal element.

Our proof of Zorn’s Lemma 7.1.1 will apply “proof by contradiction”; that is,
we shall let (4, <) be a partially ordered set in which every chain has an upper
bound. We will then assume that 4 has no maximal elements and thereby derive
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a contradiction. The proof will depend on a few lemmas and definitions, which
we now present.

Let (4, <) be a partially ordered set and S C 4. Recalling Definition 3.4.8, an
element b € A is called an upper bound for S when b satisfies (Vx € S)(x < b).
We will say that b is a proper upper bound if, in addition, we have that b ¢ S.

Definition 7.1.2. Let (4, <) be a partially ordered set in which C is a chain.
Then C, is the set of proper upper bounds for C.

If (4, X) isa poset and C C 4 is a chain, then
Co={geAd:c=<gq, forallc e C}.
Thus, C,, is nonempty if and only if C has proper upper bounds in 4.

Definition 7.1.3. Let C be a chain in 4, where (4, <) is a partially ordered set.
We shall say that C’ is cofinal in C when C' C C and for all ¢ € C, there is a
¢ € C'suchthatc < .

Lemma 7.1.4. Suppose that (4, X) is a poset and let C C A be a chain. If C'
is cofinal in C, then C,, = C),.

Lemma 7.1.5. Let (4, <) be a partially ordered set in which every chain has
an upper bound. If A has no maximal elements, then every chain C in A has a
proper upper bound, and hence, C, is nonempty.

Proof. Assume that 4 has no maximal elements. Let C be a chain in 4. Since
every chain in 4 has an upper bound, let b € 4 be an upper bound for C. If
b ¢ C, then b is a proper upper bound for C. Suppose b € C. So, because b is
not a maximal element, there is a ¢ € 4 such that b < ¢. Thus, g ¢ C and ¢ is
a proper upper bound for C. O

We now present a proof of Zorn’s Lemma.

Proof (of Zorn's Lemma 7.1.1). Let (4, <) be a partially ordered set in which
every chain C C A4 has an upper bound in 4. We will prove that there is an
m € A such that m is a maximal element. Assume, for a contradiction, that A
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has no maximal elements. By Lemma 7.1.5 and the axiom of choice, there is a
function f such that f(C,) € C, whenever C is a chainin 4. As C, N C = &,
we see that

f(C,) ¢ C for all chains C in 4. (7.2)

A chain L in A4 shall be called a ladder if whenever C C L and C, N L # @,
then f(C,) is the smallest element in C,, N L (see Definition 3.4.11 on page 73).
In other words, if C C L and C has a proper upper bound in L, then f(C,) € L
and f(C,) is the smallest element in L that is a proper upper bound for C.

Ladders exist. To confirm this, note that & is (vacuously) a ladder and that
@, = A. For another example, let a = f(J,). Since {a} is a chain, we have
that a < f({a},). One can show that the set L = {a, f({a},)} is also a ladder.

Claim 1. Suppose L € K where L and K are ladders. Let £ € L and k € K. If
k<t thenk e L.

Proof. Let L and K are as in the claim. Let £ € L and k € K. Assume that
k < €. Suppose, for a contradiction, that k ¢ L. Thus, k < £. Let C be defined

by
C={xeLl:x=<k} (7.3)

So, C C L. Since L € K, we also have that C C K. Clearly, k € K is a proper
upper bound for C. Because K is a ladder, it follows that

£(C,) € K and f(C,) < k. (7.4)

Now, because k£ < £ and ¢ € L, the set C also has a proper upper bound in
L. Thus, f(Cp) € L. Since k ¢ L and f(C,) € L, (7.4) implies that f(C,) < k.
Hence, f(C,) € C by (7.3), and this contradicts (7.2). (Claim 1) I

Claim 2. Suppose that L and K are ladders. Then either L C K or K C L.

Proof. Let L and K be ladders. Assume, for a contradiction, that L € K and
K Z L. Hence, thereisanx € Lsothatx ¢ K anday € K sothaty ¢ L. Let

C={zel:z<x}N{zeK:z=<y}. (7.5)

Clearly, C C L and C C K. Because C C L and x € L is a proper upper bound
for C, it follows that f(C,) € L and f(C,) < x. Similarly,as C € Kandy € K
is a proper upper bound for C, we see that f(C,) € K and f(C,) < y. So, in
summary, we have

(MWx¢K, f(C)<x, f(C)eK; and )y ¢ L, f(C) Sy, f(Cp) €L

So f(Cp) < x by (1), and f(C,) < y by (2). Since f(C,) € L and f(C,) € K,
we conclude from (7.5) that f(C,) € C, contradicting (7.2). (Claim 2) O
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Now let B = {L € P(4) : L is a ladder}. By the power set and subset axioms,
we see that B is a set. Therefore, B3 is the set of all ladders.

Claim 3. | B is a ladder.

Proof. To see that |_J B is a chain, let x and y be in |_J B. Hence, x € L for some
L € B, and y € K for some K € B. By Claim 2, either L € K or K C L. So,
we can assume that x and y are in L. As L is a chain, either x < y or y < x.
Thus, | B is a chain. Suppose C C | J B has a proper upper bound in | J B,
say, b. We shall show that f(C,) € |JB and f(C,) < b. Since b € B, we
have that b € L for some L € B. We will now show that C C L. Let ¢ € C. So,
¢ < b. Because C C | J B, it follows that ¢ € K for some K € B. By Claim 2,
either LCKor KCL IfKCL,thencelL. If L CK, then (as ¢ < b and
b e L) Claim 1 implies that ¢ € L. Hence, C C L, and b € L is a proper upper
bound for C. Since L is a ladder, f(C,) € L and f(C,) < b. Consequently,
f(Cpy) e UBand f(C,) < b. Therefore, | J B is a ladder. (Claim 3) [

Let £ = | B. As Bis the set of all ladders, (¢) L € £ whenever L is a ladder.
Claim 3 states that £ is a ladder. Since £ is a chain, we have by assumption that
£, is nonempty. Thus, f(£,) € £,. Let £ = £U {f(£,)}.

Claim 4. £* is a ladder.

Proof. Since £ is a chain and x < f(£,) for each x € £, it follows that £* is
a chain. Let C C £* have a proper upper bound b in £*. Thus, b < f(£,) and
CCLIfbek, then f(Cp) € £ C £ and f(C,) < b, because £ is a ladder. If
b ¢ £,then b = f(£,), and there are two cases to consider.

Cask 1: C is not cofinal in £. Thus, C has a proper upper bound u in £.
Hence, f(C,) € £ and f(C,) < u as £ is a ladder. Therefore, f(C,) € £* and
f(Cy) < bbecause u < f(£,) = b.

Casg 2: C is cofinal in £. Lemma 7.1.4 implies that f(C,) = f(£,) = b. So
we clearly have that /(C,) € £* and f(C,) < b. (Claim 4) (J

Since £* is a ladder, (#) implies that £ C £. As f(£,) € £, we conclude
that f(£,) € £, and this contradicts (7.2). (Zorn’s Lemma) [J

Hence, the axiom of choice implies Zorn’s Lemma 7.1.1. Moreover, one can
also prove that Zorn’s Lemma implies the axiom of choice (see Exercise 10).
A different proof of Zorn’s Lemma is summarized in Exercise 14 on page 193;
however, this alternative proof relies on ordinals and the replacement axiom.

Corollary 7.1.6 (AC). Suppose that (4, <) is a partially ordered set in which
every chain has an upper bound. For each a € A, there exists a maximal ele-
ment m € A such that a < m.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316341346.008
https://www.cambridge.org/core

Zorn's Lemma

Proof. Let (4, <) be a poset in which every chain has an upper bound, and
leta e A.DefineB={x € A4:a<x}and <= <NB xB.Thus, (B,<p)isa
partially ordered set (see Exercise 14 on page 76) in which every chain has an
upper bound. By Zorn’s Lemma, B has a maximal element m. So a < m and m
is a maximal element in 4. O

7.1.1  Two Applications of Zorn's Lemma

Zorn’s Lemma is frequently applied to posets of the form (F, C) where F is
a set (of sets) and C is the subset relation (see Problem 1 on page 70). In such
applications, one proceeds as described in Exercise 5. We will now present two
theorems whose proofs apply Zorn’s Lemma as outlined by Exercise 5.

The first theorem, often called the comparability theorem, shows that one can
compare the cardinalities of any two sets (see Definition 5.4.14). First, we shall
state and prove a relevant lemma.

Lemma 7.1.7. Let P = {h € A X B : h is a one-to-one function}. If f € Pisa
maximal element in the poset (P, C), then either dom(f) = A or ran(f) = B.

Proof. Let (P, C) be the poset defined in the statement of the lemma, and let
f be a maximal element in P. Clearly, dom(f) € 4 and ran(f) € B. We shall
prove the either dom(f) = A or ran(f) = B. Suppose, for a contradiction, that
dom(f) # A and ran(f) # B. Let a € A \ dom(f) and b € B \ ranf. Now let
g= fU{{a, b)}. Clearly, g € 4 x B. Because a ¢ dom(f) and b ¢ ran(f), it
follows that g is a one-to-one function. Thus, g € P. Since f C gand f # g,
this contradicts the fact that f is maximal. Therefore, either dom(f) = 4 or
ran(f) = B. O

We can now state and prove the comparability theorem, which is actually
equivalent to the axiom of choice (see Exercise 23, page 218).

Theorem 7.1.8 (AC). For any two sets A and B, either |A| <. |B| or |B| <. |A|.

Proof. Let 4 and B be sets, and let P ={h C A x B : his a one-to-one
function}. We will show that every chain in the poset (P, €) has an upper
bound. To do this, suppose that C C P is a chain. Thus, forall f € Candg € C,
we have that either /' € g or g C f. Clearly, | JC € 4 x B. Exercise 11 on
page 68 shows that [ J C is a one-to-one function. So | JC € Pand f C | JC for
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each f € C. We conclude that | JC is an upper bound for C. Hence, by Zorn’s
Lemma, the poset (P, €) has a maximal element f. Lemma 7.1.7 asserts that
either dom(f) = 4 or ran(f) = B. If dom(f) = A4, then |4| <. |B| because
f: A — Bisone-to-one. Ifran(f) = B, then |B| <. |4| asf‘l : B — Aisone-
to-one by Corollary 3.3.15 and Theorem 3.2.7. O

Our second theorem, identified as the order-extension principle, shows that
any partial order on a set can be extended to a total order on the same set. A
proof of this theorem was first published by Edward Marczewski in 1930. Our
proof will apply Zorn’s Lemma to a partial order on a set of partial orders. We
first state and prove a useful lemma, which shows that if a partial order is not a
total order, then it can be extended to a larger partial order.

Lemma 7.1.9. If X is a partial order on A that is not a total order on A, then
there is a partial order <" on A such that < C <’ and < # <.

Proof. Let < is a partial order on A4 that is not a total order on 4. Since < is
not a total order, there exist a € 4 and b € 4 such that (A) a £ b and b £ a.
Let R € 4 x A4 be defined by

R={{x,y) edxA:x<aand b < y}.

Because < is reflexive on A4, we see that a < a and b < b. Thus, (a, b) € R.
Let X' =<UR. So < C <. Also, x#=<"as {a,b) € R and (a,b) ¢ <X by
(A). We will now show that <’ is a partial order on A4. Since ' =  UR, we
have that

x < yifand only ifx < y or {x,y) € R. (7.6)

Let x € 4. Since x < x, we see from (7.6) that x <’ x. So <’ is reflexive on 4.
To show that <’ is antisymmetric, suppose that x <’ y and y <’ x. We shall
show that x = y. Since x %" y and y <’ x, the equivalence in (7.6) yields the
following four cases (three of which, as we will see, cannot hold):

1. x X yand y < x. Since < is antisymmetric, we conclude that x = y.

2. x<yand (,x) € R.So (@) x <y, (B)y < a, (y) b < x. Conditions () and
(B) imply that x < a. Hence, (y) implies that b < a, which contradicts (A).

3. (x,y) € Rand y < x. As in the previous case 2, this is impossible.

4. (x,y) € Rand (y,x) € R. Thus, (@) x < a, (B)b<xy,(¥)y=<a, () b=xx.
Clearly, (8) and (y) imply that b < a, contradicting (A).

Because case 1 is the only possibility, we conclude that <’ is antisymmetric.
Finally, we now show that <’ is transitive. Assume x <" y and y <’ z. We must
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show that x <’ z. As x 5’ y and y <’ z, the equivalence (7.6) again yields four
cases to consider:

1. x X yand y < z. Since < is transitive, we conclude that x < z.

2. x<yand (y,z) € R. Thus, (¢) x <y, (B)y < a, (y) b =<z As () and (B8)
imply that x < a, we see from (y) that x < a and b < z. Hence, (x, z) € R.

3.(x,y)eRandy<z So () x<a, (B) by, (y) y <z Since (B) and
(y) imply that b < z, we conclude from («) that x < a and b < z. Thus,
(x,z) € R.

4. (x,y) € Rand (y,z) € R.Hence, (@) x<a,(B)D<y,(¥)y<a,8) b=z
Clearly, (8) and (y) imply that b < a, contradicting (A).

In each of the valid cases, we have either x < z or (x, z) € R. Thus, by (7.6),
x %’ z. Hence, <’ is a partial order on 4 such that  C <’ and < # ¥'. O

We can now show that Zorn’s Lemma implies the order-extension principle.

Theorem 7.1.10 (AC). Let <’ be a partial order on A. Then there exists a total
order < on A such that <’ C <.

Proof. Let <’ be a partial order on 4, and let
P ={JC A4 xA4:isapartial order on 4}.

Hence, <’ € P. We now show that every chain in the poset (P, €) has an upper
bound. Let C C P be a chain. Thus, for all < € C and < € C, either < C < or
< C€ <. Clearly, | JC € 4 x A. Exercises 17 and 18 on page 76 imply that | JC
is a partial order on 4. So | JC € Pand < € |JC forall 5 € C. Hence, | JC is
an upper bound for C. Hence, by Corollary 7.1.6, there is a maximal element
< € P such that 5’ C <. Since < is maximal, Lemma 7.1.9 implies that < is
a total order on 4. O

Exercises 7.1

1. Let (4; : i € I) be an indexed function so that 4; # &, for all i € /. With-
out appealing to the axiom of choice, prove that if (_J,_, 4; is countably
infinite, then there is a function f: I — | J._; 4; such that f(i) € 4;, for
alli e l.

iel
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2.

*5.

*10.

Let R € 4 x B, and let R(x, y) denote (x,y) € R. Now suppose that for
all x € A4, there is a y € B such that R(x, y). Using the axiom of choice,
show that there is a function f: 4 — B such that R(x, f(x)) forall x € 4.

. Let R C 4 x A, and let R(x, y) denote (x,y) € R. Suppose that 4 # &

and for all x € A4, there is a y € 4 such that R(x, y). By Exercise 2 and the
axiom of choice, there is an f: 4 — A such that R(x, f(x)) forall x € 4.
Using Theorem 4.2.1, show that there is a function 4#: w — A4 such that
R(h(n), h(n™)) for all n € w.

. Prove Lemma 7.1.4.

Let (F, €) be a partially ordered set where F is a set (of sets). Suppose

that for every chain C C F we have that [ JC is in F.

(a) Let C C F be a chain. Prove that | J C is an upper bound for C.

(b) Using Zorn’s Lemma, show that there exists an M € F that is maxi-
mal, that is, M is not the proper subset of any 4 € F.

.Letf:4A—>Band F={X C4:(f | X): X — Bis one-to-one}. Con-

sider the partially ordered set (F, ).
(a) Using Zorn’s Lemma, show that there is an M € F that is maximal.
(b) Prove that if £ is onto B, then (f | M): X — B is a bijection.

. Let (4, <) be aposet. Let F = {D € P(A) : D is a chain in 4}. Consider

the partially ordered set (F, ).

(a) Let C be a chain in F. Show that | J C is a chain in 4.

(b) Conclude, via Zorn’s Lemma, that there exists a chain D in A that is
maximal, that is, D is not the proper subset of any other chain in 4.

. Let P be the set of nonzero natural numbers. Then (P, | ) is a poset where

| is the divisibility relation on P (see Problem 2 on page 71). Define a
partial order < on P such that | € < and 2 < 3.

. Using Theorem 7.1.10, show there is a total order < on P(w) such that

for all x and y in P(w), if x C y, then x < y. Show that < # C on P(w).

Let (4; : i € I) be an indexed function with nonempty terms, and let
F = {g: gis a function, dom(g) C 7, and (Vi € dom(g))(g(?) € 4;)}-

Thus, (F, €) is a partially ordered set. Assuming Zorn’s Lemma, prove

the axiom of choice as follows:

(a) Let C C F be a chain. Prove that | J C is in F and is an upper bound
for C.

(b) Conclude, via Zorn’s Lemma, that  has a maximal element 4.
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(c) Show that dom(%) = 7 and (Vi € I)(h(i) € 4;). Thus, (h(i) :i € I) is
a choice function.

Exercise Notes: The conclusion of Exercise 3 is called the axiom of dependent
choices (DC). For Exercise 6(a), apply Exercise S. Exercise 7 shows that Zorn’s
Lemma implies the Hausdorff maximal principle, which proclaims that every
partially ordered set contains a maximal chain. This principle is also equivalent
to the axiom of choice. For Exercise 10(a), see Exercise 11(a) on page 68.

7.2 | Filters and Ultrafilters
We now introduce the concept of a filter, which has a variety of applications
in set theory and in topology. Filters were introduced by Henri Cartan in 1937
and subsequently used by Bourbaki in the book Topologie générale.

The motivation for our next definition is to give meaning to the intuitive
notion of a “large” subset of X .

Definition 7.2.1. Let X be nonempty and let ¥ € P(X). Then F is a filter
on X if it satisfies the following three conditions:

(1) ¢ Fand X € F.
Q) IfYeFandZeF,thenY NZ € F.
B)IfYeFandY CZC X,thenZ € F.

SoifY € F and F is a filter, then Y behaves like a “large” set.

If Fisafilteron X and 4 € F, then X \ 4 ¢ F. To prove this, suppose that
X \ 4 € F. Thus, by Definition 7.2.1(2), & = AN (X \ 4) € F, which contra-
dicts Definition 7.2.1(1).

Clearly, the singleton set {X} is a filter on any nonempty set X. For another
example, let S be a nonempty subset of X and let FF = {4 C X : § C 4}. One
can verify (see Exercise 1) that F' satisfies the conditions of Definition 7.2.1.
Hence, F is afilter on X, and it is called the filter on X generated by S. When S
is a singleton, then F' shall be called a principal filter. For example, if a € X,
then the principal filter generated by {a} can be expressed by

F={ACX:aeA). (7.7)
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Definition 7.2.2. Let F be a filter on X. We say that F is a maximal filter if
for all filters Gon X, if F C G, then F = G.

If a € X, then the principal filter F generated by {a} is a maximal filter.
To see why it is maximal, let G be a filter on X so that F € G. Let B € G.
To prove that B € F', assume B ¢ F. Thus,a ¢ Bandae€ X \ B. So X \ B €
F, and hence, X \ B € G. Since B € G, we conclude from Definition 7.2.1(1)
that @ = BN (X \ B) € G, acontradiction. So B € F and F = G. On the other
hand, fora € X and b € X where a # b, one can verify that the filter generated
by {a, b} is not maximal.

We now present an example of a nonprincipal filter. Let X be an infinite set.
Let F be defined by

F={S§CX: X\Sis finite}.

One can show that F is a filter on X'. For example, to verify Definition 7.2.1(2),
let Sand T bein F. Since X \ (SNT) = (X \ S)U X \ T), we conclude that
X\(SNT)is finite, as X \ S and X \ T are finite. Thus, SN T isin F. A
set S is said to be a cofinite subset of X, if S € X and X \ S is finite. So the
filter F is called the filter of all cofinite subsets of X. To show that F is not a
principal filter, let 4 € F and a € 4. Consider theset B =X \ {a}. Then B € F/
(because X \ B = {a} is finite) and a ¢ B. Therefore, F is not generated by any
singleton.

Definition 7.2.3. Let F be a filter on X. Then F is said to be an ultrafilter on
X ifforallY C X,eitherY e ForX \Y € F.

Let a € X. The principle filter F generated by {a} (see (7.7)) is an ultrafilter.
So there are principal ultrafilters. Do nonprincipal ultrafilters exist? Let X be
an infinite set and let F' be the filter of all cofinite subsets of X'. Our goal in this
section is to prove a result that implies the existence of an ultrafilter ¢/ such
that /7 C U. Exercise 9 then implies that ¢/ is nonprincipal. Thus, nonprincipal
ultrafilters do, in fact, exist.

The following lemma identifies two important properties that an ultrafilter
possesses.

Lemma 7.2.4. Let U be an ultrafilter on X.

(1) Forall A C X and BC X, if AU B € U, then either A € U or B € U.
(2) Let F beafilteronX.If U CF, thenUd = F.
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Proof. The proofs of (1) and (2) are left for Exercises 7 and 8, respectively.
O

Lemma 7.2.4(2) shows that an ultrafilter is maximal. Furthermore, if a filter
is maximal, then it is an ultrafilter (see Exercise 15).

Definition 7.2.5. Let X and G € P(X) be nonempty. Then G has the finite
intersection property if whenever S C G is nonempty and finite, then

NS # 2.

Lemma 7.2.6. Let X and G C P(X) be nonempty. Suppose that G has the
finite intersection property. Then there is a filter F on X such that G C F.

Proof. Let G C P(X). Assume G has the finite intersection property. Define
F = {A ePX): ﬂS C A for some nonempty finite S < G} .

Clearlyy, G C F, @ ¢ F, and X € F. We shall prove that F is a filter; that
is, we will establish items (2) and (3) of Definition 7.2.1. Let Y € F' and
ZeF.So(\SCY and (\T € Z where S C G and T € G are nonempty
and finite. Thus, (SN ()T € Y NZ. Exercise 12 on page 40 implies that
ASNAT =N(SUT). Hence, (J(SUT) S Y NZ. Since SUT is a finite
subset of G (see Exercise 15 on page 116), we have that Y N Z € F. Thus, (2) of
Definition 7.2.1 holds. To prove (3),letY € FandY € Z C X.Since(|SC Y
for some nonempty finite S C G, it follows that Z € F. Therefore, F' is a
filter. O

Definition 7.2.7. Let X and G € P(X) be nonempty. Then G is closed under
finite intersections if whenever S C G is nonempty and finite, then (| S € G.

One can prove by induction that a filter is closed under finite intersections,
and therefore, a filter has the finite intersection property (see Exercise 2).

Lemma 7.2.8. Let F be a filter on X. Suppose that A C X is such that A ¢ F
and X \ A ¢ F. Then the set F U {4} has the finite intersection property.
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Proof. Let F be a filter on X, and suppose that 4 € X is such that 4 ¢ F and
(A) X \ 4 ¢ F.Because F is a filter, (A) implies that 4 # &.

Claim. Forevery Y € F, we have that Y N4 # &.

Proof. Assume, for a contradiction that Y N4 = & for some Y € F. Since
YNAd=oandY C X, it follows that ¥ C X \ 4. Thus, because F is a filter,
we have that X \ 4 € F', which contradicts (A). (Claim) O

Let S C FU{4} be finite and nonempty. So ecither 4 ¢ S or 4 € S. If
A ¢S, then SCF. As F has the finite intersection property, it follows
that (S # @. If A€ S, then S=TU({4} for a finite T CF. If T = &,
then (S =4, and thus, (S # @. If T # &, then one can show that
(1S=A4N(\T). Since F is closed under finite intersections, (|7 € F.
Hence, AN ((T) # & by the above claim. Thus, (S # & and F U {4} has
the finite intersection property. (Lemma) [

Lemmas 7.2.6 and 7.2.8, together with Zorn’s Lemma, imply the following
theorem, which has many applications in mathematics.

Ultrafilter Theorem 7.2.9 (AC). If F is a filter on X, then there is an ultrafilter
U on X such that F C U.

Proof. See Exercise 14. O

7.2.1 ldeals

Filters allowed us to investigate the concept of a “large” subset of a set X.
Ideals allow us to pursue the concept of a “small” subset of X. As we will see,
given a filter on X, one can construct an ideal on X, and conversely.

Definition 7.2.10. Let X be nonempty and let I € P(X). We say that [ is an
ideal on X if it satisfies the following three conditions:

(1) o eland X ¢ 1.
2)IfYelandZ el,thenY UZ € I.
B)IfYelandZ C Y, thenZ € I.
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The singleton {&} is an ideal on any nonempty set X. Let.S € X be a proper
subset and let

[={ACX:ACS).

The set / is an ideal, since it clearly satisfies the conditions of Definition 7.2.10.
This ideal [ is called the ideal on X generated by S.

The following lemma shows that there is an intimate connection between
filters and ideals.

Lemma 7.2.11. Let X be nonempty. Then the following hold:

(1) IfFisafilteron X, the Xp = {B € P(X): X\ B e F}isanideal on X.
2) If lisanideal on X, the X; = {A € P(X) : X \ 4 € I} is a filter on X.

Proof. See Exercises 19 and 20. O

Let F and [ be as in Lemma 7.2.11. Then X is called the dual ideal, and X;
is called the dual filter. It is easy to show that Xy, = F and Xy, = /.

Definition 7.2.12. Let I be an ideal on X. Then [ is said to be a prime ideal
onX ifforall Y C X,eitherY e forX \Y € I.

Theorem 7.2.13. Let X be a nonempty set. Then U is an ultrafilter on X if and
only if Xy is a prime ideal on X .

Proof. See Exercise 21. O

Finally, let 7 be an ideal on X. Then / is said to be a maximal ideal if for all
ideals J, if I € J, then I = J. One can prove that a prime ideal is maximal (see
Exercise 22).

Exercises 7.2

*1. Let S € X where S is nonempty. Let F = {4 € X : S C 4}. Prove that F/
is a filter on X.
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2

. Let F be a filter on X. Prove that F is closed under finite intersections.
Conclude that F' has the finite intersection property.

3. Leta € X and b € X where a # b. Prove that the filter generated by {a, b}
is not maximal.
4. Let F be a filter on a nonempty set X. Let 4 € F. Prove that P(4) N F is
a filter on 4.
5. Suppose that X is an infinite set, and let 4 be a cofinite subset of X. Prove
the following two items:
(a) If 4 € B C X, then B is a cofinite subset of X.
(b) If C is a cofinite subset of 4, then C is a cofinite subset of X
6. Let F be the filter of cofinite subsets of w. Show that F is not an ultrafilter.
*7. Prove Lemma 7.2.4(2).
*8. Prove Lemma 7.2.4(3).
9. Let X be an infinite set and let F' be the filter of all cofinite subsets of X .
Suppose G is a filter on X such that F/ C G.
(a) Prove that every 4 € G is infinite.
(b) Prove that G is nonprincipal.
(c) (AC) Conclude that there is nonprincipal ultrafilter on X .
10. Let F be a nonempty set of filters on X . Prove that () F is a filter on X.
11. Let F be filter on X and leta € X.
(a) Prove that if {a} € F,thena € 4 forall4 € F.
(b) Suppose that F is an ultrafilter on X and {a} € F. Conclude that F' is
the principal filter on X generated by {a}.
12. Let U be an ultrafilter on X .
(a) Suppose there is a finite set in /. Prove that {a} € U for some a € X.
(b) Conclude that if ¢/ is nonprincipal, then every B € U is infinite.
13. Show that P(X)\ U = {B € P(X) : X \ B € U}, whenever I is an ultra-
filter on X .
*14. Let F be afilteron X.LetS = {£ € P(X) : E is a filter on X}. Note that

F € S. Consider the partially ordered set (S, ©).

(a) Let C C S be a chain. Prove that | JC € S and that | J C is an upper
bound for C.

(b) Show, via Corollary 7.1.6, that S has a maximal element I/ such that
F CU.

(c) Using Lemma 7.2.6 and Lemma 7.2.8, prove that / is an ultrafilter.


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316341346.008
https://www.cambridge.org/core

Well-Ordering Theorem

*15. Let F be a filter on X. Prove that F' is an ultrafilter if and only if F is
maximal.

16. Let F be a filter on A. Let ‘B = {f : f is a function from 4 to B}. Define
the relation ~ on “B by

f~gifandonlyif{xe 4: f(x) =gx)} € F
for all f and g in “B. Prove that ~ is an equivalence relation on “B.

17. Let U be an ultrafilter on 4. Let 4B = {f : f is a function from 4 to B}.
Suppose that < is a total preorder on 4. Define the relation <* on “B by

fxrgifandonlyif{x e 4: f(x) < glx)} e U
for all f and g in“B. Prove that <* is total preorder on “B.
18. Let U be an ultrafilter on 4 and let f: A — B. Define the set
U'={Y ePB): f Y] eu).
Prove that I/* is an ultrafilter on B.
*19. Prove Theorem 7.2.11(1).
*20. Prove Theorem 7.2.11(2).
*21. Prove Theorem 7.2.13.

*22. Suppose [ is a prime ideal on X . Prove that / is a maximal ideal.

Exercise Notes: For Exercise 6, find a set 4 € w and a set B C w that violate
Lemma 7.2.4(1). For Exercise 12(a), let A € U be a finite set such that for all
B € U, if B is finite then |4| < |B|. Using Lemma 7.2.4(1), deduce that 4 is a
singleton. For Exercise 12(b), use Exercise 11. For Exercise 18, see Exercise 9
on page 68.

7.3 Well-Ordering Theorem

The following theorem is due to Ernst Zermelo and states that every set can be
well-ordered. Therefore, the powerful principle of transfinite recursion can be
applied to any set.

Well-Ordering Theorem 7.3.1 (AC). Each set has a well-ordering.
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Proof. Assume the axiom of choice. Let 4 be a set. We shall use Zorn’s Lemma
to prove that there is a well-ordering on 4. Let W be the following set:

= {< : the relation < is a well-ordering on a subset of A}

(Theorem 2.1.3 implies that ¥ is a set). Define the continuation relation < on
W by

K9 iff ) x € x and (i) ifx <’ yandy < y, thenx <y (7.8)

where x and y in (7.8)(ii) are arbitrary. The relationship ¥’ is illustrated by
the following diagram (7.9) where the order <’ continues the order <; that is,
the order <’ can only add new elements that are greater than all of the elements
ordered by < (see Exercise 3):

<
asxb<gc<g-gxh<g--<e<gxx"---. (7.9)

4/

The structure (W, <) is a partially ordered set (see Exercise 4). Let C € W be
a chain. Thus, for all < € C and <’ € C, either < < <’ or <’ < <. Now let <
be the relation | J C with field | J{fld(%) : < € C}, whichis a subset of A.

Claim 1. <€ is a total order on its field.

Proof. Exercise 18 on page 76 implies that <C is a partial order on its field. To
show that <C is a total order, let x and y be in the field of <C. Thus, x € fld(x)
and y € fld(x") for some < and <’ in C. Since C is a chain, it follows from (7.8)
that either fld(x) € fld(x') or fld(x") C fld(x). Without loss of generality, let
us assume that fld(x) C ld(x'). Hence X € ﬂd(ﬁ/) and y € fld(x'). As ¥ is
a total order, we see that either x <" y or y <" x. Since ' C <°, we conclude
that either x <€ yory <C x. Therefore, <€ is a total order. (Claim 1)

Claim 2. <C is a well-ordering on its field.

Proof. Suppose that S C [ J{fld(x) : < € C} is nonempty. So let y € S. Hence,
(A) y € fld(x) for some < € C. We now show that {z:z ¢y} = {z:z < y}.
Since < € <¢, weseethat{z:z <y} C {z:2z<¢y}. Assumex € {z:z <C ).
So x <C y. Thus x <"y for some 5’ € C. We must verify that x € {z : z < y}.
Since < € C, <’ € C, and C is a chain, we have either < < <" or <’ < <.

Cask 1: 5 < <. So (7.8)(ii) holds. We know that x <’ y. Since y € fld(x) by
(A), we have that y < y because < is reflexive. Thus, x <’ y and y < y. From
(7.8)(ii), we conclude that x < y,and sox € {z: z < y}.
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Cask 2: 5/ <9 <. Item (i) of (7.8) implies that 5’ C <. Because x 5’ y, we
infer thatx < », and therefore, x € {z : z < }.

Sof{z:z=xy)={z:z<y}. Thus, ) {zeS:z<yl={zeS:z< ).
Since y € S, the set {z € S : z < y} is nonempty. As < is a well-ordering, there
isa <-leastelement £ € {z € S : z < y}. Because < C <, (#) implies that £ is
the <C least element in S. So < is a well-ordering on its field.  (Claim 2) [J

Claim 3. <C isin W and < is an upper bound for C.

Proof. Claim 2 implies that <€ is in . Let < € C. We prove that < <0 <C.
Clearly, < € <°. Thus, (i) of (7 8) holds. For (ii), suppose that x <€ y and

y < y. Since x ¢y, there is a 5’ € C such that x 5’ y. As C is a chain, we
have either < <" or 5’ The arguments used in case 1 and case 2 of the
proof of Claim 2 show thatx < y. Therefore, < < <€. (Claim 3) O

By Zorn’s Lemma, there exists a maximal element < in /. Hence, < is a
well-ordering on a set X € 4 and < <7 <’ for all <’ € W. We now prove that
X = A. Suppose, for a contradiction, that there isan a € 4 suchthata ¢ X. Let
< =< U{{x, a) : x € X orx = a}. One can easily show (see Exercise 5) that
<’ is a well-ordering on X U {a} and therefore, <’ € W. In addition, one can
also show that < <1 </, which contradicts the maximality of <. Hence, X = 4
and < is a well-ordering on A.

The proof of Theorem 7.3.1 now shows that the axiom of choice implies that
every set can be well-ordered. Moreover, in Exercise 1 you are asked to show
that the well-ordering theorem implies the axiom of choice. Another proof of
Theorem 7.3.1 is outlined in Exercise 15 on page 194. This alternative proof
depends on the replacement axiom.

Exercises 7.3

*1. Let (4; : i € I) be an indexed function such that 4; # & for all i € [. By
Theorem 7.3.1, the set | J,; 4; has a well-ordering <. Define a function
f such that dom(f) = I and (Vi € I)(f(i) € 4;). Thus, (f(i):i€I) is a
choice function.

2. Let < be a total order on 4. For each u € 4, let s(u) ={x € 4 : x < u}.
Suppose that for every u € 4 and X, if X C s(u) is nonempty, then X has
a <-least element. Prove that < is a well-ordering on 4.

173
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*3.

*4,

*S.

*6.

Let < be a well-ordering on C and let <" be a well-ordering on D. Suppose
that (i) < € <’ and (ii) whenever x <’ y and y < y, thenx < y.

(a) Prove that C C D.

(b) Prove that < = <’ N (C x C).

(c) Prove that if C £ D, then C = {z : z <’ £} for some £ € D.

Let < be the relation defined on W in the proof of Theorem 7.3.1. Prove
that < is a partial ordering on W¥.

Let < be a well-ordering on a set X and let a ¢ X . Define a relation <’ on

XU{a}byx' =< U{{x,a) :x€ X orx =a}.

(a) Show that < is well-ordering on X U {a}.

(b) Prove that < < <’ where < is the continuation relation defined by
(7.8) in the proof of Theorem 7.3.1.

Suppose that < is a well-ordering on 4 and that <’ is a well-ordering on
B. Let < be the lexicographic ordering on A x B. Prove that <, is a well-
ordering.

Exercise Notes: For Exercise 6, see Exercise 19 on page 76.
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We can easily count the number of elements in a finite set; but can we count
the number of elements in an infinite set? If a set A4 is countably infinite, then
Theorem 5.2.6 suggests that 4 has w many elements. Is w a number? In order
to count the number of elements in infinite sets, we need to define some new
numbers that will allow us to count far beyond the natural numbers. These new
numbers are called ordinals.

8.1 Ordinal Numbers

Each natural number n € w is a transitive set, and the set w is also a transitive
set (see Theorems 4.1.11 and 4.1.13). In addition, Theorem 4.4.13 shows that
w is well-ordered by the relation €. By extending these concepts, we can easily
define new counting numbers. For sets x and y, we shall write x € y if and only
ifxeyorx=y.

Definition 8.1.1. An ordinal is a transitive set that is also well-ordered by the
relation €.

Thus, the set w is an ordinal, and each natural number is also an ordinal. Let
a be an ordinal. Then « is a transitive set, and the relation € is a well-ordering
on «. Therefore, in particular, € is a total order on « (recall Definitions 6.1.1
and 3.4.3). Hence, Lemma 3.4.5 implies the following result.

Lemma 8.1.2. Let o be an ordinal. Then for all x, y, z in «,

(@) x ¢ x,

(b) ifx ey theny ¢ x,

(¢c)ifxeyandy € z, thenx € z,

(d) exactly one of the following holds: x € y, orx =y, ory € x.
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An ordinal « is a transitive set. So if x € y € «, then we can conclude that
x € a. We shall use lowercase Greek letters «, 8, v, n, v, . .. to denote ordinals.

Lemma 8.1.3. The following hold:

(1) @ is an ordinal.

(2) If o is an ordinal, then o ¢ «.

(3) If a is an ordinal and y € «, then y is an ordinal.
(4) If a is an ordinal, then o™t is also an ordinal.

Proof. (1) This follows vacuously. (2) Suppose « is an ordinal. If & € «, then
this would contradict Lemma 8.1.2(a). Therefore, o ¢ .

(3) Assume « is an ordinal and let y € . We first prove that y is a transitive
set. Let (A)n € vandlet (#) v € y. We prove that € y. Since « is a transitive
setand v € y € «, we have that v € «. Thus, n € v € «, and we conclude that
n € a. Now, since y € o and n € o, Lemma 8.1.2(d) implies that either n € y,
n=vy,ory €n. If n =y, then (A) implies that y € v. So Lemma 8.1.2(b)
implies that v ¢ y, which contradicts (¢). If y € n, then (¢) implies that v € n
by Lemma 8.1.2(c). Hence, ¢ v by Lemma 8.1.2(b), contradicting (A). So
we must have n € y, and therefore, y is a transitive set. Since y C « and « is
well-ordered by €, it follows that y is also well-ordered by € (see Exercise 5
on page 145). Therefore, y is an ordinal.

(4) Suppose that « is an ordinal, and recall that ot = o U {a}. Exercise 2
on page 87 implies that the successor ot is a transitive set. Let 4 C ot be
nonempty. If A N = &, then 4 = {«} and A4 clearly has an €-least element.
Suppose 4 N« # &. Since « is an ordinal, there isau € A N« so that u € x
forall x € 4 N a. Because « is the €-largest element in o, it follows that u € x
for all x € A. Consequently, ¢ is an ordinal. O

We will show how to construct an ordinal using any well-ordered set. First,
for each set x, let ran(x) = {d : Ic({c, d) € x)}, which is a set (see page 45).
Now let < be a well-ordering on a set 4. Let ¢(x, y) be the formula y = ran(x).
Clearly, for each x, there exists a unique y satisfying ¢(x, ). By Theorem 6.2.5,
there is a unique function H with domain 4 such that

H(u) =ran(H [ s(u)), forallu € 4. 8.1)

Recall that s(1) = {x € 4 : x < u} is the “less than” initial segment up to u (see
(6.3) on page 143). Since ran(H | s(u)) = {H(x) : x < u}, we can rewrite (8.1)
as

Hw)={H(x):x <u}, forallu € 4. (8.2)
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Suppose that u is the <-least element in A4, that v is the <-least element in 4
such that u < v, and that w is the <-least element in 4 so that v < w. Then

Hu)y={Hx):x<u}=2=0,
H@)={Hx):x<v}={Hw}={2} =1,
H(w) ={H(x):x < w}={H(u),H@v)} = {2, {2} = 2.

Since 0, 1, and 2 are ordinals, it appears that the range of H consists of ordinals.
We now show that every well-ordered set can be used to construct an ordinal.

Theorem 8.1.4. Let < be a well-ordering on a set A, and let H be the unique
function with domain A that satisfies (8.2). If 5 = ran(H ), then § is an ordinal.

Proof. Let <, 4, H, and § be as in the statement of the theorem.
Claim 1. Forall x € 4, H(x) ¢ H(x).

Proof. Suppose, for a contradiction, that the set C = {x € 4 : H(x) € H(x)} is
nonempty. Let a € 4 be the <-least element in C. Hence, (A) H(a) € H(a).
Thus, by (8.2), H(a) = H(u) for some u < a. So by (A), H(u) € H(u). Thus,
u € C and u < a. Therefore, a is not the <-least element in C.  (Claim 1) [J

Claim 2. H is one-to-one.

Proof. Let x€ 4 and y € A. Assume H(x) = H(y). If x # y, then either
X <yory=<ux, as < is a total order. Suppose x < y. So, by (8.2), H(x) €
H(y). Since H(x) = H(y), we conclude that H(x) € H(x), which contradicts

Claim 1. Similarly, the relationship y < x is also impossible. So x = y.
(Claim 2) O

Claim 3. If x and y are in 4, then x < y if and only if H(x) € H(y).

Proof. Let x and y be in 4. If x < y, then H(x) € H(y) by (8.2). Conversely,
if H(x) € H(y), then H(x) = H(u) for some u < y, again by (8.2). Since H is
one-to-one, we see that x = « and consequently, x < y. (Claim 3) OJ

Claim 4. § is a transitive set.

Proof. Leta € Band B € §. As § = ran(H), let x in 4 be such that H(x) = B.
Since @ € B and H(x) = {H(y) : y < x} by (8.2), we conclude that « = H(y)
for some y < x. Therefore, « is in the range of H and so, « € §. (Claim 4) [J

Claim 5. The relation € is a total order on §.

Proof. First we show that € is a partial order on 8. Let «, B, and y be in §. As
8§ =ran(H),letx,y,andzbeindsothat H(x) = o, H(y) = B,and H(z) = y.
Clearly, @ € «. Suppose that € S and 8 € «. Claims 2 and 3 imply that x < y
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and y < x. Thus, x = y since < is a partial order. So H(x) = H(y) and o = 8.
Finally, assume o € f and B8 € y. Then x < y and y < z. Hence, x < y. Thus,
by Claim 3, H(x) € H(y). So « € y. To show that € is a total order, note that
since < is a total order on A4, we have that either x < y or y < x. Claim 3 implies
that either o € B or B € «. (Claim 5) O

Claim 6. The relation € is a well-ordering on §.

Proof. Since § = ran(H), the function H is onto 8. Let D C § be nonempty.
Therefore, H~'[D] is a nonempty subset of 4. Let a be the <-least element in
H7'[D]. Let @ = H(a). Clearly, « € D. Now let 8 € D be arbitrary. Because
H is onto 8, let b € H~'[D] be such that 8 = H(b). Since a is the <-least
element in H~'[D], we see that a < b. Claim 3 now implies that H (a) € H(b).
Hence, o € B and « is the €-least element in D. (Claim 6) [

Therefore, § is an ordinal. O]

Definition 8.1.5. We shall say that (4, <) is a well-ordered structure when
< is a well-ordering on 4. [We shall write (4, <) for the ordered pair (4, <).]

Definition 8.1.6. Let (4, <) and (B, <*) be well-ordered structures. A func-
tion f: A — Bisanisomorphism from (4, <) onto (B, <*) if f is one-to-one,
f isonto B, and f satisfies

x < yifand only if f(x) <* f() (8.3)

for all x and y in 4. If such an isomorphism exists, then (4, <) and (B, <*) are
said to be isomorphic, and we write (4, <) = (B, ).

We now present a lemma about isomorphic well-ordered structures that will
be used shortly.

Lemma 8.1.7. If f: A — B is an isomorphism between the two well-ordered
structures (4, X) and (B, X*), then

(1) x < yifand only if f(x) <* f(y), forall x and y in A;
Q) {f(x):x<a})={yeB:y=<* f(a)}, foreacha € A.

Proof. Let /: A — B be an isomorphism between the well-ordered structures
(4, %) and (B, <*). First, we prove (1). Let x and y be in 4, and assume that
x < y. Thus, x < y. So by (8.3), f(x) <* f(»). Suppose that f(x) = f(y). As
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f is one-to-one, we would then have x = y, which contradicts the fact that
x <y (see Definition 3.4.4). Therefore, f(x) <* f(v). To prove the converse,
assume that f(x) <* (). Thus, x < y by (8.3). If x =y, then f(x) = f(»),
which contradicts our assumption that f(x) <* f(»). Hence, x < y.

To prove (2),leta € Aandletz € {f(x) : x < a}. Thus,z = f(x) foranx € 4
where x < a. Hence, z = f(x) <* f(a)by (1),andsoz € {y € B:y <* f(a)}.
Letze {y e B:y <* f(a)}. Soz € Bandz <* f(a). Since f is onto B, there is
anx € 4sothatz = f(x). Hence z = f(x) <* f(a), and (1) implies thatx < a.
Thus,z e {f(x):x <a}.So{f(x):x <a}={yeB:y=<* f(a)}. O

Remark 8.1.8. Let (4, <) be a well-ordered structure. Theorem 8.1.4 and its
proof show that there exists an ordinal § and a one-to-one function H: 4 — §
that is onto 8. The proof also shows that

x g yifand only if H(x) € H(y)

for all x and y in 4. Therefore, H is an isomorphism from (4, <) onto (6, €).

Definition 8.1.9. If (4, <) is a well-ordered structure, then the order type of
(4, x) is the unique ordinal § given by Theorem 8.1.4.

Our next theorem shows that if two well-orderings are isomorphic, then they
have the same order type.

Theorem 8.1.10. If (4, X) and (B, X*) are isomorphic well-ordered struc-
tures, then (4, %) and (B, X*) have the same order type.

Proof. Let (4, <) and (B, <*) be well-ordered structures. Let f: 4 — Bbe an
isomorphism from (4, <) onto (B, <*). Now let H: A — § and H*: B — §*
be as given in the proof of Theorem 8.1.4 where ran(H ) = § and ran(H*) = §*.
We shall prove that the ordinals § and 6* are equal. By (8.2), we have that

Hu)={H(x):x <u}, forallu € 4. (8.4)
H*(v)={H*(y):y <* v}, forallv € B. (8.5)
Claim 1. H(u) = H*(f(«v)) forall u € 4.

Proof. Assume, to the contrary, that C = {u € 4 : H(u) # H*(f(v))} # 2.
Let a € A be the <-least element in C. So (A) H(a) # H*(f(a)), and

H(x)=H*(f(x)) forallx < a. (8.6)
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Hence,
H(a)={H(x):x < a} by (8.4)
={H"(f(x)):x <a} by (8.6)
={H*(y):y <" f(a)} byLemma38.1.7(2)
— H*(f(a)) by (8.5).
Therefore, H(a) = H*(f(a)), which contradicts (A). (Claim 1)

Since f is onto B, Claim 1 implies that ran(H) = ran(H*). So 6 = 6*. [

Lemma 8.1.11. [f« is an ordinal, then « is the order type of the well-ordered
structure (a, €).

Proof. See Exercise 2. O

Theorem 8.1.12. Let a and B be ordinals. If (a, €) = (B, €), then o = B.

Proof. This follows immediately from Theorem 8.1.10 and Lemma 8.1.11.
O

Theorems 8.1.10 and 8.1.12 imply that every well-ordered set is isomorphic
to a unique ordinal number, namely, its order type (see Exercise 1). Therefore,
our next theorem implies that the ordinals can now be used to measure and
compare the “lengths” of any two well-orderings.

Theorem 8.1.13. Let a, B, and y be ordinals.

() IfaeBand B €y, thena € y.

2) Ifa C B, thena € Bora = B.

(3) Exactly one of the following holds: (i) @ € B, (ii)) a = B, or (iii) B € «.

Proof. Leta, B, and y be ordinals. We first prove (1). Suppose that & € 8 and
B € y. Since y is transitive, we see that ¢ € y.

To prove (2), suppose « C . If o # B, then X = B\ « is a nonempty subset
of . Let n be the €-least element in X. Because (A) n € X, we have n € g
and (#®) n ¢ «. We will now show that n = «. First, we prove that n C «. Let
v € n. Consequently, v € 8,asn € B and B is a transitive set. Since v € n and
n is the €-least element in X, we conclude that v ¢ X. Thus, v € o and so,
n C a. To prove that @ C n, let (%) v € «. Since o C B, we see that v € 8.
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So, as v € «, we conclude that (¢) v ¢ X. Because v and n are in 8, we have
by Lemma 8.1.2(d) that either v € n,orv =n,orn € v.If v =n, thenv € X
by (A), contradicting (#). If n € v, then () implies that € v € « and thus,
n € a because « is a transitive set; but this contradicts (#). Hence, we must
have that v € n. Therefore, n = «, and so @ € 8.

For (3), let § = « N B. We show that § is an ordinal. Let n € §. So, n € «
and n € B. As o and B are transitive, n Caoandn C 8. Thus,n CaN B = 4.
Hence, § is transitive and, in addition, § is well-ordered by € because § C «
and « is well-ordered by €. Therefore, § is an ordinal. Since § € « and § C 8,
item (2) and Lemma 8.1.3(2) imply that

(a) either § € @ or § = «, but not both;
(b) either § € B or § = B, but not both.

We will now show that the conjunction “§ € @ and § € 8” is impossible, and
thus, we must have either (i) ¢ € 8, (il) @ = B, or (iii) 8 € «. If both § € « and
8 € B hold, then § € « N B = §, and this contradicts Lemma 8.1.3(2). One can
now easily show that exactly one of (i)—(iii) holds. O

Corollary 8.1.14. Let o, B, and y be ordinals. Then

1) ¢ ec.

2) Ife e Band B € a, thena = B.
B)IfaeBandB €y, thena € y.
(4) Eithera € Borf € a.

Proof. (1) is clear. For (2), assume that « € B and 8 € «. To prove thata = B,
suppose to the contrary that @ ## 8. Thus,« € fand § € «. Theorem 8.1.13(1)
implies that o € «, contradicting Lemma 8.1.3(2). Hence, we must have that
a = B. To establish item (3), suppose o € 8 and B € y. Theorem 8.1.13(1)
implies @ € y. Finally, item (4) follows from Theorem 8.1.13(3). O

Theorem 8.1.15. Let A and C be sets of ordinals.

(1) If A is nonempty, then there is an « € A such that (V8 € A)(a € B).
(2) UC is an ordinal.
(3) (N C is an ordinal whenever C is nonempty.

Proof. Let 4 and C be sets of ordinals. To prove item (1), assume that 4 # @.
Let A € A. Corollary 8.1.14(4) implies that n € A or A € n for all n € 4. Let
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S={ned:neAi} Since A € S, we have that S is nonempty. In addition,
n € A forall n € S. Thus, S € A* by Theorem 8.1.13, as A € AT. Because At
is an ordinal, S contains an €-least element «. It now follows that « is also the
€-least element in A4.

We now prove item (2). Since C is a set of ordinals, Lemma 8.1.3(3) implies
that | J C is also a set of ordinals. Corollary 8.1.14 allows us to conclude that
€ is a total order on | JC. Item (1) now implies that |_J C is also well-ordered
by €. So to show that | JC is an ordinal, we just need to prove that it is a
transitive set. Let « € 8 and let 8 € | JC. Thus, 8 € y for an ordinal y € C.
Since & € B and B € y, we see that « € y. Hence, o € | JC. Therefore, | JC
is an ordinal. For the proof of (3), see Exercise 14. O

Definition 8.1.16. Let C be a set of ordinals. The supremum of C is the ordi-
nal | JC and is denoted by sup C. When C is nonempty, we denote the ordinal
() C by inf C, which is called the infimum of C.

In Definition 8.1.16, the ordinal sup C is the least upper bound for C, and
inf C is the greatest lower bound for C (see Exercises 13 and 14, respectively).
In particular, if @ and 8 are ordinals, then max(«, 8) = sup{e, B} =a U B is
the larger of the two ordinals.

We now classify ordinals into three distinct types: A given ordinal is either
0, a successor ordinal, or a limit ordinal.

Definition 8.1.17. Let o be a nonzero ordinal. Then « is a successor ordinal
if « = n™ for some ordinal 1. We shall say that « is a limit ordinal when « is
not a successor ordinal.

Lemma 8.1.18. Let o be a nonzero ordinal. Then « is a limit ordinal if and
only if for all . € a, we have that . € a.

Proof. Let o # 0. Suppose « is a limit ordinal. Let A € a. Exercise 9(b)
implies that A* € . Since « is not a successor ordinal, we conclude that
AT € «. For the converse, assume that

AT € o whenever A € a. (8.7)

Suppose, to the contrary, that « is a successor ordinal. Thus, n* = « for some
ordinal . Since n € n* = «, (8.7) implies that & € «, a contradiction. O
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Lemma 8.1.19. If« is a limit ordinal, then v C «.

Proof. Let o be a limit ordinal. By Theorem 8.1.13(3), either & € w or w € .
If @ € w, then by Theorem 4.1.6 we conclude that « = k™ for some k € w.
So « would be a successor ordinal. Thus, we must have @ € «. Therefore, by
transitivity, o C «. O

Theorem 8.1.20 (Burali—Forti). There is no set that contains all of the ordi-
nals.

Proof. Assume, to the contrary, that there is a set 4 in which each ordinal is a
member. By the subset axiom there exists a set B such that

B ={a € A : « is an ordinal}. (8.8)

Thus, B is the set of all ordinals. Corollary 8.1.14 allows us to conclude that €
is a total order on B. Theorem 8.1.15(1) implies that B is well-ordered by €. We
now show that B is a transitive set. Let « € 8 and 8 € B. Then 8 is an ordinal,
and Lemma 8.1.3(3) implies that « is an ordinal. So o € B by (8.8). Hence, B
is an ordinal, and thus, B € B by (8.8), which contradicts Lemma 8.1.3(2). [

Theorem 8.1.21. Let (&) be any formula. If there is an ordinal & for which
Y (&) holds, then there is a least ordinal a such that ¥ (a).

Proof. Assume that £ is an ordinal so that ¥ (£) holds. Thus, the set of ordi-
nals A = {y € &t : ¥(y)} is nonempty. By Theorem 8.1.15(1), 4 has a least
element . Hence, « is the least ordinal satisfying v («). O

Theorem 8.1.22 (Ordinal Induction). Let ¥ (&) be a formula and suppose
for every ordinal 8 we have that

if (V& € B)y (&), then Y (B). (8.9)
Then we can conclude that W (B) holds for all ordinals f.

Proof. Assume that (8.9) holds for each ordinal 8. Suppose, for a contradic-
tion, that there is an ordinal £ for which —(£) holds. By Theorem 8.1.21,
there is a least ordinal « that satisfies =y (). Since « is the least such ordinal,
it follows that (V&€ € )y (&). Thus, (8.9) implies that ¥ («), a contradiction.
O
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So to prove that a statement ¥ (8) holds for every ordinal 8, it is sufficient
to show that (8.9) holds for each ordinal 8. Such a proof is called proof by
transfinite induction, and it, typically, has the following structure:

Let 8 be an ordinal.
Assume that (V&€ € )y (£). [induction hypothesis]
Case 1: Assume 8 = 0.

Prove ¥ (B). (8.10)

Case 2: Assume S is a successor ordinal.

Prove ¥ (B).

Case 3: Assume S is a limit ordinal.

Prove ¥ (B).

We shall present several proofs by transfinite induction in the next section (e.g.,
see Theorem 8.2.9).

Exercises 8.1

*1. Suppose that (4, <), (B, <*), and (C, <*) are all well-ordered structures.
Prove the following:
(@) (4, <) = (4, ).
() If (4, <) = (B, <), then (B, 5*) = (4, <).
(©) If (4, <) = (B, x*) and (B, *) = (C, <), then (4, <) = (€, <Y).
Conclude that two well-ordered structures have the same order type if and
only if the structures are isomorphic.

*2. Let o be an ordinal, and so («, €) is a well-ordered structure. By the proof
of Theorem 8.1.4, there is a function H with domain « satisfying

Hu)={H(x):xecu}forallu € a.
Show that H (u) = u for all # € @ and conclude that ran(H) = «.
3. Let o and B be ordinals. Prove that either € B or 8 C «.
4. Suppose w € o where « is an ordinal. Show that « is an infinite set.

*5. Let y be an ordinal and let 8 € y. Since y is well-ordered by €, the
initial segment up to 8 is the set s€(8) = {x € y : x € B} (see (6.3) on
page 143). Show that s€(8) = 8.
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6.

“1s

*8.

*9,

*10.

11.

12.

Suppose (4, <) is a well-ordered structure, and let H and G be functions
with domain 4 satisfying

Hu)={H(x):x <u}, forallu € 4,
G(u) = {G(x) : x < u}, forallu € 4.

Prove, without appealing to Theorem 6.2.5, that H = G.

Let (4, <) and (B, <*) be well-ordered structures with order type § and
8*, respectively. Suppose that f: 4 — B is a one-to-one function sat-
isfying x < y if and only if f(x) <* f(v), for all x and y in 4. Let H
and H* be as in the proof of Theorem 8.1.10. Thus, § = ran(H) and
8* = ran(H™).

(a) Prove that H(u) € H*(f(u)) forall u € A.

(b) Prove that ran(H) C ran(H™).

(c) Prove that § € 6*.

Let (4, <) be a well-ordered structure with order type «. Let y be the
order type of (C, <¢) where C C 4 and <¢ is the induced relation (see
Definition 3.4.15). Using Exercise 7, show that y € «.

Let @ and B8 be ordinals.

(a) Prove that there is no ordinal ¥ such thato € y € o,
(b) Suppose that & € B. Prove that a™ € B.

(c) Prove thatifa € B, thena™ € B™.

(d) Prove that if a™ = B*, then a = B.

(e) Prove thatifo € B, thena N B = «.

Let o be a nonzero ordinal.
(a) Prove that « is a limit ordinal iff (YA € ¢)(Ay)(A € y € ).
(b) Prove that « is a limit ordinal if and only if @ = sup «.

Suppose that (4, <) is a well-ordered structure and a € 4. Let s(a) € 4
be defined by s(a) = {x € 4 : x < a}. Thus, (s(a), <)) 1S a well-ordered
structure (see Exercise 5 on page 145). Let 6 be the order type of (4, <)
and let H: A — § be as in the proof of Theorem 8.1.4. Show that 1 is the
order type of (s(a), <s(s)) if and only if H(a) = 7.

Let (4, %) and (C, <*) be well-ordered structures. Let o be the order
type of (4, <) and let 5 be the order type of (C, <*). Suppose that € .
Prove that there exists an a € 4 such that (s(a), <)) = (C, <*), where
s(a)={xed:x=<al.
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*13. Let § = sup C where C is a set of ordinals.
(a) Show thatifa € C, then o € §.
(b) Let y be an ordinal. Show that if ¢ € y forall @ € C, then § € y.
Conclude that § is the least upper bound for C (see Definition 3.4.9).

*14. Let C be a nonempty set of ordinals and let y be the €-least element in
C. Prove that y = inf C.

15. Prove that there is no set that contains every successor ordinal.

Exercise Notes: For Exercise 1(b), assume f is an isomorphism from (4, <)
onto (B, <*). Show that f —lisan isomorphism from (B, <*) onto (4, <). For
Exercise 1(c), let f be an isomorphism from (4, <) onto (B, <*), and let g be
an isomorphism from (B, <*) onto (C, <*). Show that the composition go f
is the desired isomorphism. For Exercise 7(a), the proof of Lemma 8.1.7(1)
shows that x < y if and only if f(x) <* f(y) for all x and y in 4. Let a € 4
be the <-least such that H*(f(a)) € H(a). Thus, H*(f(a)) = H(x) for some
x < a. For Exercise 8, by Exercise 5 on page 145, (C, <¢) is a well-ordered
structure. For Exercise 15, if B were a set containing every successor ordinal,
show that (_J B contains every ordinal.

8.2  Ordinal Recursion and Class Functions
The ordinal numbers form an extension of the natural numbers. Even though
the collection of ordinals is not a set, it will be useful to have some notation
for this class. We shall let On denote the class of ordinal numbers; that is, let
On = {« : « is an ordinal}.

Let y be an ordinal. As y is well-ordered by €, Theorem 6.2.5 and Exercise 5
on page 184 immediately imply the following version of transfinite recursion
in which we explicitly reveal a parameter' p (see Remark 6.2.6).

Ordinal Recursion Theorem 8.2.1. Let ¢(p, x,y) be a formula such that for
all p and x, there exists a unique y such that (p,x,y). If vy is an ordinal,
then for each ordinal a there exists a unique function H, with domain y such
that

p(a,Hy [ B, Hu(B)), forall p €y.

If it is not necessary to reveal a particular parameter, then we have our next
result that also follows from Theorem 6.2.5.
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Theorem 8.2.2. Suppose that ¢(x, y) is a functional formula. If y is an ordinal,
then there exists a unique function H with domain y such that

(H [ B, H(B)), forall €y.

An ordinal class function F is one for which there is a formula 1 (x, y) such
that F = {{(B,y) : B € On A ¥ (B, y)} is a “class function.” So for all ordi-
nals 3,

F(B) = yifand only if ¥ (8, y).

Thus, an ordinal class function has On as its domain. Since the class of ordinals
is not a set, it thereby follows that F is not a set. Hence, we should be somewhat
cautious when working with F; however, if we keep in mind that F is just an
abbreviation for a “functional formula on the ordinals,” then we can safely
view F as if it were a set. For example, let 8 be an ordinal. Now let F[S] be
the collection F[B] = {F(n) : n € B}. Since B is a set, the replacement axiom
implies that F[B] is a set. Hence, by the subset axiom, the restricted function
F | B is also a set. So F can always be “approximated” by a set function. For
these reasons, we shall informally work with F as though it were a set.

Now let us explore how one can define ordinal class functions by transfinite
recursion. In Theorem 8.2.1, the function H, has domain y and depends on «;
however, do the values of H, depend on y? In other words, suppose that y’
is such that y € y’. Theorem 8.2.1 implies that there is a function H, with
domain y ’ that satisfies

glor H, | B.H,(B)). forall p ey,

Does H,(») = H,(A) for each A € y? The proof of Theorem 6.2.5 shows that
the answer is “yes.” Thus, we can define an ordinal class function H,, by

Hy(X) = yifand only if
@)EGH)[L € y ANV H, y) AN(YB € y)p(a, H | B,H(B)) NH(X) =)]

where U (H, y) abbreviates “H is a function with domain y, and y is an ordi-
nal.” It therefore follows that the ordinal class function H,, satisfies

(o, Ho | B, Ho(B)), forall B € On.
We now record the above conclusions in the following theorem.

Ordinal Class Recursion Theorem 8.2.3. Suppose that ¢(p, x, y) is a formula
such that for all p and x, there exists a unique y so that ¢(p, x, y). Then, for
each ordinal o, one can define an ordinal class function H, such that

oo, He | B, Ha(B)), forall B € On.
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Moreover, there is a formula 6(«, ), y) such that for all ordinals o and A, we
have

Ho(A) =y iff O(a, A, p).

Theorem 8.2.3 will be used in the next section to define the operations of
addition and multiplication on the ordinal numbers. Theorem 8.2.3, by adding
a “dummy” parameter, implies an ordinal class recursion theorem for formulas
that may, or may not, contain parameters.

Theorem 8.2.4. Suppose that the formula ¢(x, y) is functional. Then one can
define an ordinal class function H such that

o(H | B, H(B)), forall B € On.
The following lemma can be useful in certain applications of Theorem 8.2.4.

Lemma 8.2.5. Let A be a set. If F: On — A is an ordinal class function, then
F is not one-to-one.

Proof. Let F: On — 4 be an ordinal class function where 4 is a set. Since F
is definable by a formula, the subset axiom implies that the range of F

B={xed:(3xa € On)(F(a) =x)}

is a set. We shall prove that F is not one-to-one. Suppose, to the contrary, that
F is one-to-one. Let ¢(a, o) be a formula that satisfies

paa)iff @ae BAF(a)=a)V(a¢Bra=09)

for all a and «. Since F is one-to-one, it follows that Va3lag(a, @). As Bis a
set, the replacement axiom implies that

S ={a:3a(a € BAg¢(a, a))}

is also a set. Because F: On — A4, we see that (Vo € On)(Ja € B)p(a, o).
Thus, S contains every ordinal, contradicting Theorem 8.1.20. O

Theorem 8.2.4 and Lemma 8.2.5 can be used, together, to give new proofs of
Zorn’s Lemma and the well-ordering theorem (see Exercises 14 and 15). These
proofs, of course, are different from those that were presented in Chapter 7.
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Normal Class Functions

We shall now investigate certain ordinal class functions whose codomain is the
class of ordinals. The results obtained in this section will be used in Section 8.3
where we define addition and multiplication on the ordinals.

Definition 8.2.6. A class function F: On — On is strictly increasing when
for all ordinals « and B, if « € B, then F(«) € F(B).

The class function F: On — On defined by F(a) = a™ is strictly increasing
by Exercise 9(c) on page 185.

Definition 8.2.7. A class function F: On — On is continuous provided that
F(B) = sup{F(n) : n € B} for all limit ordinals 8.

Definition 8.2.8. A class function F: On — On is said to be normal if it is
strictly increasing and continuous.

Our next theorem provides a method for showing that a continuous class
function F: On — On is strictly increasing. The proof follows the structure
given in (8.10) on page 184.

Theorem 8.2.9. Let F: On — On be continuous. If F(y) € F(y 7) for every
ordinal y, then F is strictly increasing.

Proof. Let F: On — On be continuous. Assume that (A) F(y) € F(y ) for
every ordinal y. Let o be a fixed ordinal. We prove by transfinite induction
that

VB(ifa € B, then F(a) € F(B)).

Let 8 be an ordinal. Assume the induction hypothesis

(V&€ € B)(if a € &, then F(a) € F(§)). (IH)
We must prove that

ifa € B, then F(ar) € F(B). (8.11)
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Cask 1: B = 0. Then the conditional statement (8.11) is vacuously true.

CASE 2: B =y T for an ordinal y. We shall prove (8.11) as follows:

acef=>acy” because g =y *
Sacy by definition of  +
= Fla) € F(y) by (IH)
= Fl@) e F(y) e F(y™") by(a)
= F(a) € F(B) asB=y+

CasE 3: B is a limit ordinal. So, F(B) = sup{F(£) : £ € B} because F is con-
tinuous. Thus, (¢) F(§) € F(B) for all &£ € B. We prove (8.11) as follows:

aef=>acatep as B is a limit ordinal
= F(a) € F(a¥) € F(B) by (a)and(4)
= F(a) € F(B) by transitivity or equality.

Therefore, (8.11) is true, and the proof is complete. O

Definition 8.2.10. Let C be a nonempty set of ordinals. Then C is a limit set
if foralle € C, there is a B € C such that o € .

In particular, a limit ordinal is a limit set (see Exercise 10(a) on page 185).

Definition 8.2.11. Let D be a limit set. We say that C is cofinal in D if C C D
and for all « € D thereisa 8 € C such that a € B.

If C is a cofinal subset of a limit set D, then C is also a limit set. The proofs of
the following three useful lemmas will be left as exercises (see Exercises 3-5).

Lemma 8.2.12. Suppose that C is a limit set. Then

(1) sup C is a limit ordinal.
(2) Cis cofinal in sup C.

Lemma 8.2.13. Let F: On — On be normal and let D be a limit set. If C is
cofinal in D, then F[D] is a limit set and F[C] is cofinal in F[D].
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Lemma 8.2.14. Let D be a limit set. If C is cofinal in D, then sup C = sup D.

Lemma 8.2.15. Suppose that F: On — On is normal. If C is a limit set, then
sup F[C] = F(sup C).

Proof. Let 7: On — On be normal, and let C be a limit set. Let y = sup C.
Thus, y is a limit ordinal and C is cofinal in y, by Lemma 8.2.12. Therefore,
Lemma 8.2.13 implies that F[C] is cofinal in F[y]. Consequently, we have
that sup F[C] = sup F[y] by Lemma 8.2.14. Because F is continuous, we
conclude that sup F[y] = F(y). Since y = sup C, we obtain

sup F[C] = sup Fly] = F(y) = F(sup C).
Therefore, sup F[C] = F(sup C). U

Corollary 8.2.16. Suppose that F: On — On is normal. If y is a limit ordinal,
then F(y) is also a limit ordinal.

Let F be a normal class function F: On — On. Then Lemma 8.2.15 shows
that sup F[C] = F(sup C) whenever C is a limit set. Thus, F “commutes”
with the supremum of a limit set. Our next theorem shows that / commutes
with the supremum of any nonempty set of ordinals.

Theorem 8.2.17. If 7: On — On is normal, then sup F[C] = F(sup C), that
is,

sup{F(): & e C} = F(supC)

for every nonempty set C of ordinals.

Proof. Let 7: On — On be normal and let C be a nonempty set of ordinals.
We shall prove that sup F[C] = F(sup C). There are two cases to consider:
either C is a limit set or it is not. If C is a limit set, then sup F[C] = F(sup C)
by Lemma 8.2.15.

Now suppose that C is not a limit set. Then C must have a largest element y.
Therefore, y =sup C,y € C,and & € y forall £ € C. Since F is normal, we
conclude that (&) € F(y) for all £ € C. Thus, sup{F(§):& € C} = F(y).
Hence, sup F[C] = F(sup C). U

Remark 8.2.18. Whenever X is a set, we shall write /: X — On to mean that
f: X — p for some ordinal p; that is, f is an ordinal-valued set function.
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The mathematician Oswald Veblen was the first to investigate normal class
functions, and our final theorem on normal class functions is due to him.
Before we state and prove this theorem, we illustrate how one can apply The-
orem 8.2.2 to define a function by ordinal recursion. Such a function will be
used in the proof of Veblen’s theorem.

Let 7: On — On be a class function and let y be an ordinal. Now consider
the following definition by cases:

Y, if £ is the empty function;
y=1F(f(k), iff: k" — On for some k € w; (8.12)
a, if none of the above hold.

Since F is definable by a formula, there exists a formula ¢(f, y) that expresses
(8.12). Clearly, for each f, there is a unique y so that ¢(f, ). Theorem 8.2.2
implies that there is a set function #: w — On such that (4 | m, h(m)), for all
m € w. So for each natural number m, we have that

hm)y = {7 ifm =0; (8.13)

F(h(n)), ifm = n* for somen € w.

Note that since 4 [ 0 is the empty function, the first condition in (8.12)
produces the first condition in (8.13). Because 4 | k™ is a function with
domain k™, the second condition in (8.12) yields the corresponding condition
in (8.13). Thus, 4 is a function with domain o satisfying:

(1) n(0) =y,
) h(n*) = F(h(n)), forall n € o.

We will be using the function / in the following proof of Veblen’s theorem.

Fixed-Point Theorem 8.2.19. If 7: On — On is a normal class function, then
Jor each ordinal y, there exists an ordinal B such thaty € B and F(B) = B.

Proof. Let 7: On — On be normal and let y be an ordinal. If 7(y) = y, then
we are done. If F(y) # y, then y € F(y) by Exercise 9. By Theorem 8.2.2,
there is a function /4 from w into the ordinals such that

(1) A(0) =,
(2) A(nt) = F(h(n)), forall n € w.

Let C={h(n):n € w}. As F is strictly increasing, we see that C is a
limit set and F[C] is cofinal in C (see Exercise 11). Thus, (A) sup F[C] =
sup C by Lemma 8.2.14, and (4) sup F[C] = F(sup C) by Lemma 8.2.15.
Hence, (A) and (¢) imply that F(sup C) = sup C. Letting 8 = sup C, we
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conclude that F(8) = B. Moreover, as y € C, Lemma 8.2.12(2) implies that
y € B. O

Exercises 8.2

*S.

s

*10.

*11.

12.

13.

*14.

. Let C be a set of ordinals with largest element y. Show that sup C = y.
. Let 7: On — On be strictly increasing. Prove that F is one-to-one.

*3.
*4,

Prove Lemma 8.2.12.
Prove Lemma 8.2.13.

Prove Lemma 8.2.14.

. Let C be a limit set. Using Theorem 4.2.1, define a one-to-one function

h: w — C. Conclude that C is infinite.

Let F/: On — On be normal and let C be a limit set. Prove that F[C] is
also a limit set.

. Using Exercise 7, prove Corollary 8.2.16.
*9,

Suppose that F: On — On is strictly increasing. Prove that o € F(«)
for all ordinals «.

Suppose F: On — On and G: On — On are normal.
(a) Prove that the composition (F o G): On — On is normal.
(b) Show that if 7(G(«)) = «, then G(o) = @ and F (o) = «.

Let F, C, and / be as in the proof of Theorem 8.2.19.
(a) Prove that h(n) € h(n") for all n € w. Conclude that C is a limit set.
(b) Prove that F[C] is cofinal in C.

Let /: On — On be normal. Suppose F(B) = B. Show that for all e, if
a € B, then F(a) € B.

Let /: On — On be normal, and suppose that C is a limit set such that
the set D = {« € C : F(«a) = «} is cofinal in C. Let y = sup C. Prove
that F(y) = y.

Let (4, <) be a poset in which every chain C C 4 has an upper bound
in 4. Let ng ¢ A. For each chain C C 4, let C, be the set of proper upper
bounds for C. Let D = {C,, : C, # @ A C C A4 is a chain}. By the axiom
of choice, there is a function G such that G(C,) € C,, forall C,, € D. Note
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*15.

that G(C,) ¢ C whenever C, € D. Let ¢(f, y) be a formula that asserts
the following:

no, if the above does not hold.

e [G(f[y]p), if f:y — A,y € On, f[y] € 4is a chain, and f[y], € D;

Hence, for all £, there exists a unique y such that ¢(f’, y). Theorem 8.2.4
thus implies that there exists a class function F: On — 4 U {ny} such
that o(F | y, F(y)), for all y € On. Hence, for each ordinal y,

G(Flylp), if Fly] € Aisachainand F[y], € D;
no, if the above does not hold.

Fy)= [

(a) Using Lemma 8.2.5, show that F(y) = ny for some ordinal y .

(b) Let o be the least ordinal such that F (o) = ny. Show that Fla] C 4
is a chain with no proper upper bound.

(c) By assumption, the chain F[«] has an upper bound m. Show that m
is a maximal element.

(AC) Let 4 be nonempty set and let ny ¢ A. Let C = P(4) \ {}. Note
that | JC = 4. By Theorem 3.3.24, let G: C — A be a choice function
for C. Let ¢(f, y) be a formula that asserts the following:

e {G(A \SyD. iff:y > Ay € Onand 4\ fIy] # 2,

no, if the above does not hold.

So for all f, there exists a unique y such that ¢(f,y). Theorem 8.2.4
implies that there exists a class function F: On — 4 U {ng} such that
o(F Iy, F(y)), forall y € On. Thus,

GA\ Flyl), ifFlylSdandA\ Fly]# ;
no, if the above does not hold.

Fly) = {

(a) Using Lemma 8.2.5, show that F(y) = n¢ for some ordinal y.

(b) Let y be the least ordinal such that F(y) = ny. Show that the set
function (F [ y): y — A is a bijection.

(c) Show that 4 has a well-ordering.

Exercise Notes: For Exercise 10(a), use Exercise 7. For Exercise 10(b), apply
Exercise 9. For Exercise 15(c), use (b) and Theorem 6.1.4. Exercise 14 outlines
another proof of Zorn’s Lemma 7.1.1. Exercise 15 offers an alternative proof
of Theorem 7.3.1, the well-ordering theorem.
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8.3  Ordinal Arithmetic
In Chapter 4, we used the recursion theorem to define the arithmetic operations
of addition and multiplication on the natural numbers. We shall now define
such operations on the ordinals by transfinite recursion, that is, by applying
Theorem 8.2.3. We first show how to define ordinal addition. Consider the
following definition by cases:

o, if f is the empty function;

= F)t, if £: y ™ — On for some ordinal y ; (8.14)
sup f[B], if f: B — On for some limit ordinal 8;
a, if none of the above hold.

Let ¢o(a, f, v) be a formula that expresses (8.14). Hence, for all @ and £, there
exists a unique y so that ¢(«, f, y). Theorem 8.2.3 implies that for each ordinal
a, there is a class function A, : On — On such that ¢(a, A, [ B, As(B)), for
all 8 € On (see Exercise 1). Thus,

o, if B =0;
A (B) = { Au(y)",  if B = y T for some ordinal y ; (8.15)
sup A,[B], if B is a limit ordinal.

Since A, | 0 is the empty function, the first condition in (8.15) corresponds to
the first condition in (8.14). Moreover, for each ordinal 8, we see that A, | 8
is an ordinal-valued set function with domain . Thus, the last two conditions
of (8.15) correspond, respectively, to conditions two and three of (8.14). We
can now define the operation of addition on the ordinal numbers.

Definition 8.3.1. For all ordinals « and B, define o + B to be the unique ordi-
nal A, (B); thatis, o + B = A, (B).

So, using the above definition of ordinal addition, (8.15) yields the following
rules for the addition of ordinals «, y, and limit ordinal 8:

a+0=« (A1)
at+yt=(a+y)* (A2)
o+ p =supfa+n:nep} (A3)

The rules (A1)—(A3) extend those given in Theorem 4.3.3 for the addition
of natural numbers. Some of the properties of addition on the natural numbers
also extend to ordinal addition, whereas others do not. For example, addition
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on the natural numbers is commutative; however, addition on the ordinals is
not commutative. To verify this, let us evaluate w + 1 and 1 + w. We compute
w + 1 as follows:
w+1=w+0" because 1 = 0*

= (w+0)" by rule (A2)

=" by rule (A1).
Now we determine the value of 1 + w. First, note that the set {1 +n : n € w}
is cofinal in w. Now, since w is a limit ordinal, we obtain the following:
l+w=sup{l +n:necw} byrule(A3)

=Supw by Lemma 8.2.14

=w by Exercise 10(b) on page 185.
Because wt # w, we see that w + 1 # 1 + w. Thus, addition of ordinal num-

bers is not necessarily commutative. The following lemma will allow us to
prove that ordinal addition is associative.

Lemma 8.3.2. For each ordinal «, the class function A, : On— On is normal.

Proof. See Exercise 9. O

Using the operation of addition on the ordinals, we can define multiplication
using Theorem 8.2.3. The method used to define addition can be modified?
to show that for every ordinal «, there exists a class function M, : On — On
satisfying the following:

0, if g =0;
Mo (B) = { My(y) +«, if B =y forsome ordinal y; (8.16)
sup M,[B], if B is alimit ordinal.

The operation of multiplication on the ordinal numbers can now be defined.

Definition 8.3.3. Leta and B be ordinals. Define « - B to be the unique ordinal
Mo (B); thatis, a - B = My (B).
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Definition 8.3.3 and (8.16) yield the following rules for the multiplication of
ordinals «, y, and limit ordinal 8:

a-0=0, M1)
a-yT=(a-y)+a, (M2)
o-B=sup{la-n:nepl (M3)

Lemma 8.3.4. If « is a nonzero ordinal, then M, : On — On is normal.

Proof. See Exercise 10. O

Our next lemma will be used to prove that ordinal multiplication distributes
over addition. The proof also illustrates how one can prove that arithmetic com-
positions result in a normal class function.

Lemma 8.3.5. Let o and B be ordinals. Then

(a) The class function F: On — On defined by F(§) = « - (8 + &) is normal.
(b) The class function G: On — On defined by Gé)=a-f+a-& is

also normal.

Proof. Let& be an ordinal. Then

FE)=a-(B+&) by definition of F
= My(B +&) by Definition 8.3.3
= My (Ag(§)) by Definition 8.3.1.

Hence, F = M, o Ag. Since M,, and A are normal, Exercise 10 on page 193
implies that F is normal. A similar argument will show that G is normal. [

Some of the properties of ordinal addition and multiplication are familiar.

Theorem 8.3.6. For all ordinals a, B, and y,

M @+p)+y=a+(B+vy)
@) (@-B)-y=a-(B-y)
Ga-B+ty)=a-pta-vy,
D a+0=0+a=aqa,
Sa-1l=1-a=aqa,
©6)x-0=0-a=0.

197


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316341346.009
https://www.cambridge.org/core

198 Ordinals

Proof. We shall prove only (3) and leave the rest for the exercises. Thus, we
assume (1). Let o and S be ordinals. We prove by transfinite induction that

Vy(a@-(B+y)=a-B+a-y).

Let y be an ordinal. Assume the induction hypothesis

VEey)a-(B+E)=a-t+a-§). (IH)
We must prove that
a-(B+y)=a-Bta-y. (8.17)

Casel:y =0.Thena - (B + 0) =« - B by rule (Al), and
a-B+a-0=a-F+4+0 byruleMl)
=B by rule (A1).
Therefore,a - (B+0)=a -8+« -0.
CaSE 2: y = 't for an ordinal 5. We shall prove (8.17) as follows:
a-(Btn)=a-(B+n)" by rule (A2)
=a-(B+n)+ta by rule (M2)
=(@-B+a-n)+a by(H)asney
=a-B+4(a-n+a) byitem (1) of the theorem
=a-B+a-n" by rule (M2).
Therefore,a - (B+nT)=a-B+a-nt.

CASE 3: y is a limit ordinal. We shall show thato - (B+y)=a -8B+« -y as
follows:

a-(B+y)=supla-(B+E&):E €y} byLemma8.3.5(a)
=supla-B+a-§:§ ey}l by(H)
=a-Bt+a-y by Lemma 8.3.5(b).

Therefore, (8.17) is true, and the proof is complete. O

As A, and M, are normal class functions, the following order-preserving
and left cancellation laws hold.
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Theorem 8.3.7. For all ordinals a, B, and y,

) Beyiffat+Bea+y,

Q) iflea,thenpey iffa-Bea-y,

B)ifatp=a+y. thenp=y,

@@ iflea, thena-B=o-yimpliesf =1y.

We now define exponentiation on the ordinals. By Theorem 8.2.3, for each

ordinal « such that 2 € a, there is a class function® &, : On — On satisfying
1, if B =0;

Ea(B)=13&(y) a, if B =y T forsome ordinal y; (8.18)
sup &[B], if B is a limit ordinal.

Definition 8.3.8. Let « and S be ordinals where 2 € «. Define o to be the
unique ordinal &,(B); that is, a® = &,(B).

If2 € «a, the following exponent rules for ordinal y and limit ordinal 8 hold:

o’ =1, (ED)
o« = (@) a, (E2)
of =supf{a” 1 n € Y. (E3)

Lemma 8.3.9. Let o be an ordinal. If 2 € «, then &, : On — On is normal.

Proof. See Exercise 11. O

Theorem 8.3.10. For all ordinals «, B, and y, if 2 € «, then

(1) a7 =af -,

@) @y = a7,

Q) ifaf =, then g =y,
@) Bey iffaf ea”.

Exercises 8.3

*1. Let o be an ordinal and let ¢(«, f, y) be a formula that expresses (8.14).
Let A be an ordinal class function satisfying ¢(«, A | 8, . A(B)), for all
B € On. Prove, by transfinite induction, that .A(8) € On, for all 8 € On.
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*10.
*11.
12.

13.
14.
15.
16.
17.
18.

19.
20.

. Show thatw € w + 1 and that 2 - w # w - 2.

. Show that (@ + 1) -2 £ -2+ 1-2and (2 - 2)° # 20 . 29
. Showthat2+ @ ¢ 34+ @,2 - @ ¢ 3 - w, and 2° ¢ 3°.

. Show that w? = sup{w - n : n € w}.

. Let @ be an ordinal such that 1 + @ = «.

(a) Provethat l 4+ o - (1 +n)=a - (1 +n) foralln € o,
(b) Showthat l + @ - w = @ - w.

(c) Show that 1 4+ w"*! = @"*! for each n € w.

(d) Leti € w and n € w. Show that @' 4+ @D = ¢+,

. Prove that for all ordinals «, if ® € @, then 1 + @ = «.
. Suppose w € a. Prove for all ordinals g, if a®> € B, then o + B = B.

*9,

Prove Lemma 8.3.2.

Prove Lemma 8.3.4.

Prove Lemma 8.3.9.

For every ordinal o, prove that there exists an ordinal 8 # 0 such that
a4+ B =8

Let a be a nonzero ordinal. Prove that 8 + « # B, for all ordinals 8.
Prove Lemma 8.3.5(b).

Prove Theorem 8.3.6(1).

Prove Theorem 8.3.6(2).

Prove Theorem 8.3.7(1).

Prove the following:

(a) Letw and y be ordinals. If y € o € y + w, then @ = y + n for some
n e w.

(b) For all ordinals ¢, we have that { + w is a limit ordinal.

(c) For all ordinals ¢, if £ # 0, then w - ¢ is a limit ordinal.

(d) If « is a limit ordinal, then @ = w - ¢ for some nonzero ordinal ¢.

(e) If o is a successor ordinal, then « = w - { + n for some ordinal ¢ and
nE w.

(f) There exists an ordinal « such that = - .

Prove Theorem 8.3.10(1).
Prove Theorem 8.3.10(2).
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21. (AC) Let « be a countable ordinal. Prove that for all ordinals 8, if B is
countable, then o + 8, o - B8, and «? are countable.

22. Let o be an ordinal. For each ordinal B, let W# = ({0} x ) U ({1} x B).
Define the relation <# on W# as follows: For all (i, ¢) and (j, p) in W5,

(i.2) <P (op) iffiejv(i=jnEep).

Prove the following:
(a) (W#, <P)is a well-ordered structure, for each ordinal B.
(b) For all ordinals B, the order type of (W#, <#) equals « + 8.

23. Let o be an ordinal. For each ordinal B, let W# = a x B. Define the rela-
tion <# on W# as follows: For all (i, ¢) and (v, p) in W5,

(. 8y =P (v, p) iff CepV (@ =pAnev).

Prove the following:
(a) (WP, <P)is a well-ordered structure for every ordinal .
(b) For all ordinals B, the order type of (W#, <#) equals « - B.

Exercise Notes: For Exercises 911, apply Theorem 8.2.9. Use Lemma 8.3.2
to prove Lemma 8.3.4, and then apply Lemma 8.3.4 to prove Lemma 8.3.9. For
Exercise 18(d)(e), let  be the least ordinal such that « € w - . For Exercise 21,
use Corollary 5.2.10 together with transfinite induction. For Exercises 22-23,
see Exercise 19 on page 76 and Exercise 6 on page 174; also, use transfinite
induction for part (b). Exercises 22-23 offer another way of defining ordinal
addition and multiplication.

8.4 The Cumulative Hierarchy

The cumulative hierarchy is a collection of sets that are indexed by the ordinal
numbers. We will be defining the sets in this collection by ordinal recursion.
The intent is to build up sets by starting with the empty set and then proceed
to construct new sets using the power set operation in a step by step manner,
where the ordinals act as the steps.

Let ¢(f, y) be a formula that asserts the following definition by cases:

, if f is the empty function;

P(f(y)), if [ isa function with domain y * for some ordinal y ;
U fle], if f is a function with domain «, a limit ordinal;

a, if none of the above hold.
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Hence, for all £, there exists a unique y so that ¢(f, y). Theorem 8.2.4 implies
that there exists an ordinal class function V satisfying ¢(V | «, V()), for all
a € On. For each ordinal «, we let V, = V(«), and thus,

J, ifa =0;
Va =y P, ifa = y * for some ordinal y ; (8.19)
UV, : v €} ifaisalimit ordinal.

The replacement axiom implies that {V}, : ¥ € «} isaset, for each @ € On. The
class {V, : y € On} is called the cumulative hierarchy of sets. Clearly, (8.19)
asserts that

* =g,
* V,+ =P(V,) for any ordinal y,
* Vo=, e, Vy for any limit ordinal o.

Theorem 8.4.1. For every ordinal o, we have that V, is a transitive set and
that (Vn € a)(V;, € Vy).

Proof. We apply proof by transfinite induction. Let « be an ordinal. Assume
the induction hypothesis

(V& € a)(V is a transitive set and (Vn € £)(V,, € Vr)). (IH)

We must prove that V7, is a transitive set and that (Vn € a)(V,, € Vy).
CASE 1: o = 0. Then V) = @ is a transitive set and (Vn € 0)(V;, S W)).

CASE 2: @ = y T for an ordinal y. Letx € y and y € V,, +. Since V,,+ = P(V,),
we see that y C V). As x € y, we conclude that x € V,,. From (IH), because
y € a, we see that V), is a transitive set. So x C V.. Hence, x € P(V, ); that is,
x € V,,+. Thus, V, is a transitive set. As V;, = P(V,,), it follows that V,, € V.
Hence, V, C V,, because V, is a transitive set. Since & = y ¥, the induction
hypothesis (IH) now implies that (Vn € a)(V,, € Vy).

CaSE 3: « is a limit ordinal. Thus, ¥, = |J{V; : n € a} by (8.19). Therefore,
(Vnea)V, €Vy). Letxeyandy € V,. Soy € V¢ for some & € «. By (IH),
Ve is a transitive set. Since x € y and y € V¢, we infer that x € V. So x € V,,
and thus, ¥, is a transitive set. O

Theorem 8.4.2. For all ordinals o, we have that o C V.
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Figure 8.1. The cumulative hierarchy.

Proof. We will again apply proof by transfinite induction. Let a be an ordinal.
Assume the induction hypothesis

(Yn € a)(n S V). (IH)

We must prove that o C V.
CaASE l: @ = 0. Clearly 0 C Vj,as 0 = @.
Casg 2: o = y T foran ordinal y. Hence, ¥, = P(V,). So, (A) y C V, by (IH),

since ¥ € «. Therefore,

(i) y S Vyasy €V, CV,, by (A)and Theorem 8.4.1;
(if) y € V, because y €V, and V, = P(V,).

Because @ = y U {y}, items (i) and (ii) imply that o C V.

CasE 3: « is a limit ordinal. Thus, V,, = (J{V, : n € «}. Let n € . By (IH), we
have that n C V),. Therefore, n € V;+. Since « is a limit ordinal, it follows that
n* € a. By Theorem 8.4.1, Vot € Vy. Hence, n € V. Thus, o C V. O

The cumulative hierarchy of sets and Theorems 8.4.1-8.4.2 are illustrated in
Figure 8.1. We now discuss some consequences of the regularity axiom. One
of which (Theorem 8.4.5) will allow us to determine the complexity of any set.
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Regularity Axiom. Every nonempty set 4 contains an element that is disjoint
from 4.

The regularity axiom implies that x ¢ x for all x. In mathematics, there are
no sets that are members of themselves. For example, the set of real numbers R
is not a real number. So R ¢ R. The regularity axiom, also known as the axiom
of foundation, eliminates sets that are not relevant for standard mathematics.
The next theorem identifies three basic consequences of regularity.

Theorem 8.4.3. The axiom of regularity implies the following:

(1) No set is a member of itself.
(2) There are no sets x and y such that x € y and y € x.
(3) No function f with domain w satisfies f(n™) € f(n) for alln € w.

Proof. We shall prove only item (3). Suppose, for a contradiction, that there
exists a function f with domain @ satisfying (A) f(n') € f(n) for all
new. Let A={f(n):ne€w}. So A is nonempty. The regularity axiom
implies that there is a set a € 4 such that a N 4 = &. Since a € 4, there is an
n € w such that a = f(n). Clearly, f(n") € A. Moreover, because a = f(n),
we conclude from (A) that f(n%) € a. Hence, f(n") € aN A4 and therefore
aN A # &, which is a contradiction. O

Let V be the class V' = J,con Vas thatis, x € V ifand only if x € ¥, for some
ordinal a. More formally, V' = {x : Je(a¢ € On Ax € V,,)}. The next lemma
shows that if a set is a “subset” of /', then itisin V.

Lemma 8.4.4. Let A be a set. If for all x € A, there is an ordinal o such that
x € Vy, then A € Vi for some ordinal B.

Proof. Assume that for all x € 4, there is an ordinal « such that x € V. Let
©(x, y) be a formula that expresses the following definition by cases:

o, if « is the least ordinal such that x € V;
y= . . (8.20)

@, if the above fails to hold.
Hence, for all x, there exists a unique y so that ¢(x, y). Thus, by our assumption,
for all x € A4, there is a unique nonzero ordinal « such that ¢(x, o). By the
replacement axiom there is a set S such that @ € S iff ¢(x, o) for some x € 4.
Let y = sup §. To show that 4 C V,, let x € A. Thus, x € V,, for some o € S.
As a € y, Theorem 8.4.1 implies thatx € V,,. Hence,4 C V), and 4 € V, +.

O
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Theorem 8.4.5. Every set is an element of the class V.

Proof. LetA be a set. By Theorem 6.2.8, let 4 be a transitive set so that 4 C A.
We will first show that

for each x € A, there is an ordinal 8 such that x € V. (8.21)
Suppose, to the contrary, that this is not the case. Therefore, the set
B ={xed:x ¢V forall ordinals 8}

is nonempty. By the regularity axiom, there isaset b € BsuchthatbN B = .
Hence, (A) (Vx € b)(x ¢ B). Since b € A and A is a transitive set, we infer
that b C 4. Thus, (A) implies that for all x € b, there is an ordinal « such that
x € V. So by Lemma 8.4.4, we must have that b € Vg for some ordinal S.
Therefore, b ¢ B, a contradiction. So (8.21) holds and Lemma 8.4.4 implies
that 4 C V,, for some ordinal y. Since 4 C Z, we have that 4 C V,,. Hence,
A€ Vy+. O

Theorem 8.4.5 allows us now identify V' as the universe of sets. Since every
set belongs to V', we can now measure the complexity of any set, also called
the rank of a set. The proof of Theorem 8.4.5 shows that for each set 4, there
is an ordinal y such that4 C V.

Definition 8.4.6. The rank of a set 4, denoted by rank(A4), is the least ordinal
y suchthat4 C V.

Thus, if rank(4) = y, then 4 € V) +. The rank of a set allows us to specify the
particular stage of the cumulative hierarchy at which the set is first constructed.

Theorem 8.4.7. The following two properties of the rank operation hold.:

(1) Ifa € A, then rank(a) € rank(A).
(2) rank(4) = sup{rank(a)* : a € 4}.

Proof. First, we prove item (1). Let o = rank(4). So 4 C V,. Let a € 4.
Hence, a € V. Thus, a € P(V) for some 8 € « (see Exercise 11). Therefore,
a C V. Since B € o = rank(4), we conclude that rank(a) € rank(4).

To prove (2), the replacement axiom implies that {rank(a)™ : a € A} is a set,
that is, a set of ordinals. Hence, by Theorem 8.1.15(2) and Definition 8.1.16,
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we conclude that 8 = sup{rank(a)* : a € 4} is an ordinal. We will now show
that rank(4) € B and B € rank(4). First, observe that rank(a) € rank(a)*™ € B,
for each a € 4. So by Exercise 15, a € Vj for all a € 4. Thus, 4 C Vg. Hence,
rank(4) € B. Now we show that 8 € rank(4). From item (1), we conclude
that rank(a) € rank(A4) for all a € A. Hence, rank(a)* € rank(4) for all a € 4
(see Exercise 9(b) on page 185). Therefore, 8 € rank(4) by Exercise 13 on
page 186. Since rank(4) € g and B € rank(4), Corollary 8.1.14(2) implies the
equality rank(4) = B. O

Exercises 8.4

O 00 N o U & W N

14.
*15.
16.
17.

. Prove Theorem 8.4.3(1).

. Prove Theorem 8.4.3(2).

. Prove that if a € x, then a # x.

. Prove that ifx* = y*, then x = y.

. Prove, by induction, that ¥, is finite, for all 7 € w.

. Using Exercise 5 and Theorem 5.2.9, show that V, is countable.

. Suppose that 4 € V,,. Using Exercise S, prove that 4 is finite.

. Suppose that 4 is finite and A C V,,. Prove that 4 € V; for some k € w.

. Let « be a limit ordinal. Prove that ¥, is an inductive set.
10.

*11.
12.
13.

Show that if A C B, then rank(4) € rank(B).
Suppose that a € V,,. Show that a € P (V) for some 8 € a.
Let « be a limit ordinal. Let x € ¥, and y € V,,. Prove that {x, y} € V.

Let X € V, where « is a limit ordinal. Prove that | JX € ¥, and prove
that P(X) € V.

Prove that for all ordinals o and y, if y € «, then V), € V.
Let « be an ordinal. Prove that a € ¥, if and only if rank(a) € «.
Prove that if rank(4) = «, then « is the least ordinal such that 4 € V.

Let 4 be a set. Prove that rank({4}) = (rank(4))™.
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18.
19.
20.

21.

22,
23.

Let 4 be a set. Prove that rank(P(4)) = (rank(4))".
Let A be a set. Prove that rank(|_J 4) € rank(4).

Let x and y be sets and let « = max(rank(x), rank(y)).
(a) Show that rank(x Uy) = a.
(b) Show that rank({x, y}) = at.

Prove the following:
(a) o = sup{B™ : B € a}, whenever « is an ordinal.
(b) For every ordinal «, the equality rank(«) = o holds.

Let 4 be the transitive closure of 4. Prove that rank(4) = rank(4).
Let 4 be a set and let ¢(x, ) be a formula. Suppose that

(Vx € A)Fyg(x, y).
Prove that there exists a set B such that (Vx € 4)(3y € B)p(x, ).

Exercise Notes: For Exercise 1, let a be a set, and then consider the set {a}. In
Exercise 6, V,, is said to be the set of all hereditarily finite sets. For Exercise 8,
use Exercise 6 on page 116. For Exercise 22, review both Definition 6.2.9 and
Exercise 6 on page 155.
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Cardinals

In Chapter 5, we showed that the natural numbers allow us to measure the size
of every finite set; that is, for any finite 4, we defined |4| = » so that the natural
number 7 identifies the number of elements in 4. Theorem 5.1.7 showed that
two finite sets have the same number of elements if and only if there exists a
one-to-one correspondence between the two sets. On the other hand, we were
not able to define the “number” |4] when A4 is an infinite set; however, we
did define the expression |4| =, |B| to mean that “4 has the same cardinality
as B.” In other words, |4| =, |B| means that “there is a one-to-one function
f: A — B that is onto B.” This was done because we did not have “infinite
numbers.” Now that we have the ordinals, we can define |4| to be a particular
ordinal whenever 4 can be well-ordered. We will then be able to show that the
ordinals |4| and |B| are equal if and only if there is a bijection f: 4 — B.

9.1 Cardinal Numbers

His discovery of uncountable sets led Cantor to develop the cardinal numbers,
which John von Neumann later refined via the following definition.

Definition 9.1.1. A cardinal number, or cardinal, is an ordinal « such that
for every B € k there is no one-to-one function f: k — B.

Theorem 9.1.2. Every natural number is a cardinal. The ordinal w is a cardi-
nal. Every infinite cardinal is a limit ordinal.

Proof. Let n € w. Corollary 5.1.9 states that for every m € n, there does not
exist a one-to-one function f: n — m. Thus, every natural number is a cardi-
nal. Theorem 5.1.10 implies that for every n € w, there is no one-to-one func-
tion f: w — n. Therefore, w is also a cardinal. Let « be an infinite cardinal.
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Thus, w € . We will now prove that « is a limit ordinal. Suppose, for a con-
tradiction, that « is a successor ordinal. Hence, xk = o™ for some ordinal «. So
o € k. Consider the function f: x — « defined by

0, ifé =a;
fE)={¢&", iféew;
&, ifwek.
Clearly f"is one-to-one, and thus, « is not a cardinal. O

Theorem 9.1.2 shows that w™ is not a cardinal. We now show that an ordinal
« is a cardinal if and only if || #. |y |, forall y € a.

Theorem 9.1.3. Let o be an ordinal number. Then o is a cardinal if and only
if for every y € a, there is no bijection f: o — y.

Proof. Leta be an ordinal. Assume that « is a cardinal. Let y € a. As there is
no one-to-one function g: o« — y, there is no bijection f: « — y. Conversely,
assume that (A) for every y € «, there is no bijection f: « — y. Suppose, for
a contradiction, that « is not a cardinal. Hence, for some y € «, there exists a
function f: @ — y thatis one-to-one. Let C = ran(f). Since C C y, if follows
that (C, € ) is a well-ordered structure (see Exercise 5 on page 145). Let
be the order type of (C, € ). Thus, by Exercise 8 on page 185, we have that
B € y. Hence, B € «. By Theorem 8.1.4, H: C — B is a bijection. Because
f:a — Cisabijection, (H o f): @ — f is a bijection, which contradicts (A).

O

Theorem 9.1.4. Let A be a set. Then the following are equivalent:

(1) 4 has a well-ordering.
(2) There is a bijection f: o — A for some ordinal .
(3) There is a one-to-one function f: A — o for some ordinal «.

Proof. We shall show that (1) = (2) = (3) = (1).

(1) = (2): Assume 4 has a well-ordering. Theorem 8.1.4 and its proof show
that there is an ordinal § and a bijection H: A — §. Theorem 3.3.18 therefore
implies that H~!: § — A is a bijection.

(2) = (3): Suppose that f: « — A is a bijection for some ordinal «. Then the
inverse function f~!: 4 — « is one-to-one by Theorem 3.3.18.

209
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(3) = (1): Assume that there is an injection f: 4 — o for some ordinal «.
Exercise 6 shows that 4 has a well-ordering. O

The next definition is a straightforward generalization of Definition 5.1.2.

Definition 9.1.5. If the set 4 has a well-ordering, then |4| is the least ordinal
« for which there is a one-to-one function f: 4 — «.

Thus, if « is a cardinal, then |«| = k (see Exercise 2).

Lemma 9.1.6. Suppose that A has a well-ordering, and let k = |A|. Then « is
a cardinal, and there is a bijection H: A — k.

Proof. Let 4 be a set with a well-ordering and let k = |4|. Exercise 9 implies
that « is a cardinal. Since x = |4|, there exists a function f: 4 — « that is
one-to-one. Define the relation < on 4 by x < y iff f(x) € f(»), for all x and
y in A. Exercise 6 shows that (4, <) is a well-ordered structure. Let A be the
order type of (4, <). Exercise 7 on page 185 and Lemma 8.1.11 imply that
A € k. Theorem 8.1.10 implies that there is a bijection H: 4 — A. Because H
is one-to-one, A € k, and |4| = «, it follows from Definition 9.1.5 that » = «.
Therefore, H: A — « is the desired bijection. O

Lemma 9.1.7. Let A and B be well-ordered sets. Then
(1) 14] <. |Bliff 14| € |B],

(2) 1] = |Bl iff |4] = |B,
() 4] <c |Bliff |4] € |B|.

Proof. See Exercise 11. O

Let C be the collection C = {« : « is a cardinal}. Is C a set, or is C a proper
class? Friedrich Hartogs, in 1915, proved the following theorem from ZF alone
(that is, without using the axiom of choice). This theorem implies that C is a
proper class (see Exercise 4).

Hartogs' Theorem 9.1.8. For every set X, there is a cardinal k so that there is
no one-to-one function f: k — X.
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Proof. We begin by defining the set W (via Theorem 2.1.3) to be
W ={(4,<):4CX and (4, X) is a well-ordered structure}.

By Theorem 8.1.4, for each (4, <) € W, there exists a unique ordinal § that is
the order type of (4, <) (see Definition 8.1.9). Thus, the replacement axiom
implies that the following collection is a set:

k = {4 : 8 is the order type of some (4, <) € W}. 9.1)

We will show that « is the desired cardinal by means of the following three
claims. The proof of the first claim shows that « is an ordinal, that is, « is a
transitive set and it is well-ordered by the relation €.

Claim 1. « is an ordinal.

Proof. We apply Definition 8.1.1. To show that « is a transitive set, let y € §
and § € k. As§ € «, there is a well-ordered structure (4, <) € W that has order
type 8. By Theorem 8.1.10, there is a bijection H: A — 8. Let B = H'[y].
Thus, B € A € X. Since H is a bijection, it follows that (H | B): B — y is
also a bijection. Exercise 6 implies that there is a well-ordering on B of order
type y. Hence, y € «. Thus, « is a transitive set. Theorem 8.1.15(1) implies
that k is well-ordered by €, as « is a set of ordinals. So « is an ordinal.

(Claim 1) O

Claim 2. There is no one-to-one function f: k — X.

Proof. Suppose that f: k — X is one-to-one. Let 4 = ran(f). Thus, 4 C X
and f: Kk — A is a bijection. So f~': 4 — « is also a bijection. Exercise 6
shows that there is a well-ordering < on A such that « is the order type of
(4, ). Thus, (4, <) € W and k € k, contradicting Lemma 8.1.3(2).

(Claim 2) OJ

Claim 3. « is a cardinal.

Proof. Assume, to the contrary, that there is an injection g: ¥ — o for some
a € k. Since a € k, (9.1) implies there is a well-ordered structure (4, <) where
(4, <) has order type « and 4 C X . So there is a bijection #: « — A.! Hence,
(hog): Kk = X is one-to-one, which contradicts Claim 2. (Claim 3) J

Thus, « is a cardinal, and there is no injection f: k — X. (Theorem) [

Corollary 9.1.9. For every ordinal y, there is a cardinal k such thaty € k.

21
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Proof. Let y be an ordinal. Theorem 9.1.8 implies that there exists a cardinal «
such that there is no one-to-one function f: k — y. Thus, y € k. U

Corollary 9.1.9 implies that there is a cardinal « such that w € «. It follows
that « is uncountable. To see this, observe that if k¥ were countable, then there
would be a function f: x — w that is one-to-one, and this would imply that «
is not a cardinal. Hence, « is uncountable.

Theorem 9.1.10. Let C be a set of cardinals. Then

(1) sup Cis a cardinal.
(2) Let k = sup C. If C is a limit set, then § € k forall § € C.

Proof. See Exercise 5. O

The aleph number system is used to identify the infinite cardinal numbers.
The system is defined by transfinite recursion. As w is the first infinite cardinal,
o will be the starting value of this recursion. We also need to define a “next
cardinal” function. By Corollary 9.1.9, we know that for each ordinal «, there
is a cardinal that is “larger” than «. Let S: On — On be defined by

S(a) = the least cardinal « such that o € «.

Clearly, S is a class function. Consider the following definition by cases:

w, if £ is the empty function;

= S(f(y)), iff:y*— On for some ordinal y?2 92)
sup f[B], if f: B — On for some limit ordinal j;
, if none of the above hold.

Let ¢(f,y) be a formula that expresses (9.2). Hence, by Corollary 9.1.9, for
every set f, there exists a unique y so that ¢(f', y). Thus, Theorem 8.2.4 implies
that there exists a class function 8 : On — On such that?
w, if 8 =0;
R(B) = 1 S(R(y)), if B =y T for some ordinal y; 9.3)
sup R[], if B is a limit ordinal.
Note that S(R(y)) = R(y + 1). Corollary 9.1.9 and Theorem 9.1.10 imply that

R(P) is an infinite cardinal for every ordinal . In addition, for each infinite
cardinal «, there is an ordinal « such that (o) = « (see Theorem 9.1.11).
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Exercise 15 and (9.3) imply that X : On — On is normal. For each ordinal g,
we now let 8g = R(8). With this slight change in notation, (9.3) becomes

2o, if g =0;
Ng = {8, 41, if 8 = y * for some ordinal y ; (9.4)
sup{®, : « € B}, if B is a limit ordinal.

The recursive definition (9.4) allows us to use the ordinals to identify all of the
infinite cardinal numbers, in increasing order, as follows:

ReER €---eN, ey €---ey eNpyr1 €1+

It follows that ¥y = w. So, ¥ is the first infinite cardinal. ¥, is often referred
to as aleph-naught. Since w € N, we see that ®; (aleph-one) is the smallest
uncountable cardinal.

Our next theorem verifies that the class function 8 : On — On is increasing
and “enumerates” all of the cardinals.

Theorem 9.1.11. For all ordinals a and B, if « € B, then ¥, € R,. Moreover,
for every infinite cardinal k, there is an ordinal a such that X, = «.

Proof. See Exercise 15 and Exercise 20. O

Let y be a limit ordinal. Recalling Definition 8.2.11, a set C C y is said to
be cofinal in y if for all ¢ € y, thereisa 8 € C such that o € 8.

Definition 9.1.12. Let y be a limit ordinal. Then the cofinality of ¥, denoted
by cf(y), is the least ordinal @ € y for which there exists a function f: o — y
such that f[«] is cofinal in y.

Theorem 9.1.13. Let y be a limit ordinal. Then cf(y) is a cardinal.

Proof. See Exercise 13. O

Since every infinite cardinal « is a limit ordinal, the cofinality of « is defined.

Definition 9.1.14. An infinite cardinal « is said to be regular if cf(x) = «. If
cf(x) € k, then « is said to be singular.

213
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Thus, an infinite cardinal « is regular if and only if whenever f: o« — «
and o € k, then there is ¥ € « such that fTa] € y. The cardinal ¥y is regular
because for every n € w and each function f: n — o, the set f[n] is finite
(see Exercise 5 on page 116). Hence, f[n] cannot be cofinal in w. Moreover,
since w is a limit ordinal, we see that 8, = sup{®, : » € w} by (9.4). So 8, isa
singular cardinal as the function f: @ — R, defined by f(n) = R, is such that
flw] is cofinal in R,,.

Theorem 9.1.15. Let y be a limit ordinal. Then cf(y) is a regular cardinal.

Proof. See Exercise 14. O

Theorem 9.1.16 (AC). The cardinal ¥, is regular.

Proof. Suppose, to the contrary, that &; is not regular. Thus, there is an ordinal
a € N and a function f: @ — ) such that f[«] is cofinal in ;. Exercise 21
implies that « is countable and that f(n) is countable for all € «. Hence,
UJ{/(m) : n € a} is countable by Corollary 5.2.10. Furthermore, Exercise 22
implies that  J{/(n) : n € a} = ¥;. Thus, &, is countable, a contradiction. [J

In the next section, we will extend Theorem 9.1.16 by showing that 8, is
a regular cardinal, for each ordinal «.

For each ordinal y, we know that the relation € yields a well-ordering on y.
In our next lemma, we will prove that there also exists a well-ordering on the
set y x y. We first define the relation <, on y x y, which orders the ordinal
pairs in y x y, first by maximum, then by first component, and then by second
component. Recall that max(«, B) is the larger of the two ordinals « and 8.

Definition 9.1.17. Let y be an ordinal. The relation <, on y x y is defined
by («, B) <, (8, y) if and only if

max(«, 8) € max(s, y)
V [max(«, f) = max(s, y) Aa € 4]

V [max(e, f) = max(§, y) Aha=8AB ey

Lemma 9.1.18. For each ordinal y, the relation <, is a well-ordering on
Yy XYy
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Proof. Let y be an ordinal. It is straightforward to show that <, is a total order
on y x y (see Exercise 24). So we will show only that <, is a well-ordering.
Let4 C y x y be anonempty set. Let M = {max(«, ) : (o, B) € 4}. Clearly,
M is a nonempty set of ordinals, and so it has an €-least element ;. Now let

K={aey:@3Bey)a p) €A nmax(a, B) = n)}

Thus, K is another nonempty set of ordinals with an €-least element v. Finally,
letS={B ey :(v,B) eAdAmax(v, ) = u}. Since S is also nonempty, it has
an e-least element . One can now show that (v, n) € 4 and (v, n) <, (a, B)
for all (r, B) € A. Therefore, <, is a well-ordering on y x y. O

The following result is fairly easy to verify (see Exercise 25).
Proposition 9.1.19. Let y be an ordinal. For each o € v,
axa={{&n) ey xy: (& n) <, (0,a)}

A set C C y x y is said to be cofinal in y x y if for all (o, B) € y x v,
there is a (n, &) € C such that («, B) <, (n,§).

Lemma 9.1.20. Let y be an ordinal and 8 be the order type of <,,. Then y €6,
and there is a function f:y — y X y such that f[y]is cofinaliny X y.

Proof. Let y be an ordinal and f: y — y x y be defined by f(a) = (o, ).
It thus follows that & € g if and only if f(a) <, f(B), forall  and B in y.
Thus, by Lemma 8.1.11 and Exercise 7 on page 185, we have y € § where
8 is the order type of <,. Let (n,&) € y x y and let @ = max(n, §). Thus,
(n, &) <y (a, a), and therefore, fy]is cofinal in y x y. O

So for each ordinal y, we now know that the set ¥ x y has a well-ordering.
Lemma 9.1.6 therefore implies that the cardinal |y x y| is defined. When y is
an infinite ordinal, one might think that the cardinal |y x y| would be larger
than the cardinal |y|. In fact, it is not, as we will now establish.

Theorem 9.1.21. Let y be an infinite ordinal. Then |y x y| = |y|.

Proof. Suppose, for a contradiction, that there exists an infinite ordinal y such
that (A) |y x y| # |y|. By Theorem 8.1.21, we shall assume (without loss of
generality) that y is the least such ordinal. Thus,

Mo ey)wea — |laxa| =|al). 9.5

215
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Exercise 9 on page 116 implies that |w X w| = |w|. Hence, @ € y. We now
consider two cases: either y is not a cardinal, or it is a cardinal.

CASE 1: y is not a cardinal. So Theorem 9.1.3 implies that there is a bijection
f:y — «a for some ordinal @ € y. Since y is infinite, « is also infinite. Thus,
by (9.5), we have that @ x a| = |«|. Using £, one can easily define a bijection
g: Yy Xy = a x «a and conclude (via Lemma 9.1.7(2)) that |y x y| = |y,
which contradicts (A).

CASE 2: y is a cardinal. Because y is an ordinal, Lemma 9.1.18 implies
that (y x y, <) is a well-ordered structure. Let § be the order type of this
structure, and let H: y x y — § be the isomorphism from (y x y, <, ) onto
(8, €) (see Remark 8.1.8). Lemma 9.1.20 states that y € §. As H is a bijec-
tion, (A) implies that y € §. Hence, there exists n € y and v € y so that
H({n,v)) =y. Let « = max(n, v)+ 1. So, as y is a limit ordinal, @ € y.
Since (n, v) <, (0, ), Remark 8.1.8 and Proposition 9.1.19 imply that the
restricted function H~' | y satisfies

H'y)y > axa.

Because H ! | y is one-to-one and y is infinite, it follows that « is infinite. So
loo x o] = |a| by (9.5). Since H~!' | y is one-to-one and |o x «| = ||, there
is an injection f: y — «. As « € y, we infer that y is not a cardinal. O

Corollary 9.1.22. [f « is an infinite cardinal, then |k x k| = k.

Corollary 9.1.23. Suppose that a and B are nonzero ordinals. If either o or B
is infinite, then |a x B| = max(|«|, |B]).

Proof. Suppose that at least one of the nonzero ordinals « and 8 is infinite. We
shall assume, without loss of generality, that « € 8. Thus, 8 is infinite, and as
0 € a, we have that

0} xpSaxpcpxp.

Since B x B has a well-ordering, every subset of 8 x 8 also has a well-
ordering. Clearly, [{0} x 8| = |8l and |8 x 8] = |B].So | x B| =|B8]. O

Corollary 9.1.24. Let « and § be nonzero cardinals. Then |k x §| = max(k, §)
if at least one of the cardinals is infinite.
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Exercises 9.1

*8.

*9,
10.
*11.
12.

*13.
*14.
15.
16.
17.
18.

19.
*20.

. Let @ be an ordinal. Show that |¢| € «.

e

Let « be a cardinal. Prove that |« | = «.

. Prove that |0™| = w.
*4,
*S.
*6.

Prove that the class {« : « is a cardinal} is not a set.
Prove Theorem 9.1.10.

Let 4 be a set and « be an ordinal. Suppose that f: 4 — « is one-to-one.
Define a relation < on 4 by x < y if and only if f(x) € f (), for all x and
v in A. Prove that < is a well-ordering on 4. If f: 4 — « is a bijection,
then prove that « is the order type of (4, ).

. Let « be an ordinal. Suppose g: o« — X is a function. Let 4 € «. Prove

that g[A] has a well-ordering and that |g[4]| € |4].

Assume that 4 has a well-ordering and let B € 4. Prove that |B| € |4]
using Definition 9.1.5.

Prove that if 4 has a well-ordering and k = |4|, then « is a cardinal.
Let « be a cardinal. Prove that if ': 4 — « is a bijection, then x = |A4].
Prove Lemma 9.1.7.

Show that the collection ¥ in the proof of Hartogs’ Theorem 9.1.8 is a
set.

Prove Theorem 9.1.13.

Prove Theorem 9.1.15.

Prove that 8: On — On is strictly increasing.

Let o be a limit ordinal. Prove that cf(X,) = cf(«).
Prove that for all ordinals 8, we have that 8 € Rg.

Prove for every ordinal « there is an ordinal 8 such that o € B and
Rg = B.
Prove there is an ordinal £ such that cf(§) = w and 8 = &.

Let « be an infinite cardinal. Prove that &, = « for some ordinal «.
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*21. Let « be an ordinal so that &) € a € 8. Prove that « is countable.

*22. Let a € y where « is an ordinal and y is a limit ordinal. Let f: ¢ — y
be such that f[e] is cofinal in y. Prove that | J{f(§) : & € a} = y.

23. Assume that for any two sets X and Y, either |X| <. |Y]| or |Y| <. |X]|.
Now, using Theorem 9.1.8, prove that every set can be well-ordered.

*24. Let y be an ordinal. Show that <, is a total order on y x y.

*25. Prove Proposition 9.1.19.

Exercise Notes: For Exercise 5, recall that sup C = | JC. Theorem 8.1.15(2)
implies that | J C is an ordinal. For Exercise 6, review Exercise 12 on page 76,
Theorem 8.1.10, and Lemma 8.1.11. For Exercise 15, apply Theorem 8.2.9.
For Exercise 17, use Theorem 8.1.22, and Exercise 15 in the limit case. For
Exercise 19, read the proof of Theorem 8.2.19. For Exercise 20, by Exercise 17,
there is a least ordinal @ such that k¥ € &,. For Exercise 21, use Exercises 1 and
Lemma 9.1.7(2) to show that |«| = 8. For Exercise 23, use Theorems 9.1.8
and 9.1.4. Exercise 23 shows that the Comparability Theorem 7.1.8 implies
the axiom of choice.

9.2 Cardinal Arithmetic

In Section 8.3, we defined three arithmetic operations on the ordinals; that is,
we defined addition, multiplication, and exponentiation on the ordinals. So if «
and B are ordinals, then a + S8, « - B, and a® (where 2 € @) are also ordinals.
For example, w is an ordinal, and hence, w + w and w - w are ordinals; however,
w + w and w - w are not cardinals.

In this section, we will define arithmetic operations on the cardinals in such
a way that when we add or multiply two cardinals, the result will be a cardinal.
Thus, ordinal arithmetic and cardinal arithmetic will be different operations.
For example, cardinal addition is commutative (see Lemma 9.2.2), whereas
ordinal addition is not commutative (see page 196).

For a well-ordered set 4, recall that in Definition 9.1.5 we identified a unique
cardinal number « so that |4| = «. In addition, Lemma 9.1.6 shows that there
also exists a bijection H: 4 — «.

If 6 and « are cardinals, the proof of Corollary 9.1.23 allows us to conclude
that the two sets ({0} x 6) U ({1} x k) and § x x have well-orderings. Thus,
we can make the following definition.
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Definition 9.2.1. Let § and « be cardinals. Then the cardinal sum § + « and
the cardinal product § - « are defined, respectively, to be

(1) 6 +x =1({0} x §) U ({1} x «)I,
2) 6 -k =16 x k.

In this section, the Greek letters 8, 8, k, A will used only to denote cardinals.
When using these particular Greek letters, the operations 6 + « and § - k are to
be viewed as the cardinal operations given in Definition 9.2.1. The other Greek
letters will be used to represent ordinals that may (or may not) be cardinals.
In our next lemma, we show that cardinal addition and multiplication satisfy
some very familiar properties.

Lemma 9.2.2. Let §, 0, and k be cardinals. Then

(1) éd4+x=x+9,
2)6-k=k-6,
B)O-(6+k)=0-5+60 -k,
DO+ +k)=(0+93)+«,
5)60-B-k)=(0-9)-«.

Proof. Let §, 0, and « be cardinals. We first prove (1). Since one can easily
define a bijection

S ({0} x ) U ({1} x k) = ({0} x ) U ({1} x 8),

Definition 9.2.1 and Lemma 9.1.7(2) imply that § + « = k + . To prove (2),
Exercise 17 on page 139 shows that |§ x x| = |k x §|. Thus, § -k =« - § by
Lemma 9.1.7(2). Items (3), (4), and (5) follow in a similar manner. O

Remark 9.2.3. A natural number is also a cardinal, that is, it is a finite cardinal.
The arithmetic operations defined in Definition 9.2.1, when applied to natural
numbers, coincide with the operations of addition and multiplication presented
in Chapter 4. For natural numbers m and n, let m + n be the cardinal sum given
in Definition 9.2.1, and let m +,, n be the natural number resulting from the
notion of addition identified in Theorem 4.3.3. Let m € w. One can prove by
mathematical induction that

1({0} >x m) U ({1} x )| =, |m +, n|

219
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for every natural number »n (using Theorem 5.4.6(1) in the inductive step).
Lemma 9.1.7 thus implies that

I({0} x m) U ({1} x m)| = |m +, nl.

Hence, m + n = |m 4+, n|. Theorem 5.1.8 thus implies that m +n = m +, n.
In a similar fashion, one can prove that the cardinal product of two natural
numbers also agrees with the notion of multiplication given in Chapter 4.

The following lemma confirms that the operations of cardinal addition and
multiplication have the expected order-preserving properties.

Lemma 9.2.4. Let §, 0, i, A be cardinals so that § € 0 and k € A. Then

(1) 84k €6+,
2)8-ke- A

Proof. Let 8, 0, «, A be cardinals. Assume that § € 6 and ¥ € A. Thus, § C 0
and k C A, as cardinals are also ordinals. Hence,

({0} x ) U {1} x x) € ({0} x O) U ({1} x 1),
S XKk CH xA.

Thus, by Exercise 8 on page 217, § +k €0 + A andd -x €6 - A. O

Our next lemma, called the absorption law of cardinal arithmetic, shows
that the addition and multiplication of two cardinals is quite easy to evaluate,
whenever one of the cardinals is infinite.

Lemma 9.2.5. Suppose that § and k are nonzero cardinals. If either § or k is
infinite, then § + k = § - k = max($, k).

Proof. Suppose that at least one of the nonzero cardinals § and « is infinite.
Corollary 9.1.24 thus implies that « - § = max(«, §). We will now prove that
k + 6 = max(k, §). Assume, without loss of generality, that § € «. Therefore,
k is infinite and, as 0 € k and 1 € «, we have

{1} xk CHO} xS U1} xk) Tk XK.

Clearly, |{1} x k] =k and |« x x| = k. Hence, § + k = k. O]
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As was noted in Remark 9.2.3, the sum and product of two finite cardinals
agree with the sum and product of two natural numbers as defined in Chapter 4.
Lemma 9.2.5 shows that the sum and product of two infinite cardinals equals
the maximum of the two cardinals. Cardinal exponentiation, when applied to
infinite cardinals, is not as easy to evaluate.

Cardinal Exponentiation

Given an infinite set 4, recall that the cardinal |4] is defined if and only if the set
A has a well-ordering (see Theorem 9.1.4 and Definition 9.1.5). For this reason,
we shall be assuming the axiom of choice whenever cardinal exponentiation is
involved. The axiom of choice, via the Well-Ordering Theorem 7.3.1, implies
that every set can be well-ordered. In particular, when § and « are cardinals,
the set % can be well-ordered, where % is the set of all functions from 8 to «.

Definition 9.2.6 (AC). Let § and « be cardinals. Then the cardinal power «°
is defined to be the cardinal |’|.

Note that 0° = 1 and 0 = 0 when « # 0 (see Remark 3.3.7).

Lemma 9.2.7 (ACQ). Let k be a cardinal. Then 2° = |P(x)|.

Proof. Recall that 2 = {0, 1}. Theorem 5.4.3 thus asserts that |[“2| =, |P(x)|.
Lemma 9.1.7(2) now implies that 2 = |P(«)|. O

Recall that Cantor’s Theorem 5.4.13 asserts that |[4| <. |P(4)| for any set 4.
This theorem can now be restated in terms of cardinal exponentiation.

Theorem 9.2.8 (AC). Let k be a cardinal. Then k € 2.

Proof. Let « be a cardinal, Theorem 5.4.13 states that |x| <. |P(«x)|. Thus,
lk| € |P(k)| by Lemma 9.1.7(3). Now Lemma 9.2.7 implies that « € 2. [

The next theorem identifies three basic facts about cardinal exponentiation.
Lemma 9.2.9 (AQ). Let §, 9, and «k be cardinals. Then

(1) K8+9 — K(S . ICO,
Q) (k-8 =«? -89,
(3) () =&,
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Proof. Let 8, 6, k be cardinals. For (1), we first show that |**%| =, |% x %|.
Let 4 = {0} x § and B = {1} x 6, which are clearly disjoint. Lemma 9.1.6
implies that

4] = 18],
|B| = 161,
|[AUB| =16 +6],

el = e?

0 0
| =c[<].

Theorem 5.4.7(1) asserts that || = | x %|. Therefore, Theorem 5.4.6
now implies that }5+9K| =, ‘SK X 9/(‘ =, ’KB X Kg‘. Thus, 3+ =«? . k% by
Lemma 9.1.7(2). A similar argument will establish items (2) and (3). O

In our next lemma, it shall be shown that cardinal exponentiation possesses
an order-preserving property that closely corresponds to a property identified
in Theorem 5.4.16.

Lemma 9.2.10 (AC). Let 8,0, A, and « be cardinals. If § € 0 and . € k, then
X € k% when § # 0.

Proof. Let 6,0, A, k be cardinals and assume that § € 6 and A € «. Clearly,
8] <c 10] and |A| <. |«|. If § # 0, then |°A| <. |%| by Theorem 5.4.16(3).
Therefore, we have that A% € «? by Lemma 9.1.7(1). O

As an application of Lemmas 9.2.9 and 9.2.10, we have the following result.

Lemma 9.2.11 (AQ). Let « be an infinite cardinal. Then ¥ = 2~.

Proof. Let « be an infinite cardinal. Lemma 9.2.7 yields the inequality ¥ € 2*.
Thus, «“ € (2°)¢ by Lemma 9.2.10. Therefore,

KK g(2[{)/{ =2K'K =2K gK_K’

where the last equality follows from Lemma 9.2.5. Hence, «* = 2°. O

Theorem 9.2.12 (AQ). Let A be a set and let k be a cardinal. If |X| € « for
all X € A, then ’UA} €Al k.
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Proof. Let A be a set and « be a cardinal. Suppose |X| € «, for each X € A.
Let § = |A| and let #: § — A be a bijection. Since |h(«)| € k for all o € 6,
the axiom of choice implies that there is a one-to-one function f;, : A(a) — «,
for each o € §. Define the function g: | J A — § x « by

2(x) = (a, fy(x)) where « is the least o« € § such that x € h(«)

for each x € | J.A. We shall prove that the above function g is one-to-one.
Let x and y be in | J.A and assume that g(x) = g(y). Let « € § be the least
such that x € i(«), and let B € § be the least such that y € h(8). Since
g(x) = g(y), we have (o, fo(x)) = (ﬂ,fg()/)). So a =B and f,(x) = fp(»).
Therefore, f,(x) = f,(v) and so x =y, since f, is one-to-one. Hence, g is
one-to-one. By Lemma 9.1.7(1), |UA € |8 x «l; that is, UA‘ €8-k.So
UA| €Al «. O

Theorem 9.2.13 (AC). For each ordinal a, the cardinal ¥, is regular.

Proof. See Exercise 11. O

Lemma 9.2.14 (AQ). |R| = 2%.

Proof. Theorem 5.4.20 asserts that |R| =, |P(w)|. Lemma 9.1.7(2) therefore
implies that [R| = |P(¥)], as @ = ¥y. Hence, |R| = 2™ by Lemma 9.2.7. [

We will now show that the continuum hypothesis has a different formulation
when one assumes the axiom of choice. Recall that Cantor’s hypothesis (see
page 133) asserts that any set of real numbers A4 is either countable or has the
same cardinality as the entire set R. Also note that 8%y € 2™ by Theorem 9.2.8.

Continuum Hypothesis. There is no set 4 C R such that |o| <. |4| <. IR|.

Lemma 9.2.15 (AC). There exists a cardinal § so that ¥ € § € 2% if and only
if there exists an A C R such that |w| <. |4] <. [R|.

Proof. Let § be a cardinal such that ¥ € § € 2™. Hence, & € § € [R| by
Lemma 9.2.14. Thus, there is a one-to-one function f: § — R. Let 4 = f[§].

223
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Hence, |o| € |4] € |R|. Therefore, |o| <. |4] <. |R| by Lemma 9.1.7(3). The
converse holds similarly. O

Since R is the first cardinal number greater than ¥y, Lemma 9.2.15 implies
that the continuum hypothesis is equivalent to the equality 2% = ;.

Continuum Hypothesis (AC). 2% = R;.

In a similar manner, assuming the axiom of choice, the GCH (see page 137)
can also be formulated in terms of a cardinal identity.

Generalized Continuum Hypothesis (AC). 2™ = K, for every ordinal «.

We will present a theorem due to Konig that can be viewed as an extension
of Cantor’s Theorem 9.2.8. First, we establish two lemmas.

Lemma 9.2.16 (AC). Let 6 be an infinite cardinal such that cf(0) € k € 0. If
|F| = 6, then there is a set {4 : & € «} such that F = USeK Ag and ‘A§| €0
Jorall & € k.

Proof. Let® be an infinite cardinal so that cf(9) € k € 6. Assume | F| = 0. Let
h: 6 — F be abijection and f: k — 6 be such that f[«] is cofinal in 8. For
each £ € k, let A; = h[f(£)]. Thus, 4: € F and |4¢| = |f(§)| € 6. Clearly,
Uge, 4e © F. To show that F € (J;, 4¢, let x € F. Since 4 is a bijection,
there is an o € 0 such that x = A(«). Because f[«] is cofinal in 6, there is an
& € k such thata € f(£). Hence, x € 4¢ and sox € (J,, 4e. O

The proof of our next lemma employs a diagonal argument.

Lemma 9.2.17 (AC). Let k be a cardinal and let S be a set. If {4s : & € «} is
such that A €S and {g(§) : g € Ag} # S forall & € k, then*S # UEEKA,E'

Proof. Let « be a cardinal and let S be a set. Suppose that {4¢ : & € k} is as
stated in the lemma. Therefore, S\ {g(§) : g € A¢} is nonempty for all £ € «.
By the axiom of choice there is a function f': ¥ — § such that

f(E) €S\ {g&): ge As), foreach € «. (9.6)

So f e€*S. We will show that f ¢ Usex Ag. Suppose to the contrary that
f € A for some & € k. Then f(§) € {g(§) : g € 4}, contradicting (9.6). [

Konig's Theorem 9.2.18 (AC). Let k be an infinite cardinal. Then k € cf(2¥).
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Proof. Let « be an infinite cardinal. Suppose, to the contrary, that ¢f(2¥) € «.
Recall that k € 2¢, by Theorem 9.2.8. Thus, cf(2) € x € 2. Let § = 2*. So
|S] = 2¥. Moreover, |“S| = 2¢ because

5] = (2] = (@) = 2% =2~

Since |“S| = 2 and cf(2“) € k € 2°, Lemma 9.2.16 implies that there exists
an indexed set {4; : § € «} so that “S = | J, ., 4¢ and |4¢| € 2¢ for all & € «.
Let & € k. Clearly,

[{g(§) : g € Ae}| € |4e| € 2.

As |S| = 2%, we have that {g(§) : g € 4¢} # S. Therefore, by Lemma 9.2.17
“S # Uee, 4e» a contradiction. O

Corollary 9.2.19 (AC). 2™ £ R,

Proof. By Theorem 9.2.18, & € cf(2%). So 2™ # R, as cf(R,) = N. O

Exercises 9.2

1. (AC) Let 4, 6, A, k be infinite cardinals so that § € 6 € A € «. Simplify
the cardinals (k270 ) and k™ +N

. Prove Lemma 9.2.2(3).
. Prove Lemma 9.2.2(4).
. Prove Lemma 9.2.2(5).
. Prove Lemma 9.2.9(2).
. Prove Lemma 9.2.9(3).

N o U1 A WN

. Let o and B be ordinals. Show that
(@) Ry + 8 = Rnax(.p)»
(b) Ry - Rg = Nnax(e.p)»
(©) X +8 =Ry,
(d) R R =Ry

8. (AC) Let k and X be cardinals. Assume that 2 € « € 2* and A is infinite.
Prove that k* = 2*.
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13.

*14.
15.
16.

17.

18.

*19.

. (AC) Let « be an ordinal. Prove that &, € 2%.
10.
*11.
12.

Let a be an ordinal. Prove that if 8 € 8,11, then || € R,.
Prove Theorem 9.2.13.

(AC) Let A be a set and let k be an infinite cardinal. Suppose that | A| € «
and |X| € k forall X € A. Prove that |UA| E k.

(AC) Let A be a set and let 6 be an infinite regular cardinal. Suppose that
Al € 0 and | X| € 0 forall X € A.

(a) Prove that sup{|X| : X € A} € 6.

(b) Prove that |U A| €6.

(AC) Suppose that #: 4 — B is a function. Prove that |A[4]| € |4].
(AC) Show that 2% = &, ., for any ordinal .

(AC) Show that there is a class function 3: On — On such that
L. 3(0) =,

2. J(y*) =270,

3. J(B) = sup{I(x) : @ € B} when B is a limit ordinal.

Prove that J: On — On is strictly increasing, where 3 is as in Exer-
cise 16.

Let J: On — On be as in Exercise 16. Prove the following:

(a) For each ordinal y, there is an ordinal 8 such that y € 8 and
AB)=B.

(b) If J(B) = B, then B is a limit ordinal and 2= € g for all o € B.

(AC) Let {4; : i € I} and {B; : i € I} be two indexed sets. Suppose that

|4;] € |B;|, for each i € I. By the axiom of choice, let p;: 4; — B; be an

injection for each i € /.

(a) Show that |p;[4;]| € |B;| and conclude that B; \ p;[4;] # @ for all
iel.

(b) Get a function % so that dom(#) = I and A(i) € B; \ p;[4;] for all
iel.

(c) Foreachx e | J

A;, define g, € [[..; B: (see (7.1) on page 156) by

iel iel

(i) = pi(x), ifx e 4;
EWZ Vi), ifx ¢ 4,

Define F: (J;.;4i — []
one.

B; by F(x) = g,. Prove that F' is one-to-

iel


https://www.cambridge.org/core/terms
https://doi.org/10.1017/CBO9781316341346.010
https://www.cambridge.org/core

Closed Unbounded and Stationary Sets

(d) Forevery j €I, define 7r;: [[,., Bi = B; by m;(g) = g(j). Suppose
H: |J;c;4i = [l;; Bi is an injection. Show that |m;[H[4,]]| € |Bil,
for each i € /. Prove that H is not a bijection.

(e) Conclude that || J;.; 4i| <c |[Tie; B:| and thus, |U,c; 4i| € |[Ties Bil-

Exercise Notes: For Exercise 11, use Theorem 9.2.12 and Exercise 10. Also
review the proof of Theorem 9.1.16. For Exercises 12 and 13(b), one can apply
Theorem 9.2.12. In our proof of Theorem 9.2.18, we implicitly applied Exer-
cise 14. Exercise 16 defines the beth numbers, J; = J(A), for each ordinal A.
The Hebrew letter 3 is called beth. For Exercise 19(d), note that Exercise 14
implies that |;[H[A4;]]| € |H[A;]|. Exercise 19 outlines a proof of a theorem
due to Konig: If'|4;| € |B;| for all i € I, then |Ui€1A,«| € |]_[idB,-|.

9.3  Closed Unbounded and Stationary Sets

We now discuss two concepts that play a prominent role in modern set theory,
namely, closed unbounded sets and stationary sets.

Definition 9.3.1. Let « be a limit ordinal and let C C «. Then we say that

(1) C is unbounded in ¥ when C is cofinal in k (see page 213).
(2) Cisclosed in k when forall y € x,if CNy # &, thensup(CNy) € C.
(3) Cis club in k¥ when C is closed and unbounded in «.

Let « be a limit ordinal, and let C = {$ € x : « € B} where @ € k. Clearly C
isunbounded in k. If y € k and CNy # &, then @ € sup(C N y) € «. Thus,
sup(CNy) € C and C is club in «. On the other hand, if w € «, then the set
D = {y € k : y is a successor ordinal} is unbounded in «; however, D is not
closed in «. To see this, recall that every nonzero natural number is a successor
ordinal (Theorem 4.1.6). So DNw={n € w:0 € n} and sup(DNw) = w,
which is not in D, because w is a limit ordinal. Thus, D is not closed in «.

Definition 9.3.2. Let « be a limit ordinal and let 4 C «. We shall say that X is
a bounded subset of 4 if and only if X € 4 Ny for some y € k.
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Lemma 9.3.3. Let « be a limit ordinal and let C C k. Then C is closed in « if
and only if sup X € C whenever X is a nonempty bounded subset of C.

Proof. Let « be a limit ordinal and let C C «.

(=). Assume C is closed in k. Let X # & be so that X € C Ny for some
y €k.

Cask 1: X is a limit set. Thus, by Lemma 8.2.12, § = sup X is a limit ordinal
and X is a cofinal in §. Moreover, 8 € y € k. AsX C §,weseethatX € CN 3.
Therefore, C N § is also a cofinal subset of §. Hence, sup(CN§) =sup § = 4,
by Lemma 8.2.14 and Exercise 10 on page 185. Since C is closed in «, we
conclude that § € C. Thus, sup X € C.

CASE 2: X is a not a limit set. Therefore, X must have a largest element §. So
8§ =sup X and § € X. Since X C C, we have that sup X € C.

(<). Assume that sup X € C whenever X is a nonempty bounded subset of
C. Let y € k be such that C N y is nonempty. As C Ny is clearly a bounded
subset of C, the assumption implies that sup(C N y) € C. Hence, C is closed
ink. O

Theorem 9.3.4. Let « be a limit ordinal. Let F be a nonempty set such that C
is closed in «, for all C € F. Then [\ F is also closed in k.

Proof. Let X C () F be nonempty and bounded. Because X C [].F, we see
that X C C for each C € F. Since every C € F is closed in x, Lemma 9.3.3
implies that sup X € C, for all C € F. Therefore, sup X € (| F. Thus, by
Lemma 9.3.3, we conclude that (") F is closed in «. O

Before continuing our discussion on club sets, we will focus our attention on
indexed functions (see Section 3.3.3) whose domain is an ordinal.

Definition 9.3.5. Whenever y is an ordinal, an indexed function (as : g € y)
shall be called a y-sequence, or a sequence when the ordinal y is understood.

So if H = (ag : B € y) is a y-sequence, then H is a function with domain
y. Thus, if B € y, then H(B) = ag, and H | B = (a, : @ € B). Moreover, if
y =0, then H is the empty sequence () = @. We now discuss how one can
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define a sequence by ordinal recursion. Let y be an ordinal and let ¢(x, y) be a
formula that is functional (see page 150). Theorem 8.2.2 thereby implies that
there is a y-sequence (ag : B € y) satisfying

¢p({aqg 1o € B),ap), forall B € y.

Such a sequence is said to be defined by ordinal recursion. Let us consider an
example. Suppose that (5/3 1B € y) is a y-sequence of ordinals. We can define
anew y-sequence (A g:BE y) of ordinals by the ordinal recursion

Ap = the least ordinal A such that £g € A and sup{)r, 1 € B} € A 9.7)

forall B8 € y. Thus, (9.7) implies that &g € Ag forall 8 € y, and it also implies
that the sequence (A4 : B € y) is strictly increasing; that is, 1, € A whenever
aepBey.

In this section, we shall be defining sequences by recursion, and we will then
use these sequences to prove theorems about club sets in a regular uncountable
cardinal. We must first make a useful observation. Suppose that « is a regular
uncountable cardinal and that (Olg BN y) is a sequence such that y € « and
ag € k for all & € y. Recalling Definition 9.1.14, it follows that there is an
n € k such that {az : £ € y} C 7. Thus, the set {«g : & € y} is bounded in «
and sup{og : £ € y} en.

Lemma 9.3.6. Let k be a regular uncountable cardinal and let C be closed
in k. Suppose that (y, : o € L) is a sequence where 0 € A € k and y, € C for
all @ € A. Then sup{y, : @ € A} € C.

Proof. Let«, C, and (y, : @ € A) be as in the statement of the lemma. Hence,
¥a € k for each o € M. Since « is regular and A € k, there is an ordinal n € k
such that {y, : @ € A} C n. Therefore, {y, : @ € A} is a bounded subset of C.
Lemma 9.3.3 implies that sup{y, : « € A} € C. U

Let « be a regular uncountable cardinal. In our next theorem, we will prove
that the intersection of two club sets is also a club set. Later we will prove that
the intersection of fewer than « club sets is also a club set.

Theorem 9.3.7. Suppose that « is a regular uncountable cardinal. If A and B
are club in k, then A N B is club in k.

Proof. Let « be a regular uncountable cardinal. Suppose that 4 and B are club
sets in k. Theorem 9.3.4 implies that 4 N B is closed in x. To show that 4 N B
is unbounded in «, let v € k. We will show that there is an ordinal A, € A N B
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such that v € A. Since B is unbounded in «, there is an ordinal 8y € B such that
v € By. Because 4 and B are both unbounded in «, there exists a recursively
defined sequence (y, : n € w) of ordinals such that yy) = By and for all n € w,

a, ifnisevenand « is the least o € A4 such that y, € «; ©9.8)
+ = .
Y B, ifnisoddand B is the least 8 € B such that y, € 8.
Thus, (A)v € y, € y,+ foralln € w. Let D = {y, : n € w}. Since « is a regular
uncountable cardinal, we have that v € sup D = A € «. Observe that

X ={yys1:kew)CAand X' = {yy : k€ w} CB. 9.9)

From (A), it follows that D is a limit set in which X and X’ are both cofinal.

Lemma 8.2.14 implies that sup X = sup X’ = A. Since X and X' are bounded

in k, Lemma 9.3.3 and (9.9) imply that L € A and A € B.Sov e A € ANB.
O

Before proving our next lemma, we make another useful observation. Let
k be a regular cardinal and let y € k. If (§, : @ € y) is a sequence such that
&y € k for all « € y, then for any C that is unbounded in «,

there is a B € C such that sup{&, : @ € y} € 8. (9.10)

The property (9.10) will be implicitly used in the proof of the next lemma.

Definition 9.3.8. A y-sequence (C, : o € y) of sets is said to be nested if and
only if Cg € C, whenever o € 8 € y.

Thus, if (C, : @ € y) is a nested sequence of sets, we have that
G2C2G2---2CG2---2C2---
where « € 8 € y. Of course, 4 D B means that B C 4.

Lemma 9.3.9. Let « be a regular uncountable cardinal. If (Cy : @ € y) is a

nested sequence of club sets in k and 0 € y € «k, then ﬂaey Cyisclubin k.

Proof. Let k be a regular uncountable cardinal. Assume that (C, : @ € y) is
a nested sequence of club sets in ¥ where 0 € y € k. Theorem 9.3.4 implies
that (,, Co is closed in «, for all nonzero n € y. We prove that (1), Cq is
unbounded in . Suppose, to the contrary, that (), <y Co bounded in k. Let

p € y be the least such that p # 0 and ﬂ C, is bounded in «. (9.11)

aep
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So2 € p, by Theorem 9.3.7. Hence, p is either is a successor or a limit ordinal.

Case 1: p =n™ for an ordinal 7. Hence, (&) (\,e, Co = (Nye, Cu) NGy
Since n € p, (9.11) implies that ﬂaen C, is unbounded in «. Thus, (A) and
Theorem 9.3.7 imply that ()., Cy is unbounded, which contradicts (9.11).

aep

CASE 2: p is a limit ordinal. Since [, o Co bounded in «, there existsa v € k
such that (#) (,c, Co € v. Theorem 8.2.2 implies that there is a sequence of
ordinals (8, : o € p) such that for all @ € p,

B = the least 8 € C, such that v € 8 and sup{B, : 7 € «} € B. 9.12)
It follows from (9.12) that

(1) v e B, € By, whenever r € o € p,

(2) Xo = {By : @ € p} is a limit set,

(3) Xe ={Bs : £ € a € p}iscofinal in Xy, forall £ € p,
(4) Xe € C forall &£ € p, because (C, : o € p) is nested.

As Xy € Cpand p € k, Lemma 9.3.6 and (1) imply that v € sup Xy = A € Cy.
Items (2)—(3) and Lemma 8.2.14 now yield the equation sup Xz = A, for each
& € p. Since A € k, we conclude from Lemma 9.3.3 and (4) that A € C;, for
all & € p. Therefore, A € (., Cw- This contradicts (4), because v € A. O

aep

We can now generalize Theorem 9.3.7.

Theorem 9.3.10. Let k be a regular uncountable cardinal and let 0 € y € k.

If (Dy : a € y) is a sequence of club sets in k, then ﬂaey Dy is club in k.

Proof. Lety,x,and (D, : o« € y) be as stated. Theorem 9.3.4 thus implies that
Mae ¢ Da 1s closed in « for every nonzero ¢ € y. Suppose, for a contradiction,
that ﬂaey D, is bounded in k. Let ¢ € y be the least such that { # 0 and
(&) Nye ¢ Do is bounded in «. Theorem 9.3.7 implies that ¢ is a limit ordinal
(see case 1 of the above proof). Hence, for all o € ¢, the set C, = ﬂéew Dy
isclubin k. So (C, : o € ¢) is a nested sequence of club sets (see Exercise 5).
Since (), ¢ Do = MNae ¢ Cu, Lemma 9.3.9 implies that MNae ¢ Do is unbounded
in «, contradicting (A). O

Theorem 9.3.10 may not hold for a x-sequence of club sets in «. To ver-
ify this, let (C, : o € k) be such that C, = {8 € k : @ € B} where « is a limit
ordinal. Every C, is club in «; however, ﬂae,( C, is not club in x because
(Noex Co = @, which is bounded in «. On the other hand, when « is a regular
uncountable cardinal, we will soon show that the “diagonal intersection” of a

231
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k-sequence of club in « sets is also a club set. First, in the interest of notational
correctness, we define (., C; = @.

Definition 9.3.11. Let (C, : @ € «) be a sequence of subsets of a limit ordinal
k. Then {or € k : @ € [, C¢} is the diagonal intersection of the sequence.

Lemma 9.3.12. Let « be a limit ordinal. If (C, : « € k) is a sequence of closed
sets in k, then the diagonal intersection {@ € k : o € ﬂgea Ce} is closed in k.

Proof. Let k and (C, : a € k) be as stated in the lemma. We will prove that
theset D={ax ek :ac ﬂgea C¢} is closed in k. Let X # @ be a bounded
subset of D. Thus, (A) X € DN y for some y € k. If X is not a limit set, then
sup X € D (see case 2 in the proof of Lemma 9.3.3). If X is a limit set, then
let 5§ = sup X. By (A), we have § € k. Lemma 8.2.12 implies that § is a limit
ordinal and that X is cofinal in §. We now show that § € D, that is, we prove
the following claim.

Claim. § € (s Ce-

Proof. Let £ € §. We will prove that § € C¢. Let X; = {a € X : § e ¢ € §}. It
follows that X; is cofinal in X. Hence, sup X; = § by Lemma 8.2.14. Because
8 € k, we see that X is bounded in k. We now show that Xy C C;. Let o € X¢.
So & € a by the definition of X;. Since Xz C D, it follows that & € (., Ce'-
Hence, a € C; and thus, X; € C:. As X; is a nonempty bounded subset of C¢,
Lemma 9.3.3 implies that § € Cg. Therefore, § € (s Ce. (Claim) O

Since sup X = 6 € D, Lemma 9.3.3 now implies that D is closed inx. [

Lemma 9.3.13. Let k be a regular uncountable cardinal. If (Cy : o € k) is a
nested sequence of club sets in k, then {o €k : o € ﬂgea Ce¢} is unbounded
inkK.

Proof. Let (C, : a € k) be a nested sequence of club sets in «, where « is a
regular uncountable cardinal. We shall prove that D = {e e k 1 @ € ﬂé ca Ct}
is unbounded in k. Let v € k. Recursively define the sequence (B, : n € w) as
follows: Let By € « be such that v € By. Then for all n € w,

Bn+ = the least B € Cg, such that sup{g; : i € n} € . (9.13)
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It follows from (9.13) that

(1) v e B; € Bj wheneveri € j € w,

(2) X ={B; : i € w} is a limit set,

(3) X, ={B;:n€ie€ w}iscofinal in X, forall n € w,

(4) X, € Cg, forall n € w, because (C, : @ € k) is nested.

Let = sup X. Lemma 8.2.12 and (1)—(2) imply that v € § and that § is a limit
ordinal. As w € « and « is regular, we have § € x. We will prove that § € D.
Items (2)—(3) and Lemma 8.2.14 imply that sup X;, = 8, for each n € w. Since
8 € k, we conclude from Lemma 9.3.3 and (4) that § € Cg,, for each n € w.
Because {8, : n € w} is cofinal in § and (C, : o € 8) is nested, we have that
8 € C; for every & € §. Therefore, § € mgea C:. Sov € 8 € D, and thus, D is
unbounded. O

Theorem 9.3.14. Let  be a regular uncountable cardinal. If (D, : @ € k) is a
k-sequence of club sets in k, then {o € k 1« € ﬂsea DeYis clubin k.

Proof. Let (D,:a €«) and « be as stated in the theorem. Thus,
Lemma 9.3.12 implies that the set {¢ €k : @ € ﬂgea De} is closed in «. For
eacha € k,letC, = mgew Deg, which is club in k by Theorem 9.3.10. Hence,
(Cy : @ € k) is a nested sequence of club sets. Because (see Exercise 5)

lwek:ae( D) ={aer:ae()Ch

Eea tea

Lemma 9.3.13 implies that {o € « : & € (), D¢} is unbounded in k. O

The Club Filter

Since the intersection of two club sets is again a club set, the club sets generate
a natural filter.

Definition 9.3.15. Let « be regular uncountable cardinal. Define 7 € P(k) by
F ={X Ck :C C X for some C that is club in «}.
The set F is called the club filter on «.

Using Theorem 9.3.7, one can easily verify that F is a filter (see Exercise 8).
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Theorem 9.3.16 (AC). Let F be the club filter on k, a regular uncountable car-
dinal. Then F is k-complete; that is, whenever (X, : « € y) is a y-sequence
of sets in F such that0 € y € «, then ()., Xy € F.

aey

Proof. Let F be the club filter on «, a regular uncountable cardinal. Sup-
pose that (X, : @ € y) is a y-sequence of sets in F where 0 € y € k. Def-
inition 9.3.15 and the axiom of choice imply that there is a y-sequence
(Cy : @ € y) of club sets in x such that C, C X, forall@ € y. Theorem 9.3.10
asserts that ﬂaey C, isclubin«. Since ﬂaey C, < ﬂaey X, , we thus conclude
that (), ., Xz € F by Definition 9.3.15. O

acy

The above proof can be modified so as to show that a club filter is also closed
under diagonal intersection.

Theorem 9.3.17 (ACQ). Let F be the club filter on «, a regular uncountable
cardinal. Then F is normal; that is, whenever (X, : a € k) is a k-sequence of
setsin F, then{a €k 1o € ﬂseaXé} e F.

Proof. See Exercise 9. O

Stationary Sets

The definition of a stationary set is due to Gérard Bloch (1953). Stationary sets
permeate combinatorial set theory.

Definition 9.3.18. Let « be a regular uncountable cardinal and let S C «. Then
S is stationary in « if and only if S N C # @ for every club in « set C.

A subset S of « is stationary if and only if S has elements in common with
every closed and unbounded subset of k. For any y € «, the set« \ y+ is club
in k. Hence, there is an o € S such that y € o whenever S is stationary in . So
a stationary set is unbounded in k. Also note that if S is stationary in «, @ € «,
and S € T C «, then S\ o and T are also stationary in « (see Exercise 2).

Theorem 9.3.7 implies that every club set is stationary in «; however, there
are stationary sets that are not club in «. For example, one can easily show that
the set S = «k \ {w} is stationary in k. Yet S is not closed, because w C S and
supw = w ¢ S. Thus, S is a stationary set that is not a club. One can prove
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(using AC) that there exist two stationary sets that are disjoint. It thus follows
that the club filter is not an ultrafilter (see Exercise 18).
Our next lemma makes a simple observation concerning Definition 9.3.18.

Lemma 9.3.19. Let « be a regular uncountable cardinal. Let S C k. Then S is
not stationary in k if and only if there is a club in « set C such that SN C = .

The following fundamental theorem was proved by Géza Fodor in 1956. Let
k be a regular uncountable cardinal and let S € «. A function f: k — k is
said to be regressive on S if f(«) € o forall @ € S\ {0}. Fodor proved that if
a function f': k — « is regressive on a stationary subset of «, then f is thereby
constant on a stationary set.

Theorem 9.3.20 (AC). Let k be a regular uncountable cardinal. Suppose that
a function f: k — Kk is regressive on a stationary set. Then there exists an
& € k such that {« € k : f(a) = &} is stationary.

Proof. Let k be aregular uncountable cardinal and let /: k — k. Suppose that
f isregressive on a stationary set. Hence, S = {«¢ € k : f(«) € o} is stationary.
Assume, for a contradiction, that for all £ € k the set Xz = {0 e k : f(a) =&}
is not stationary. Lemma 9.3.19 and the axiom of choice imply that there is a
K-sequence <Cg & e K) of club sets such that (A) C; N Xz = @, forall £ € «.
By Theorem 9.3.14, the diagonal intersection D = {0 € k : ¢ € ﬂgea C:} is
club in . Since S is stationary and D is a club, there exists an & € « such that
a € SND. Thus, (i) f(«) € @ and (ii) @ € ﬂgea C¢. So (A) and (ii) imply that
f(a) # & for all £ € o, which contradicts (i). O

Because every set that is stationary in « is also unbounded in «, we have our
next corollary. This corollary will then be followed by a proof of its converse.

Corollary 9.3.21 (AQ). Let k be a regular uncountable cardinal. Suppose that
E is stationary in k. Then for all {: k — «, if [ is regressive on E, then there
exists an & € « such that {o € k : f(«) = &} is unbounded in k.

Theorem 9.3.22. Let « be a regular uncountable cardinal and E C k. Suppose
that for all f: k — «, if f is regressive on E, then there exists an & € k such
that {o € k : f(a) = &} is unbounded in «. Then E is stationary in k.

Proof. Let« and E be as stated in the theorem. Assume that for all /: x — «,
if f is regressive on E, then there exists an & € « such that {« € x : f(a) = &}
is unbounded in k. Suppose, for a contradiction, that £ is not stationary. Thus,

235
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by Lemma 9.3.19, there is club in « set C so that E N C = &. Define g: k — «
by g(a) = sup(C N«). Clearly, g(«) € « for all « € «. Since C is closed and
ENC=gw,itfollows that g() € o forall € E \ {0}. Hence, g is regressive
on E. By our assumption, there isan & € « suchthat S = {« € k¥ : g(a) = &} is
unbounded in k. Since C is unbounded, let ¥ € C be such that & € y. Because
S is also unbounded, thereisa 8 € Ssuchthaty € 8.Soy € Cand& € y € 8.
Thus, by the definition of g, we have that £ € g(8). Since 8 € S, we also have
that g(8) = &. This contradiction completes the proof. O

The following definition will be used in some of the exercises.

Definition 9.3.23. Let « be a regular uncountable cardinal and let f/: k — «.
Then f is said to be normal if the following two conditions hold:

(1) f(x) € f(B) whenever a € B € k (f is strictly increasing),
(2) f(B) =sup{f(n): n € B} for every limit ordinal 8 € k (f is continuous).

Exercises 9.3

1. Let C and D be closed sets in «, a limit ordinal. Suppose that X € C
and sup X € C. Let ¥ € X be nonempty. Show that if ¥ € D, then
supY € D.

*2. Let k be a regular uncountable cardinal and let & € «. Show that if C is
club in «, then C \ « is club in . Show that if S is stationary in «, then
S\ « is stationary in k.

3. Let C = {o € « : « is a limit ordinal} where « is a regular uncountable
cardinal. Show that C is club in «.

4. Let D = {a € C : « is a limit ordinal} where C is a club set in «, a regular
uncountable cardinal. Show that D is club in «.

*5. Let ¢ be a limit ordinal and let (D, : @ € ¢) be any sequence of sets. For
eacha € ¢, letC, = ﬂgeoﬁ D;.
(a) Prove that (C, : o € ¢) is a nested sequence of sets.
(b) Prove that ("), De = [z, Ce, forall e € €.
(c) Prove that {o € ¢ 1 € (e, D} ={a € ¢ o € [, Ce -
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6.

*8.

*9,
10.

11.

12.

13.

14.

15.

16.

Let (C, : @ € k) be such that C, = {f € k : @ € B} where « is a limit
ordinal. Evaluate {o € k : & € [z, Ct}-

. Let ¢ be alimit ordinal and let (C, : @ € ¢) be a sequence of subsets of ¢.

Prove that (1), Co C {o € ¢ 1 € [z, Ce)-

Let « be regular uncountable cardinal and let 7 € P(«) be the club filter
on k. Prove the following items:

(a) o ¢ Fandk € F.

(b) IfY e FandZ € F,thenY NZ € F.

(c) IfY e FandY C Z C k,then Z € F.

Prove Theorem 9.3.17.

Let F be the club filter on «, a regular uncountable cardinal. Suppose that
(X, : @ € y) is a y-sequence of sets in F where y € «. Explicitly explain
how the axiom of choice (page 66) implies that there exists a y-sequence
(Cy : o € y) of club sets in x such that C, C X, forall @ € y.

Let x be a regular uncountable cardinal and let f: kK — «. Prove that if
f is normal, then the set {o € ¥ : f(o) = a} isclubin«.

Let f: kK — «k be normal, where « is regular uncountable cardinal. Prove
that f[x] = {f(@) : @ € k}isclub in k.

Let C be club in «, a regular uncountable cardinal. Let f: k — C
be defined by the following recursion (see Theorem 8.2.2): For all
o €K,

f(a) =the least B € k such that B € C\ f[«].

Prove that f is normal, and that f[x] = C.

Let « be a regular uncountable cardinal and let f: k — k. Prove that the
set {o € k : fla] C v} isclub in k.

Let k be a regular uncountable cardinal. Suppose that S is stationary in x
and C is club in k. Prove that S N C is stationary.

(AC) Suppose that « is a regular uncountable cardinal and that y € «.

(a) Let (S, : o € y) be a y-sequence of subsets of x. Suppose that the
set |, - S, is stationary in k. Prove that S, is stationary, for some
acy.

(b) Let f: k — y. Prove that f is constant on a stationary set; that is,
show that there is an & € y such that {¢ € « : f(§) = «} is stationary
ink.
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17.

*18.

19.

(AC) Let k be a regular uncountable cardinal. Suppose that (S, : « € k)
is a k-sequence of subsets of k. Prove that if {o € k : & € U, Se} is
stationary, then S,, is stationary, for some « € «.

Let F be the club filter on «, a regular uncountable cardinal. Suppose that
S and S\ k are both stationary in «. Prove that F is not an ultrafilter.

(AC) Let F be the club filter on «, a regular uncountable cardinal. Sup-
pose that S is stationary in k. Prove that there exists an ultrafilter ¢/ on «
such that F C U/ and S € U.
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NOTES

Preface
1. In naive set theory, a set is any well-defined collection of objects.

Chapter 1

1. In mathematics, “or” always means the inclusive “or,” that is, we allow for both
conditions to hold (see page 7). Thus, if x € 4 and x € B, thenx € 4 U B.

2. In axiom 3 (8), the variable S is chosen so that it does not appear in the formula

¢ (¥).

Chapter 2

1. When proving X = Y, we shall say that X is the first set and Y is the second set.
2. Recall that the elements of a set are also sets.

3. The arrow = shall be used to abbreviate the word “implies.”

Chapter 3
1. For posets, we shall write (4, <) for the ordered pair (4, <).

Chapter 4
1. The label (IH) will often be used to identify the induction hypothesis.
2. The material covered in this subsection will not be used elsewhere in the book.

Chapter 8

1. A parameter is an unassigned set that may occur in a formula (see page 22).
2. In (8.14), replace a with 0 and replace f(y )™ with f(y) + a.

3. In (8.14), replace a with 1 and replace f(y)* with f(y) - a.

Chapter 9

1. See Remark 8.1.8 and Definition 8.1.9 on page 179.
2. See Remark 8.2.18 on page 191.

3. R (aleph) is the first letter in the Hebrew alphabet.
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=,19

{u, v}, 32
{u}, 32
UF,32

N F,33
P, 35
(x,»), 41

A x B, 43
dom(R), 45
fld(R), 45
ran(R), 45
R[A], 46
Ro S, 46

R [ 4,46
R, 46
R7[B], 46
aRb,49

a~b,49
[a]~, 51
[a], 52
F:A— B,58
F(x), 58
—, 58
F[A], 60
F [ 4,60
F1,60
“w, 59
0, 1}, 59

{F(x):x e A}, 60

4B, 59
Fo@G,60
F~'[B], 60
ran(F"), 60
(F;:iel), 64
ﬂiel E’ 65
UieIE" 65
{F;:iel}, 65
4, <),70

<, 70

<c, 74

<e, 77
S(x.p), 78
xt, 83

w, 84

m+ n, 96
m-n,97

m", 101

€, 103
max(m, n), 106
<, 107
<,107
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|4], 112 max(a, ), 182
€94, 121 sup C, 182
0, 1}, 125 On, 186

|4] = |B|, 129 f:X — On, 191
|4] <. |B|, 132 o+ B, 195
|4] <. |B|, 133 a-B,196
s(u), 144 af, 199
s(u), 144 Ve, 202
s<(u), 143 V,204

s~ (u), 143 rank(4), 205
€4, 146 |41, 210
~V4, 146 R(B), 213
SV 146 Rg, 213

A, 154 8o, 213
[1ics Bi» 156 N, 213

Cp, 158 cf(y), 213
<, 172 Ny, 214

at, 176 8 +«,219
€, 175 8-k,219
ran(x), 176 «%, 221

=, 178 2(B), 226

inf C, 182 3,,227
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absorption law, 220
aleph (R)
function, 212
numbers, 212
aleph-naught, 213
aleph-one, 213
algebraic number, 124
arrow diagram, 58
Artin, Amil, 157
associative laws
for sets, 37
logical, 11
atomic formula, 21
axiom of choice (AC), 66, 156
axiom of dependent choices (DC), 165
axiom of foundation, 204
axiom schema, 25
axioms of set theory, 23-26, see individual
axioms

beth numbers, 227

bijection, see function

binary operation, 78, 96

bound variable, 14

bounded quantifier negation laws, 16
bounded set quantifiers, 15

bounded subset, 227

Burali—Forti theorem, 183

cancellation laws

on the natural numbers, 106

on the ordinals, 198
Cantor, Georg, x, 1, 20, 110, 124, 208
Cantor’s diagonal argument, 124, 129

cardinal, 208
arithmetic , 218-225
exponentiation, 221
number, 208
power, 221
product, 219
regular, 213
singular, 213
sum, 219
cardinality, 129
Cartesian product, 43
chain, 74
choice function, 66, 67, 156
class, 31
class function, 150, 187
closed, 227
closed under finite intersections, 167
club, 227
filter, 233
codomain, 57
cofinal subset
of a chain, 158
of a limit ordinal, 213
of a limit set, 190
of a well-ordered set, 215
cofinality, 213
cofinite subset, 166
Cohen, Paul, 67, 133, 138
commutative laws
logical, 11
comparability theorem, 161, 218
comparable, 73
compound sentence, 6, 7
comprehension principle, 20
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congruent, 77, 79
continuation, 172
continuous, 189
continuum hypothesis, 133, 137,
223
cardinal identity, 224
generalized, 137
cardinal identity, 224
contradiction
law, 11
logical, 9
contrapositive law, 11
countable axiom of choice, 157
countable set, 117
countably infinite, 117
cumulative hierarchy, 202

De Morgan, Augustus, 9
De Morgan’s Laws

for sets, 38

logical, 10
decimal expansion, 127
Dedekind, Richard, 91, 149
Dedekind-infinite, 149
definition

by recursion, 89

by transfinite recursion, 150
denumerable, 119
dependent choices, 165
derived equivalence relation, 80
diagonal argument, 124, 129, 224
diagonal intersection, 232
difference, see set operations
disjoint sets, 2
distributive laws

for quantifiers, 19

for sets, 37, 39

logical, 11
divisibility relation, 71
division algorithm, 109
DML (De Morgan’s Law), 10
DNL (double negation law), 11
domain, 45, 57
dual filter, 169
dual ideal, 169

element, 1
empty function, 59
empty set, 2
empty set axiom, 24, 29
enumeration, 119
equality, 2, 28
equivalence class, 51
equivalence relation, 50
derived, 80
existential statement, 14
extensionality axiom, 24, 28

field, 45
filter, 165
generated, 165
maximal, 166
principal, 165
finite intersection property, 167
finite set, 112
number of elements, 112
fixed-point theorem, 192
Fodor, Géza, 235
formula (of set theory), 21
with parameters, 22
Fraenkel, Abraham, 20
free variable, 14, 22, 24
function, 57
bijection, 63
codomain, 57
composition, 60
domain, 57
empty, 59
image, 60
injection, 62
inverse, 60
inverse image, 60
one-to-one, 62
onto, 63
range, 60
restriction, 60
surjection, 63
function from 4 to B, 57
functional, 150, 151
fundamental theorem
of equivalence relations, 53


https://www-cambridge-org.idpproxy.reading.ac.uk/core/terms
https://doi.org/10.1017/CBO9781316341346
https://www-cambridge-org.idpproxy.reading.ac.uk/core

Index

Godel, Kurt, 67, 133, 138

generalized continuum hypothesis, see
continuum hypothesis

greatest element, 73

greatest lower bound, 72

Hartogs, Friedrich, 210

Hartogs’ theorem, 210

Hausdorff maximal principle, 165
hereditarily finite sets, 207
Hilbert, David, 111

ideal, 168

generated, 169
idempotent laws, 11
identity relation, 44
iff, 28
IH, induction hypothesis, 189
increasing function, 108
index, 65
index set, 65
indexed

family, 65

function, 65

set, 65
induced relation, 74
induction on w

principle of mathematical induction,

85

strong induction principle, 107
induction postulate, 92
inductive set, 84
infimum, 182
infinite set, 112
infinity axiom, 24, 84
initial segments, 143
injection, see function
integers, set of, 2
intersection, see set operations
interval, 3
irrational numbers, 128
isomorphic posets, 74, 178
isomorphism, 74, 178

Koénig, Julius, 157

Konig’s theorem, 224, 227
k-complete, 234
Kuratowski, Kazimierz, 41

ladder, 159

larger, 72

largest element, 73

least element, 73

least upper bound, 72

less than on w, 103

less than or equal on w, 103
lexicographic ordering, 77, 174
limit ordinal, 182

limit set, 190

logic law, 9

logical equivalence, 9

not equivalent, 10

lower bound, 72

Marczewski, Edward, 162
mathematical induction, 85
maximal element, 72
maximal filter, 166
maximal ideal, 169
member, 1

minimal element, 72

naive set theory, x, 20
natural number

addition, 96
arithmetic , 95-101
definition, 84
exponentiation, 101
multiplication, 97
recursion, 88
successor, 96

natural numbers, set of, 2

definition, 84

principle of mathematical induction, 85
strong induction principle, 107
trichotomy law, 105

well-ordering principle, 107

negation

double negation law, 11

nested, 230

247
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nonempty terms, 65, 156
normal, 189, 236
normal filter, 234

null set, 2

one-to-one, see function
one-to-one correspondence, 110
onto, see function
order, 70
partial order, 70
preorder, 79
strict order, 71
total order, 71
total preorder, 81
well-ordering, 107, 142
order type, 179

order-extension principle, 162, 163

ordered pair, 41
first component, 41
second component, 41
ordered triple, 43, 92
ordinal, 175
addition, 195
arithmetic , 195-199
exponentiation, 199
induction, 183
limit, 182
multiplication, 196
recursion, 186, 187
successor, 182
ordinal class function, 187
ordinal-valued set function, 191

pair set, 32

pairing axiom, 24, 31

pairwise disjoint, 51

parameter, 22, 24, 25, 153, 186

partial order, 70

partially ordered set, 70

partition, 51

Peano, Giuseppe, 91

Peano system, 92

pigeonhole principle, 114
dual version, 114

Poincaré, Henri, 111

poset, 70
power set, 3, 35, 133
cardinality of, 133
power set axiom, 24, 34
predicate, 13
preorder, 79
preordered set, 79
prime ideal, 169
principal filter, 165
principle of mathematical induction, 85,
107
product set, 156
proper class, 31
proper subset, 2
properties of inequality on w, 106
proposition, 6
propositional components, 6
propositional logic laws, 10
propositional sentence, 9
proset, 79

QDL (quantifier distribution laws)
existential laws, 19
universal laws, 19
QIL (quantifier interchange laws), 18
QNL (quantifier negation laws), 15, 16
quantifiers, 14
adjacent, 16
existential, 14
mixed, 17
set bounded, 15
universal, 14
quotient set, 53

range, 45
rank, 205
rational numbers, set of, 2
real numbers, set of, 2
recursion
on w, 88
on ordinals, 186, 187
transfinite, 147, 150
regressive function, 235
regular cardinal, 213
regularity axiom, 24, 204
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relation, 43
antisymmetric, 55, 70
composition, 46
domain, 45
equivalence, 50
field, 45, 46
image, 46
inverse image, 46
range, 45
reflexive, 50
restriction, 46
single-rooted, 48
single-valued, 57
symmetric, 50
transitive, 50

relation from 4 to B, 44

relation on 4, 44

replacement axiom, 24, 151, 187, 202, 204,

211
Russell, Bertrand, 20, 67
Russell’s paradox, 20, 25

Schréder—Bernstein Theorem, 135
separation, 3, 25
sequence, 228
set, 1
set equality
definition, 2
proof strategy
double-subset strategy, 28
iff strategy, 29
set function, 146
set operations
difference, 4
intersection
of a set, 33
of indexed sets, 65
of two sets, 4
union
of a set, 32
of indexed sets, 65
of two sets, 4
singleton, 32
singular cardinal, 213
smaller, 72

smallest element, 73

stationary set, 234

strict order, 71

strictly increasing, 189

strong induction principle on w, 107

subset axiom, 24, 29

subset relation
definition, 2

successor, 83

successor ordinal, 182

suitable, 89

supremum, 182

surjection, see function

symmetric difference, 37

tautology
law, 11
logical, 8
term, 65
total order, 71
total preorder, 81
totally ordered set, 71
transcendental number, 129
transfinite, 144
transfinite induction, 184
transfinite induction principle, 144
transfinite recursion theorem
class form, 150
function form, 147
ordinal class version, 187
ordinal version, 186
transitive closure, 154
transitive set, 86
trichotomy law, 72
on w, 105
triple, 92
truth set, 3
truth table, 6

ultrafilter, 166

theorem, 168
unbounded, 227
uncountable set, 124
union, see set operations
union axiom, 24, 32

249
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universal statement, 14

universe of discourse, 13

universe of sets, 205

upper bound, 72, 158
proper, 158

vacuous truth, 7, 86, 104
variable, 13, 21

bound, 14

free, 14
Veblen, Oswald, 192
Venn diagram, 2
von Neumann, John, 208

well-ordered structure, 178

well-ordering, 142

well-ordering principle on w, 107

well-ordering theorem, 171, 173, 188,
194

Zermelo, Ernst, x, 20, 67, 171

Zermelo—Fraenkel axioms, 23-24

ZF, 67

ZFC, 67

Zorn, Max, 157

Zorn’s Lemma, 157, 164, 188,
194
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